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are tan y = Z (—1)? (2n-1)3a20, 
51-0 


It would be of interest to apply tests of randomness on the decimal digits upto 500, 1000, 1500, 2000 places. 
For instance, the frequencies of 0, 1, ..., 9 in the first 2000 decimals are | 


182, 212, 207, 189, 195, 205, 200, 197, 202, 211 
Which are all 61056 to expected 200. (Apply chi-square tests). 
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PREFACE ` 


The present volume had its origin mainly in the recognition of a need 
repeatedly brought up by our students and colleagues, as well as by a number of ৷ 
professional statisticians and research workers engaged in various applied fields, . 
for a handbook which is not merely a collection of mathematical and statistical 
tables but which contains reference material that will aid memory and offer guidance ` 
on various points of statistical theory and practice. With this end in view we 
started on a.project some years ago, and have since evolved. and. incorporated in 
this volume. a method of presenting formulae and tables so as to offer a pes alley 
in their use for statistical data analysis. 


Part I of this yolume entitled “General Notes and Formulae” provides a fairly 
comprehensive but selected set of formulae together with brief explanations, under 
the following heads : (I) moments and cumulants, (II) discrete and (III) continuous 
distributions, (ԼՄ) standard errors, (V) sample survey. estimates ` and ` standard 
errors, and-(VI) numerical analysis. The formulae, together with related notes. will 
be found to be a collection in one place of what are usually scattered in different text 
books, or other sources, and of what are.usually required for statistical applications: 
In the presentation of the material in this section, special attempts have been made 
to highlight certain aspeots (such as the use of interpolation formulae) which the authors 
have considered important and, at the same time, which have not been adequately 
discussed elsewhere. The կտե of discrete distributions given -in. Part I would be of 
interest to even research workers in theoretical statistics. In the presentation of 
the formulae and notes, emphasis has been placed on. furnishing Houssanty guidelines 
for panno use rather than derivations of proofs. ` 


The sixtyseven tables given in Part I of the volume fall under two broad - 
categories : firstly tables associated with probability distributions and relating directly 
to tests of significance and other analytic statistical methods, and secondly, በይ 
which find direct use in the processing of statistical data. - 


A special feature in the presentation of these titles is. that, before each table, 
an explanatory note, giving a description of the table: and’ containing illustrative 
examples, is provided.. Where necessary, the type of formulae. to be used for inter- 
polation in the tables and the accuracy attainable are also indicated. Where the 
nature of interpolation is not indicated, in general, it could be assumed that linear 
interpolation would suffice. In the explanatory note on each table, a section is devoted 

to give GEESS to other available እ 5 containing more.extensive tables. 


Some of the special features of the seotion on tables are : i) a table of inter 
polation co-efficients, ii) an expanded table of numerical integration 60- efficients, ` 
፻፲) percentage points of the beta distribution so as to give directly the significant 


valves of the multiple oorroletion co-efficient, iv) expended bebles for angulcr trans- 
formation of the binomial proportion and <-transformation of the correlation oo- 
efficient, v) a comparatively extensive table of the normal distribution, vi) mathe- 
matical tables of a wide variety, vii) tables to facilitate conversion of number systems 
for special uso in programming for elestronic computers, viii) ይ handy arrangement 
of control chart factors, ix) a collection of tables for lot quality estimation, x) a 


simplified set of lot acceptance sampling inspection tables, xi) random permutations 
of digits and random numbers, etc. 


It is hoped that the collection of tables and formulae, together with associated 
notes in this volume, will form a fairly adequate and handy aid to professional statisti- 


cians, research workers and others who have to deal with problems involving statistical 
analysis and inference. 


Notation 
In Part I (General Notes and Formulae), Roman numerals (I, ፪፪....... ) are 
used to number the chapters and lower case Latin alphabet (a, b,...... ) for sections. 


Thus, a reference such as IIb means section b in chapter ፪፪ of Part I. 


In Part II (Tables with Explanatory Notes), the chapters are numbered as 
1, 2, ...... ; sections as 1, » veces , and subsections as a, b, ...... Thus a reference such . 
as 15.2b means the subsection b in section 2 of chapter 15. When a Chapter does not 
contain sections, references to subsections are made such as 196, i.e., subsection 


cin Chapter 19. Tables in a chapter are numbered serially ; thus, Table 13.2 stands 
for the second table in chapter 13 of Part 11. 


Calcutta, India 


0. R. Rao 
iJune, 1966 S. K. Mrrra 


A. MaTTHAI 


Preface to Second Edition 


Ճ number of new tables and explanatory notes useful in Statistical Quality 
Control (SQC) have been added (W test for normality, tests for outliers, probability 
plotting, CUSUM. charts, tolerance intervals, distribution of ranges eto.) . Tables of 

Sampling plans are withdrawn. It is hoped to bring out š separate publication for 
these tables. The values of z and e are given upto 2035 and 2500 decimal places 


respeotively. 
. ©. R. Rao 
| | Տ. K. MrrRA 
Caleutta, Índia A. MaTTHAI 
June, 1974 K. G. RAMAMURTHY 
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à. Relation between raw moments c pad central moments (t) 


Fór a distribution function F(z) let / = 5 jr oy ወ and ያ =f et df 


where m = j ZdF is the mean value and cis an arbitrary origin. The n 
এ | চর | | 


[+ = —À € 1৮ SCH (77108610155 an ; 
Thus, P == = ይነ፦ pidas : 
ls = Mär papi ተ2 5. 
լգ = p Atta t+ papi? — 34t. 
b. Relation between factorial moments and raw moments m 
-The r-th factorial moment about an arbitrary origin c is defined by 
LE = ፲ (w—e)(e—c—h)* us (z—c—rh--hdF 


If w, bo raw moments also about the same origin.c, we have the following relations. 
between the factorial and the raw moments: `. - | j 


factorial ከ terms of raw moments - raw m terms of factorial moments. 
momentis M. gh moments . 
My u am /দ 
A php ն. 
Moy Bia ea, Hc His d Mig + 
; մլ j /4--6%54-117%2- 635, ԱՊ et öh Thora psy : 


'c. Relation between cumulants and moments ብ 


এ যা ል፲6 formally defined by the identity 


ጾቻ , , mp 
[ት 3. + ՑՈՎ.) “፤ተመተይ ր մա 


From the definition it bie that the cumulants, except for the 8581, are invariant 
for change of origin. 


2 | . FORMULAE AND TABLES FOR STATISTICAL WORK 


cumulants. in teenie of moments SE in terms of বল 
ER, 4 | | 
Ka I ጋ 
K3, እ 1৪ xS 
K, 18782 f | եշ 144-360 
గ్య /5-- Llata | ` Hs | EL 
Ks /6-15/4/27-10/81-801 Ae Ke 15k,k s 41- 10k2-- 152 


d. Probability and moment generating functions 


For. a discrete distribution assigning probabilities քլ, p, p, ... to variable 
values 0, 1, 5, ... consider the following generating functions : 


(i) the probability generating function (pf). 
PU) = Z pj, 
imo 
(1) the factorial moment generating function (fmgf) 
Mag սարին, 
3-0 յ 
where for the factorial moments Ma the origin 6 = 0 and հ = 1, and. 
. (iii) the moment generating function (mgf) 
|o M(D = E SA 


where for the raw moments th ihe origin c — 0 


We have here the relations 
Ht ՄԱ) = Pll m M(t) = Pet) 


6. Sheppard’s correction for grouping 


For a distr ibution. function F(x) the proportion of tege vations in an interval 
lu, di ol 15 given ከሃ 


Let the system of intervals (a; di] for i = 0, +1, -ԷՉ, ... cover the entire range 
of the distribution. Consider the grouped frequency distribution with variate values: 
pa Gl 


; 5 and relative frequencies ոլ. The r-th Faw moment of the grouped’ 


frequency: distribution is represented by z; = ፡ ዕ —o)'n Cumulants: and - 
mv 


SHEPPARD'S CORRECTIONS FOR GROUPING 3 


factorial moments calculated from the grouped frequency distribution will be similarly 
` indicated by K, and Hj, respectively. | 


Consider the case where intervals are of equal width h and the distribution = 
admits 8 density function f(x). Assume further that: (a) f(x) and its first 2s derivatives 


ate continuous for all z, (b) চেও ie) (2) ; is hounded for all z and for i = 0, 1, 2,. 198, 


where - and s are certain positive ` pH , Under these conditions for all r < ይ 


rr S տ . 
. ఠా ES à 4 x Z ի 
9 ድ=» [ 3] (2—1) B h ఛాతి 


Gü) AG (১ ) #ሣጣ(5. ԼԶ +R 


Gii) Kop ՀՎՔ 


where 85 are the Bernoulli numbers tabulated in table 17.9 and the Bernoulli poly- 
nomial Ben (3/2) 8 equal to 


i m. 4+5(2))! | 
CR (4 deg pe Agr p)for i21 


B® a = 1, B® (3). = 0. The remainder term R in each case is of the order 00৮০). 


Whenever the frequency curve y = f(x) has a contact of high order at the ex- 
‘tremities, conditions (a) and (b) are usually satisfied for moderate values of 8 and kb. 
In such cases it has been found in practice that theresult of applying the corrections . 
‘is usually good even when A is not small. Putting r = 1, 2, ... and ignoring R we have 


_ the: following Sheppard's corrections for the moments, factorial moments and 
cumulants. 


mean and central moments- factorial moments ` cumulants 
usech - i m = వ. Ki= K, 
চার E ES | _ k 
DES . . Հպ. MAL. A | Ka = K 
Its = ` I Hs = by uty 5 3 
lrn ih HE WS 
ዲፈ -- ዲ 2 Jal + 940 h EA hi, >, Ky Ka+ 120 
| են 1147 Perth յու 
=> í ° K. = ፳; 
= Lt. ah? 5 5 
“ዴሬ ` As | Ef? իջ P 
7 80" Ke = արջ 


JE ԱՀ») io PN $ աան ae ነ | 
ta নি ወ ፆን ን E 5 EA E արա q 


" un 4 চে qo I B d յ ի i : | Է | f | F e p I (LA a) տա "m 
e , Con e ` a & S < : 22 ሬ- So =n Uu 
(911— 1) Sor ౫ sr `` ones ።!1 ው: : >? | : l ex 
big: NE ৩০ (DT - u >: i > 0.. - ሣመወ፦ C BOTIOS դատաս 


ን af 
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: | «| ነ [sturouiq' ዩለ138፻6 N 
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: ሣ 4 | 7 
ի 5 1 d ^L Eat D 
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b. Some non-central distributions (density functions) 


(i) Bivariate normal (with means A, 4; variances oi, 02 and correlation p) 
Ny, zelt, H23 ర్యా 0» p) 


= (270,2, vd I — p jlexp | 2 1 [ Gu — t) 


(017/0(057/15) լ (৬575) 11 
3(1--ፆ”) T 3 յ 


| 


—3p 
Ke 0103 rr 


(li) Multivariate normal (with mean vector u, and variance-covariance matrix 2) 
sin, EI (steil exp [— 1 (৮0246) 

where 2-1 is the inverse of 2. 

በብ) Wishart distribution 


W,(S|v, Z) = የረር r( Lena E 


4-1 
১৫121742119 170126-0 Ֆ-ւՏ)|2 
If Xj, X,... X, are independent N,(0, EI variables then S = X XIX has the above 
1 
distribution. 
(iv) Noncentral vi 
ኣር 1 የ 1 v 
ኣ = ዓኽ. cl 
vin Me FB (তব) ৫ (=! তু’ ztckizszs 

where v is called degrees of freedom, A the noncentrality parameter, and 


9010, p) = a?[T(p)] teg. 
H 
Note: The distribution of 225, where x; is distributed as Ny(y,, ০2) and x; are all 
independent, is non-central x*(v, (244 )/o?). 


(v) 766688 t 


f —82[2 
(a |v, 0) = E 


Be (+a) b (H) Gil s ) 
2 | . 


with--oo < z < 60, where vis the degrees of freedom and 6 is էհօ noncentrality 
parameter. 


Note: The distribution of X/ A(Y]v) where X and K are independently distri- 
buted, X 88 N (9, 1) and Y as 225) variates, is noncentral 1(5, 
(vi) Noncentral F 


(ai Zä | 
F(z] vy, və ላ) = রিনি Ya | I Wb լ Aug ) 
SES 2 ° 2? 2(৮27৮12) 
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with 0 < 2 < oo, where F; is the hypergeometric function of the first kind defined by 


uw Matr) Լն) w 
F(a, b, y) E Ta). MOFA EEN 


Note: The distribution of (X/v UE fue, where X and Y are independently distri- 
buted, X being non-central to, A) and Y a central x?(va), is noncentral F(v,, vs, A). 


(vil) Multiple correlation 
Let R? be the square of the multiple correlation, based on a sample of size n, of 


one variable on p—1 other variables. If the latter are considered fixed, then the 
density function of R? is 


Ë ጹ፦ ዜ--1 p—1 ôR? 

2 == 6০৫ 2/2 DP ime ৯০ p=: —— 

Rip, n, 6) = ë ይም 3 ?) ( 3” 3" X ) 

with 0 < 2 < ©, which is called multiple correlation distribution of the first kind. If 
variations in the (p—1) variables are allowed, then the density function is 


77511, n, p) == (1—92)"-9? B [z imt > "Sth MIC m B 2 px ) 


| 
կ 
Ա 


with 0 Հռ < 1, where p is the population multiple correlation coefficient and F1 is 
the চিন function of the second kind defined by 
$ I(a--r) I(5--7) De y 


F(a, b, c, y) = Em T@ IQ) Retr) rt’ 


and ` B(z|a,b) = መ) ምግበ ወ” 


(viii) Hotelling's T?, Mahalanobis’ D? 


72217, ነ, 6”) = BC et BD 


- , v—p--1, er? 
ք Ֆ|ք,5--ք-- 72) 


where the function F is that of non-central F distribution. 


Note: The distribution of d S3 d has the above form ifdhas the p-variate 
normal distribution N (8, 6-1 2), c a scalar, and the elements of the matrix S have an 


independent Wishart distribution WAS, 2). 16 suda case 75 == $28. 


IV STANDARD ERRORS 


à. Application 


In large sample theory, hypotheses concerning unknown population para- 
meters, can be tested in ৪, simple way by using efficient estimators and their 
standard errors. | 


Thus if T is an estimator of 0 based on m observations Ճոմ.-օ(0)|/Պ is the 


‘standard error of Ր, then to test the hypothesis R, : 0 = 0°, Vn (T’—6°)/o(6°) will be 
used as a standard normal deviate. 


To test whether two parallel independent estimators T, and T, with standard 


errors c,(0)/ Vn, and 0906)| nə, are in agreement (i.e., whether they estimate the same 
parametrie value) the appropriate standard normal deviate will be 


(T, ար | ւան A ae eu ሟን 


where in the expressions for standard errors, estimates are substituted for unknown. 
parameters provided 0509) and ০209) are continuous functions of. 0. 


. To test whether k parallel independent estimators T, T^, ..., Th hávins stan- 
dard errors e(0)/ Vn, 0906)| Vm, ..., o (0) VY, are in agreement, . the test-statistio 


k 
ጨመ” NY 
“5 ማዘ 


may be used as a chi-square with &—1 d.f., where 
a ል a iD; b լ 
Tx È — 
ia ci 203 iar 62025) 
b. Standard errors of some statistics 
` Notations for population parameters : 
հլ = mean, /% = 7-ի central moment 
Ban = նուց Pani = altas a] Hat? 


Itn = (r, s)-th bivariate central moment . 


p= = correlation coefficient 
6 = percentage coefficient of variati 
ô = mean deviation about the méan 


A = Gini's mean differenċe 


ó = : E| X— Y||X—Z| where X, Y, Z are three independent 
observations drawn from the same population 


= ordinate at the pth quantile. 
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The standard 6፲፲018 of some of the more common statistics are given below 


STANDARD ERRORS OF SOME STATISTICS 


(To obtain the standard error, divide the tabular entry. by n, the sample size and take the square root) 


arbitrary distribution normal distribution 


statistic. 
mean 2 ua ( = o?) ` ዐ5 
variance 5? ս- vi 204 
standard deviation s (647 58)142 օ2|ջ 


` k-th central moment mp tor 71712202682 — buy, By 11 = 


ንር ፍጭ ብብ S [5] 


` coefficient of variation (95) is z ES. 
: : tu, ' Uit Hat: 


` sample 4/8 [484 —24824+364-98182— 1283+ 3581/4 6 


sample B; Bg —48:84--402 —B2-- 16828, — 883 + 160, 24 
mean deviation about ፤ : : 
sample mean ፀ5፦-6። - ౮౩(1--2/7) 
Gini's mean difference 4(¢ —A?) mE (0.8068)።95 
‘median z 71483. ይም (1.2533)292 
quartile. 3/4y2(y == 90.25 OF Yours) . (1.3626)202 
, p-th quantile* Sab ር. 
emi-int tile r 3 | 3 yzzy) -luzu 0.7867)5፡፡ 
semi-interquartile range + | 36 Au ze #0.75) ፳"0.25"0.75 (0.7867)595 


2,1 E (204. Duas ) 515 
Par 1.3. | sop Hos 8622 (1-02) 
| 4 ০৮65 15201502 Ք 


; eorrelation coefficient 


- [ Us: լ. ալ ) | 

ላ uibzo  Արօ2/ 1 

* for 8 normal population the standard errors of the sample deciles are as follows 5 
4th and 6th. declies:: 1.26800/N n, 3rd and 7th deciles : 1.3180o/ n 


ር 2nd and Sth deciles : 1.4288ሀ/ኣ/ n; Ist and 9th deciles : 1.7004ሀ/ኣ/=.. 


. : The asymptotic. covariance between the ` pth and p'-th quantiles (0.౬) is 
` pq' [ny,j,: Where d == 1—p’. Thus for a normal distribution the asymptotic covariance | 
‘ between the first quartile and the median is equal to 0.9860০51%. — 
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c. Transformation of statistics 


For the application of techniques such as the analysis of variance it may be 
necessary to use transformed value of an estimate so that the asymptotie variance 
(square of the standard error) is independent of the unknown parameter. Some 
standard transformations and the corresponding asymptotie variances appear in the 
table given in the next page 
d. Normalisation of frequency functions 


A large number of statistics tend to be normally distributed as sample size % 
increases. Let T be such a statistic with k; as its i-th cumulant. Assume further 
the existence of তা 4 and c such that 


== (ել-ր)|օ == Օա) 
= (k,—g2)|o? = O(n) 
and pr ,[o* == ዐ(!-") for r= 3, $, 


Define g = (1019. The following equation, gives to order 7-7, an expression 
for a transformed variable y which has standard normal distribution : 


e 1 1 1 1 | 
&—y = pit | Pale? —l) +5 2০ 3 PiPs ag pd — 92) 
| 2 1 l fp. 2 1 շ 
— 86 06০4০ Ta) — > ወ“ e PiPs— 75 Pops(5% ን psp — 1) 
1 ի 
+ 159 psc — 6a? +-3)-+ 35 12280122871) ፲8 #301112---4225-1-15) 
1 1 1 
«648 p3(69a4— աան. pict š PPP tt = PIPE — 48 #3ዐ172*---152) 
1 . 1 1 ማም 
Es piP? — 3x) tor eu ፀዐጆ--102ኞ-+ 182)-ቋ PiP3t4-33 Pap (3622 — 492) 


cur /9205%5-- 322-352) S 1psp (11z5 -919--8 ০০ 


వ 82311385 ইহ) 239:011125--5472841-4502) 


— gryg Ք0948:5--3628ո4-| 24782). 


‘The following equation connecting x with y is Geen useful : 
m = m առն P+ e Dt త్ర x 35 PEP- pg) স্পা = ০০420) 
+ m psly*— ተል) ài ው መረው 324 క 
፦5 ፦ ds 16 Poly? —39) + 55 i peky?— 10y*4- 175 
ES Ser 10৯24541288) 189 ০০/০-178429) 


L l 


Special cases of this formula corresponding to the է, x? and F distributions are discussed 
in appropriate sections dealing with the different tables relating to these statistics. 
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. *oqtuoəstrv օգ eup quouroutjo1 sp- ugnoaq ኮ9ለ98(29 sruonstiiqvas pidea 40195148530 500 Ք 


GET : 
«Ա-ԻՆ Ն: ՉԱՈ BF | «Ղ-ՅՐԱԹ- Us ০৮8 
E ; ¿quo '_ | 
` 14909 ሠህ0[351693300 
By NT ሩሩ _ `. sse[ovagun ojdures ৷ 
ES 1 ০01-094 2(59-- 1) ՀԵՐ (৪৪300 ojensamq (1), 
"o գաօլցվյօօ4- 
MOTJ8]93100 88ቹ19931፡፤ 
(tzu | E ህ .4 ንህ612ጩ909 . [9০৭০০ ፀገዞ[3ኛላ]ባ ur 
1 ` qum 07009 ald). 9০175197300 6199፲95. |. d queroujooo ౪011౪03090 
t নিক 
x 8/ዩተ=ሶ + sie v" 
L as టో | 2০185539810. uobsod | ; X mem ০৪৪1০ 
+ë FEHU A 
፲ ՋԵՔԻ (215% 
ւ, E | .:... . LUM | 
E aN i-us ` | IW ու` KWonaodord օլմած 3 : - ፊ. 00114090940 լօլաօազ 


| 


|o. BUBBA - , Dr রা ত চব 
/ 9130190489  2038ቹጩ)59 ... ե legeure1ed . ` 5990013734১ 
: - - - 01০2005565৩ Kë 1049ալյած 


Lenyea porarozsuvIg . 


১৩ 


^SHONVISVA-OLLOdRASV మాయు. CNV SNOLLVAHOZSNVUL በ8ሃርቪኛ38 ANOS- || < 
e = | | մար ሮን 


V. SAMPLE SURVEY ESTIMATES AND THEIR STANDARD 
ERRORS | 


a. Notations 


The following notations‘: ? are used for sample statistics and the corkesponding 
population characteristics where լ y indicates the primary variate under investigation, 
wa supplementary. variate and + the variable ratio y/2. 


number of units 


sampling fraction 


raising factor 


summation over 
constituent units 


arithmetic mean 


Ly Pas ይ 
of y, z, r | 


ratio of means চু = Ly 
| | Hs 
| e l, 
variance of yt) Uo = x X(y— py) 
P. 2 1 x e 


.1. 


covariance of w= N. X(z— p.) —Hy) 


x and y 


Pr rune | 
GH ዳ(ሠ--ወቹ)ሀ7--#) 


Pope ՀԱՅՐ: 
Tay = “:1 ጆ።-ዶነ”-ዶ) 
regression coefficient eui. 
iy on 2) = S 


. 2 


(1) A suffix i to these symbols will imply that the corresponding definition has to be রর 


in terms of the i-th stratum. 


(2) A curl on top will represent sample estimate. Thus (y represents the oštimate of այ and V) 


represents an estimate of V(&y) the variance of Da, 


(3) Sample (population) variance of = T dénoted by. sz 


, (02, g, 2) and ৪2 » (c2, o,2) are define 
in & similar manner, E SE 
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SAMPLE SURVEY ESTIMATES 
ከ. Common methods of sampling, estimates, and standard errors 
` formula for variance 
of estimates?) ` 


method of sampling | մեն | 
| | n A 
(ng . ፲ Zi oy 
ఛాతి (1--/) 2 
en Ny రా 
ն š — 


simple random sampling 
Ir; di 
(m= NJN) 
For sampling. with replacement 
and uropping the prime (1) from the corres- 


Stratified simple 
Ծ 
0) The forhiula 5 ‘given for ‘without replacement’ sampling. 
-variance 18 obtained - by substituting E 2 for "sj (or c2) 


ն 


1 SE - sampli ገፎ 


the formula. is obtained by putting the corresponding ያ = 0 


ponding g^ 
and Sh for si (or 95, i) Wherever necessary. 


in the “general case, the formulae for estimate and its varianee. are 
ጩ = আগর Pay) = inf Vni) 


(2) The expression for an estimate, of this- 


(3) For stratified sampling, 


where ይሃ is the estimate for i- th stratum méan and ሃፍ] is the" variance of the ahuste 
š ' | ፡ 
E వ ak t - 


Methods of estimation using supplementary variable 
For simple random sampling, when A, 15 known the formulae are as follows : 
formula‘ 2) for variance of 


, 
estimate) 


— ‘method of estimation, P estimate 5 
age ' | ጊ--/ , | | 
Zu ০৮৪৮ Se 
C. (0254-280յ-Է 8৭022) 


ratio mothod 
product method | | A = 
pain, ০? 
: E (op-oz) 


difference method 


proximaté except for the difference method. ፲ከ6 approximation 


régression methòd® 
| ^0 = (D The formula for variance 18 ነ 
asbimes that the sample 912913 large. ` 
. ১ The formula is given for ‘ without D sampling. For — with- Teplacemeht 
the formule i is obtained by putting f=0 and by dropping the prime () in ৩, oy and. Su 
"a The expression for an estimate of the variance is obtained by substituting 82 for gi (or c2), 


P for oy "5 (or օյ) Say for; Ge (০৮. ES? ե for £ and b for ք wherever necessary. . 
4 The regression coefficient b is estimated from the sample o on (y, z) by the formulé. iri (see the 


dubie at notations): 
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d. Modifications required for two-phase sampling 


f Consider the situation when ፌ is unknown and sampling for z is eheaper than 
sampling fon y. In such cases, we take a sample of size n units for obtaining x and y ` 
and an independent and larger sample (of size n’ and sampling fraction f’ > f) cover- 
. ing the 25 only. Then an estimate of ሠ is obtained from the second sample and 
substituted in the formula for estimates in section Ը. For such estimates of z, 
expressions for variance would be as follows. | 


method of estimation i ৰ formula, 2) for 
variance of estimate in two-phase sampling 


ratio method = (০৮9০: wt <‘ Ei 1 ոմ ৷ . — 
product method ՌՈ eto ছে 
difference method տ (ሚ፦ Sei e. 1 =i U o; 
. regression method mi (o2 — pot E. Bort 


«D, (2) and (፡),. See footnote to table in section c. 


`e, - Sampling with replacement and. with probabilities, proportional to size (x) 


Estimate : | fy == Tha 
এটি H : ^ io 
Variance of estimate : "ይህነ == ም 


Estimate ከ፻ variance : f 


f. “Two-stage sampling schemes 


A two-stage sampling scheme specifies m,, the number of first stage units that: 
will be selected in the sample out of a total of M, such units in the population and ի 
also m; the number of second stage units (subunits) that will be included in the: 
sample out of a total of M, subunits contained in the i-th first stage unit in ‘case » 


SAMPLE SURVEY ESTIMATES | 21 


this particular first stage unit is chosen through the first stage selection. Let 


_ 1 ብስ 
nF om 
y= 3፡8 
WU fu moi 


Note that though g, is necessarily a constant ga could possibly vary from one first 
stage unit to another. For the i-th first stage unit let the total, mean and variance of 
all the second stage units be denoted by 791, Got and oj; and if the i-th first stage unit 
is included in the sample, let the corresponding sample figures be denoted by Ty, Yi 
and së If the first stage selection is based on simple random sampling, we 


have 
0197 
Estimate : fy = Ze 
and 
1-- xS గా 
Variance : ` Vy) = “A (1? + E > V(Tyi) 
1 z 


Ss - T ዴሬ. V 
X KEE EA) T= 3r. È Ty = mie For example 


for a simple random sample of second stage unit gj; 17: provides an unbiased estimate 


na Mif 1 
where N= 2M yi, (0) — 51 


գ-1 


E ; 
for Ty, and } (02; Ty) = "CH (Tn)? In the special case where My == M, and 
+ 


Moi = My (i = 1, 2, ..., My) this estimate of Ty; leads to the following estimate of py 
fy = J = — SH 


the grandmean of all the sample observations. We have 


= 1-ի al. 
V(y) = Hm (01? + mnm, (03) 
where 
(c) = TET వాటి and (ఫి না E (“ብ 
1 M,—1 Մ Mj ee 
and 
Gun o 1 f. 2 1—f, 2 
V(y) sith mm, 5 
Br eS a 
where 
1 
55 S(g,—9)? and sf = H ai 
1 m,—1 ১ 9) 2 1 š տ 


E 


Vi. NUMERICAL ANALYSIS 


a. Interpolation 


Interpolation is a process for determining approximately the value of a function 
y = f(z) at an untabulated value x of the argument within the range of tabulation, 
on the basis of a given set of tabulated values of the function. In polynomial inter- 
polation the knowledge of the tabulated values is used to estimate the function, the 
form of which may be unknown, by a polynomial of sufficiently high degree and the 
approximating polynomial is used to compute the required intermediate value. Some 
formulae for polynomial interpolation are given in this chapter. "These are appro- 
priate for tables in which values of the argument are given at equidistant intervals. 


The formulae involve first and higher order differences which are calculated 
as shown below. Note that 


Agi == Via yo Ayi = Ayia Ay eto... 


TABLE OF DIFFERENCES 


x Yx Differences 
: Ta #--3 
Au -3 
8-2 | 7-ջ ልኝ-> 
AY 2 ASY s 
ga | ya A2y_; దే 
Aya Ճ57-շ ልሃ. 
To Yo. Aya Afy ል"# 
Ay Ayo 
25 Y2 Ay, 
É Ays 
25 Js 


Note: Differences underlined or in bold face have Special significance only with respect to 
the explanation of certain formulae appearing in the next section. Those underlined appear in Bessel’s 
formula and those in bold face in Stirling’s formula, | 
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b. Formulae 


Let z be the value of the argument at which it is desired to interpolate aud h the 
interval of the argument at which the ordinates are tabulated. Write u = (v—ay)/h 
where tj is a chosen value of the argument called the initial argument. Hour main 


formulae are given depending on the nature of the Subsequent. arguments chosen in 
relation to initial argument to. 


Newton's Forward Formula using arguments zy; t1; 25, ... . 


n 


= At.. 4470 .(u—m-4-1) ` 


«Y= Up Ag 4- 2 Ayt. 


Note that the first (m+1) terms. give a polynomial of the m-th degree fitted 
$0 Jo, Yis ›--› Va. The differences used are chosen froni the principal diagonal (down- 
wards) of the difference table starting from the initial ordinate yy. The addition of. 
the ordinate š Yn 45 brings. in the correction term | | | 


u(u—1) .. . (u—m-E-1--1) 
TTC IDE EC 


which involves the (m+ 1)th order ‘difference at Yo 


Newton’s. Backward Formula using arguments zo, 71, 1.5, ... 
iJ 


ult 1) 


My eb 


"E = epu মি %(%-4-1) .. ን ል” 
= Yo -1 ই ր 


mi dës Ter 

Note ‘that the first (m-1) terms give a polynomial of the m-th’ degree fitted 
to Yos Un o Ym ‘The differences used are chosen. from the principal diagonal 
(upwards) of the difference table starting from the initial ordinate ፲ Yor The addition 
ር the ordinate Ym- brings i in the correction term | 


..70(%471) .. DEEN Ahly 
" መጉ! Wë 


Stirling’s Formula . (for —1/4 < u < 1/4, using arguments) zo, as Ty; Vag, 23 or 


| : አሄ +A 2 ` 2. 12 টি ሌሣ ነ 2ጣ76---1። 
y = uy tn art le ለ ተ ምግ | aa Ai E Län. 


-8!- 


NU 1. .[৮(71)2]. Am E prar 4 
ঠা ` (2m—1)! B 
- -ዝሻሄዶ--ጌጓ ... Do mesi ৰ] j 

eee APS GËT Wer 


24 ` FORMULAE AND TABLES FOR STATISTICAL WORK ` 


Note that the first. 2m+1 terms give the polynomial of degree. 2m fitted toda 
Vin + በ Yor ల Moa Yim: The ‘differences used are chosen as. indicated (in bold 
'face) in the table of differences. The addition of ordinates yma and Yuri brings in 
the correction terms: ` տ : | PRESE | 


11855 12]... [22772] AHY mat Amy eM pue న Te ዚሪያ sl య A 
(57ን--1)!-- 2 | "es (2512) Bag 


98655615 Formula (for—1/4 << v Հ 1/4, > = u—$) using arguments e Ep op Tae 0 
| ւլ 20 š - լ qux 
m pns 5 i | 
e. A2 2 AN DIE = 5 i m 
y= aL HTA EvAy ւէ SS | vicem DP (ত) Da 


15081৮21201 খল, 


| | (2m—2)! 
I (మి PINEA ቿ a 2m—3 1" 1 | 
Pul E d a Կ ভৰৰ 


Note that the first 2m terms. give the EE of 9:98 277] fitted to 
Vo Ui 4-1» Va :-- Vm Ym “The differences used are chosen as indicated (underlined) | 
in the table of differences. The addition of ordinates. y_m, Ym+1 brings in the correc- 
tion terms - | f | d | 


[৮70011৮1115] meme 


1৮737131111 


m+! SC o 


ር. Choice of formulae. | 


Once: the ` tabulated values io. be. used for interpolation ‘are selected, it is 
immaterial which’ formula is used to obtain the desired value. For example if PO), 
Pä, FO), ያ(፤5)› 7015), are available and it is decided that all these values should be ` 
used for obtaining f (11.4) one may: stop with. the fifth term of either New ton's Forward 
formula outs 26 == H and u= (11. 4:--7)52= = 2:20) or. Stürling's formula (with. 
ei —11,4 == (11.4—1 1" +2 = 0.20) the result: obtained being the same, as the m-th 

degree polynomial whose values coincide with the valües of the function at the 
(7571) selected arguments is unique. But in, practice, utter i an inter হত 


E 
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value based on a certain number of argumonts, one may decide to consider a few 
more and compute the nécessary correction to the value already obtained. The 
different formulas listed above are useful in different situations, depending on the 
positions ‘of the additional arguments in relation to those already used. Newton’s 
f formulae requires tho knowledge of additional tabulated values for arguments that are 
` always on one side of 2), moving further away from ց at each successive step. With 


Stirling’s and Bessel's formulae the vira terms utilised vill be chosen symmetrically 
from either side of 20. 


To begin with, the tabulated value of the argument close to 2 is chosen as 
xy giving the first approximation to y as yg. If the subsequent values chosen are 
լ 23, ... ১ Newton’s Forward formula is used for step-by-step correction. If the subse- 
quent values chosen are £ii, 6.2) .... Newton’s Backward formula is used. If the 
subsequent values chosen are in pairs (a_,, 2), (z_ə, 23), ... Stirling’s formula is chosen. 
Or, one may begin with the pair (այգ) giving the first approximation to y as 
“(Yo+y1)/2+(u—HAys, and then add the -pair IA 22) and so on. In such a case,. 
Bessel’s formula is used. Note that in each case, we add extra-terms to the formula 
already obtained, as we bring in additional arguments either individually or in pairs. 


በ. Switching from ‘one formula to.another 


š It is not necessary to choose the arguments in only one particular manner 
throughout, । in any given problem. Tf the tabular entries are limited on one side, 
it is not possible to carry out the central difference formula (Bessel or Stirling) to 
any sufficient length. , Thén the procedure is to use the central difference formula so 
` Jong as the tabular entries permit, and then switch over to Newton’s Forward օւ 
Backward formula, depending upon. the direction in which subsequent values are 
chosen. The switching over is done only to obtain the correction terms by the new | 
i formulae without altering the approximation already obtained by the earlier formula. ` 
'Thus, suppose in the numerical example considered above the fourth degree polyno- 
mial approximation obtained through Stirling's formula is found inadequate and 
further tabulated valües are available only on'one side of 11.4, say f(17), f(19), ..., then , 


corrections to the interpolated valué could be obtained from the sixth and తకం 
terms of Newton's Forward formula. 


u(u—1)... (u— 


AH wm, দত) agen... 


where u = (z—7)|2 = 2.2. _ 


Some quadrature formulae 


Numerical differentiation and integration are processes for approximate evalua- 
tion of derivatives and of definite integrals respectively when the function 
concerned-is defined only by a table of ordinate values at discrete points. In either 
process, the function is first replaced by an interpolation polynomial which is conveni- 
ently differentiated or integrated. The numerical integration coefficients in Table 
15.1 were obtained on the basis of Stirling’s formula. ` 
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Simple quadrature formulao using the ordinates within the range of. integration 
are given below. 


(i) : Simpson'$ one third rule (3 — 


PEN. 


BSG 


° bef y 
Ino = 17014 (ግ 


(ii) Extension of Simpson's rule by repeated application (294-1 ৪8851 


f Jode: = “Fill (a) +-4f(a+-h)+2f(a4-2h)+4f(a-+3h)-+-... 4100) 
. where h = 0--ዐ)/58 and nis an integer to be chosen: 


| (iii) Three eighths rule (4 ordinates) 


Deis ንዮ (ato 09) Մ (2015) s SEM) | 


ምፍ 


b 
| fds = 


(iv) Hardy’s formula.(5 ordinates) 


ben ర աա sons [r( క) Lat E ert 
ሀ) Weddles rule (7 ordinates) E 
1 
HAASIN, A = of 
৷ (yi). Shovelton's formula (11 ordinates) . - 
Jis = Bb tto inae MS Ha em efto 


ԱՍԱՎ») క. Sh)}+ 36f(@-+ sj, += ell 


For other formulae "using external ordinates and the values óf ihe multiplying 
60- -efficients, see Table 15.1. . 


f ና formulae 
Summation formulae given. here are also useful for numerical integration | 
6 Euler Maclaurin sum. fornia 


44147 fetal) 


EE T mme EIERE e, h l Ze ut sop" ! 
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where e, = Bauen [9(54-1) E and B, ጩና Se numbers given in Table 17.9. with 


: rap |... 1 s 
the 8፲85 fow. coefficients as. follows, ¢ £g == de ৪ = — 339^ ৪২ 7739340 ea = 12858087 


a 
37960180- 
“tion need be considered . 


| £4 = 18 practice, only the first two or three terms in the last. summa- 
(ii) Gregory Տ sum formula Bi ER 
i VOER (ይተ8)ተ›-›ታ/(ዐኀ85) 


= i Roa DI Waert: 2 Za Leit) ւ (—1yAef(a) 


where the coefficients g, are given by X x ዬ fe = ee ( (1—1) and the. first few co- 
8-0 : ৷ ; 
Ur Է - 19: i 3 : . 868 
efficients: are 65 follows - I = 75> 9 = 34፤ 93 = 730° 0ং= gen * 6 উর 
_ 975 | 20 
gs = 34192 


9... Solution of. équations by algebraic methods, . 
(i) Quadratic equation 
The roots of 2%-10-10 = -0 are 


S x DEVE Վ 3--ላ/8ጾ:-4 = 
a= UO. লি ও 
a. Cubic equation 

The general cubio may be written . 


| হাথ = = 0. TE 

Setting এ z == — be; thé, equation takes tho simple form տ 
vm: =0 . .. B 
whére p= = D q = Go 3 i መጀ e The roots of (2) are s obtained by sub-. 


| tracting KAE from each օք ic roots of (2).. The roots of the reduced! equation (2) 


are all real if ৫27-04127)195 < 0. In such a a case find a value of 6 using Table 17.7 such 
that ` 
sin 30 — == —Agfr .› Թ) 


where r= 2 ա If ৪. =O is a solution of (3), then the three roots of (2) are 
» jdm ሙየ gin z, #5 =r sin (Zia; HEEN ae (4): 

"When detta n) p ১ 0, two of the roots e are ৯: Let Q denote any one 
of the three values p z , | তা 
` “-ናዛተሃያ নালা թ ME p (5) 
and 6) bè an በፍ] ane root of unity. Then ihe three roots of (2) are - 


= ፍና” #8 = CR: «թգ, Js = eQ—ep[3Q.  . ... Թ). 


28 : FORMULAE AND TABLES FOR STATISTICAL WORK 
(iii) Quartic equation 
The general quartic equation. is written 


axt+-4b23-+ Goa®+-4dx--e = 0. | կա (7) 
First find a root of the cubic i 
—3cs?--(4bd—ae)s--3(ace—2ad*—2eb?) == 0 . — .. Թ) 


by the method indicated in (ii). Let 8, be a root. Then compute A = (sı—¢)/2, 
m, = Vat,+b%—ae, ոլ = (2bf,-+-be—ad)/my. .. (9) 


Then the four roots of the equation (7) are the roots of the two quadraties 


` ax*--2bx--c-- 24, == 27701 ny wer 
T 1 
ax--9bz-|-c-- 2t, = —(2m4z4-ni) J: 


Note: . Polynomial equations of higher degree than 4 cannot be solved by algebriáe reduction. The 


tasts have to be found numerically by methods օք successive approximations. The. following book may 
be consulted for such methods. 


J. B. Scarborough (1962). Numerical mathematical analysis: 5th, edition, Johns Haria Press, 
Baltimore. 
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1. THE BINOMIAL DISTRIBUTION 
f N 
‘1.1, Tus BINOMIAL COEFFICIENTS ( A 


as Introduction 


S : ! | R S 
Table 1.1 contains values of | u ) == a c n = 3(1)80, r = 21) [72]. 
BM vl(n—7)! j 


The following formulae help to obtain 80. tho values of 7 that are not given 


‘in Table 1.1. 


b. Application | | 
Table 1.1 can be used for computing individual terms b(x| m,n) = ( ji ) շԱ--7)" 
օք the binomial distribution. 


Example. ` Let n = 10, 7 = 0.73; then #= 7/(1-- ణి = 2.70370. The tabular 
` scheme below shows the essential steps in computation. The first entry in column (3) 
is (1—7)!° = 0.05205891. The এ which follow are obtained by successive. multi- 
plication with 0. | 


_ l শী — FT 
2 (^) * ሸ=(1-ጥ)?፦። ; bizla, ո) 
(1) (2) (5) ' (4) =(2)> (3) 
°” 1: 0.05205891. ` 0,0000 
BE 10 :  0.05556667 0.0001. 

2 45 0.0፥150506 0.0007 
8 120 0.04406923 0.0049 
4 910 0.03110020 0.0231. 
5 252 0.03297461 0.0751 
8 210." 0.0*804245 '0.1689 
ւզ 120 0.02217444 ` ` 0.2609 
8 45 0.02587903 0.2646 
9 10 0.0158951 0.1589 
10 1 0.0429756 0.0430 


* From Table 1. 1. : 


If accuracy upto k places of decimal is s required i in Mala, n), it is advisable to calculate 


"both (1 (1--ጽ) and 0 correct to (k-+-2) significant EES and to retain (4-2) চার 
digits at. each stage in column (3) 


The table of binomial coefficients is 8180 useful in computing : 
(ij) multinomial coefficients, since 


mo նլ Ն [fg 5 
beu (a) *( Ն E " [ s 
"nl T2: ያኔ T: 9 ఖై . Tii 


' and (ii) the individual terms of the hypergeometric distribution, given by 


(x( 59802) 


31 


THE BINOMIAL COEFFICIENTS 


ፊሙሄ ռ ሰ | I 41... রি SE JaN 
| [ ) - | 2) Ae. 8439946 4 Jo Sonpua «9ካቹሚ 29:1. - [+ | ፳፪ 4] = 4 103 UOA exe p ) 30 'senpeA 291০2 


"০67 *ssexq AyrsoA fun oSpraquier) "aem ^d "0" EN ৪4452০10590 2:82 ৬9৫০ত 'eos 001 > m jo sonpea 39ባቹሣጭሞቫ aod (D 


9122 . pM el —4 ভাত ji OD—4 6-2 8=።# Les 0=«# 


059:11991 2490670792  098694611. 92666798 0094699 91097001 0911081 42266989 0099908 97865 9091 905 090» 95ቕ 
լ -091899/% 76989 ^ 96696919 0674698. 01006005 90091001 916667 0960991 0609 9960910 12482 998 007 
0099110ቅ O9IGFPLS 9962509 08151915 01192151 0069069 9009018 0౧07911 OFLOLE 08586. -- 9406 82598 BLE 
00589006 098888/ . SESLEOET - 98298958 97909089 9400౮76 090999 010966 08208 09941 49266 198 

0000001 004.9096 0929604 9812189 0997616 9466991 009499 097095 09499 ^ 0965»Լ 0095 965 


00860029 0074977 - 09,995 9465707. 9491801 00108» 000441 VELES 09961 0088. 005 
91015 79675. 9960061 FOGLOST 11796 POTOPE 969781 ሃ0፪5ቕ 92901 72056 ` 948 
9606981 99007710. 060419 1806৮ 19196 76001 6996 Զ98  'ILLl 996. 

56፻905 9909070 02776 OLLOIS. 7৮901: 219ջե FEED SIEL . OPSI - 155 

911696 056865. 08885 .08491 PAPI . 6፻፪05 S869 0551 016 


OGLP8T . 09697  . 016961 04906 O9L8& 0991 5599». 071] 061 
84826 69994 88608 SEILG 86911 0498. 696 LI 

0699 ౪9467 Los ৮9981 8998 0905 98` 91 

01876 87767 046961 8819 `. 0887 089 951. 

04961. 9882 ` 8008 8987 0281 ՛ 099. - 021 


eeng 9009 900 ^" 996 295» 901 
ৰ seng 900 6008 -1001 9፪ IG 
att 18651. ert . 988 ৪৫ 


ֆ66. 261, ` 96፻ 055. 99 
29? ' 088 991 99 
595 ` op ot oer 


[ եար o | 951 . 38 .`98 


[og (08-41. 


2 "UID WISYL 


Go 
to 


FORMULA AND TABLES FOR STATISTICAL WORK 
1.2. INDIVIDUAL Terms 


a. Introduction 


Table 1.2 gives, to five places of decimal, the values of 61 a, ո) 


॥ 


[xu ny, x = 0(1)# for n= 5(1)15, and for the following selected values of z: 


0.01, omg: omg, ZL, 0.10, 41, 3. 
" - 10 : 
| Note that since bal, n) = b(n—x|1—7, 7) the coverage is automatically extended ` 
to the following additional values of z: 
| টী 
, 0.70, 6.80, 13, 9. 0.00, 27, 0.95, 0.98, 0.99.. 


5 2 
0.60, — 169, 


5 9 
9’ 16’ 3 


The fractions: correspond to values which occur in genetical studies. The values 
0.01, 0.02, 0.05 correspond to critical levels generally used in tests of significance. 


Table 1.2 has been. obtained by differencing from a table of cuniulative 
probabilities which is correct to 5 places of decimals. Some entries in this table are 
therefore in error by £1 in the last place ` this is indicated respectively by — or +. 
sign against the entry. f | 


b. Interpolation in Table 1.2. 


"Ehe following formula based on Taylor expansion could be used for interpolating 
at a specified value of z. Let ց be a tabular argument closest to z. Then 


be |, n) = b(a | Ta n)—dnA b(x—1 170, n—1) 


2 | 
+ న. b(z—2|7,, n—2)4- --- 


ES ከ... (n), ላሜ (01578704178 
| where | a ? వ. ES 
d = 20১ (n) == n(n—1) ... (n—k-++1), 


. d, টার 
R= Gan (።),ጪልቾ፥፤ 80৮7 k—1]|z*, n —k—1) 


az being some intermediate value between z and z and A, A?, ... represent differences | 
of successive order taken with respect to z. | f | 


Example 1. - To compute b(2| 7, n) for n= 10, 7 = 0.27. Here z = 0:25, 
d.— 0.02. | i T" 
Ե(2.| 0.27, 10) = 0.28156—0.02 x 10(0.30034— 0.22526) | 


(0.02) |... | న్‌ 
JOE ১10১49(0.81146- 9১২0.966974-0.10011) 


== 0.28156—0.2 x 0.07508-1-0.018(—0.12237) — 0.26434. 
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Example 2. Out of 10 tests carried out on parallel sets of data, 3 were signi- 
ficant at 1% level. Are the results significant on the whole ? 


Lo answer this question we have to determine the probability of obtaining 
3 or more significant results, i.e. the probability of obtaining 3 or more successes in 
10 trials when the probability of sucess at each trial is 0.01. Using Table 1.2, for 
‘7% = 10 and z = 0:01 the required probability is 


1--[፻፣(2 = 0)--Pr(z = 1) ተጀ፻ሠ = 2)] 


=1—(0.90438-++0.09135+-0.00416) = 0.00011 


which is very small indicating that the results are significant on the whole. If only 
one were significant out of ten, then the probability 


1--0.90438 = 0.09562 


is not small enough to declare overall significance. 


Table 1.2 is not exhaustive. For other values of 7, for higher accuracy or 
for higher values of 8, one may either consult more extensive tables or compute the. 
values directly as illustrated in 1,119 


c. Some other tables 


1, NATIONAL BUREAU OF STANDARDS (1950): T'ables of the Binomial Probability Distribution, Applied Math. 
Series No. 6, Washington. | శ 


Individual terms and cumulative sums (cumulated from above) correct to 7 places for x == 0.01 
(0.01) 0.50 and n == 2(1)49. 


2. Romie, H. G. (1953) : 50-100 Binomial Tables, John Wiley & Sons, New York and London. 


Individual terms and eumulative sums (cumulated from below) correct to 6 places for x = 0.01 
(0.01) 0.50 and n = 50(1)100. 


3. Ս. 8. ARMY ORDNANCE Corrs (1952): Tables of the Cumulative Binomial Probabilities, Ordnance Corps 
Pamphlet ORDP 20-1. 2 I 
Cumulative sums (cumulated from. above) correct to 7 places for տ = 0.01(0.01) 0.50 amd 
n = 1(1)150.. 


4. HARVARD UNIVERSITY, Computation LABORATORY (1955) : Tables of the Cumulative Binomial Probability 
Distribution, The Annals օք the Computation Laboratory of Harvard University, 35, Cambridge 
(Massachussetts). | 


Cumulative sums (cumulated from above) correct to 5 places for x = 0.01(0.01) 0.50- 1112 1/12) 
5/12; 1/16(1/16) 7/16 and % = 1(1) 50(2) 100(10) 200(20) 500(50) 1000. 


5. WEINTRAUB,'S. (1963) ፡ Tables of the Cumulative Binomial Probability Distribution for Small Values of 
ք, The Free. Press of Glencoe, Collicr—Maemillan Ltd., London. 


Cumulative sunis. (cumulated from above) correct to 10 places for 5 = 0.00001, 0.0001 (0.0001) 
0.0010 (0.0010) 0.1000 and n = 1(1)100. 
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TABLE 1.2. 
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T — 0.02 mT = 0.05 


90392 ‹77378 
09224  .20363 
00376 .02143 
00008 .00113 
Ss .00003 
. 88584 . 13509 
.10847 .23214-- 
.00554— .,.03054 
.00015 .00214 
= .00009-- 
86813 69834 
12401-- 28728 
00760-- .04062 
00025-- .00357-- 
00001 00018+ 
— 00001 
85076 .66342 
13890 27034 — 
00992 .05145-- 
00041 .00542 
00001 .00035ጉ 
տ .00002 
83375 .63025 
15314 .29854 
01250 .06285 
00059-. .00772 
00002 .00061 
տ .00003 
81707 .59874 
16675 .31512 
01532— .07464-- 
00083 .01047+ 
.00003 .00097-- 
= .00006 
80073 -56880 
17976 39931 
.01834 .08665-- 
.00112 .01369-- 
«00005 .00144 
= .00010-- 
- «00001 


— — 
— 


፳ = 1J16 


. 72420 
.24140 
.03218-- 
.00215 
-00007 


.67893 
.27158 — 
- 04526 
-00402 
- 90020 
.00001 


.63650 
.29703 
.05941 
.00660 
.00044 
.00002 


.49168 
.36057 
,12019 
.024034- 
.00321 
.00030 
.00002 


[2 = 5(1)15; selected values of zr] 
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T = 0.10 


69049 
38805 
07290 
00810 
.00045 
.00001 


53144 
.35429 
.09842 
01458 
.001214- 
.00006 — 


.41830 
.37201 
.12400 
.02296 
.00255 
.00017 
.00001 


— 


.43047 
.38263 4- 
.14881— 
.03307 
.00459 
.00041 
.00002 


.38742 
.38742 
.17219 
.04464 
.00744 
.00083 
«00006 


,85493 
-34683 
. 08671 
.01084 
.00067-- 
-00002 


«49327 
.36995 
.11561 
.01927 
.00181 
.00009 


.43846 
.38306-- 
.14387 
.02997 
-00375 
.00028 
.00001 


.38974 
.38976— 
.17051 
.04263 
, 00666 
.00067 
.00004 


34644 
98974 
.19488-- 
.05683+ 
«01066 
.00133 
.00011 
.00001 


.90795 
.38493 
.21652 
.07218— 
.01579 
.00236 4- 
.00025 
.00002 


.27373 
.31638 . 
.23594 
.08821 
.02205 
.00386 
.00048 
.00005— 


Ն TERMS 


. 35409 
- 40857 
. 18857 
.04352 
.00502 
.00023 


«28770 
.39835 
.22982 
.07072— 
.01224 
.00113 
.00004 


.23376 
.31760-- 
.26142 
* 10055 
.02320 
.00321 
‘00098 
.00001 


.18993 
.35063 
.28321 — 
.13071 
.03770 
.00696 
.00081-- 
«00005 


.15432 
.32050 
.29585 
- 15930 
95০14 
-01273 
-00195 + 
.00020-- 
.00001 


.12538 
.28934 
.30047 
.18491 
.07467 
.02068 
.00398 
.00052 
.00005 


.10187 
‘28860 
.29839-- 
2065? 
.09534 
.03080 
- 00711 
«00117 
00014 
«00001 


T 3/16 m = 0.20 


82768 
.40960 
.20480 
.05120 
.00640 
.00032 


.26214 
.39322 
.24576 
.08192 
.01536 
.00164 
.00006 


.20972 
.36700 
.27526 
,11469 
,02867 
,00430 
.00036 
.00001 


.16777 
,93555--. 
,29360 
,14680 
.045874- 
.00918 
.00115 
00908 


.13422 
.30199 
.30199 
.17616 
,08606 
,01651 
.00270-- 
.00029 
.00002 


.10737 
.26844 
.30199 
.20133 
.08808 
.02642 
.00551 
,00078+ 
.00008-- 


.08590 
.23622 
.29528 
‘22146 
111073 
.03876 
:00968-Լ 
00173 
.00022 


` ,00002 


Note: To obtain 5 decimal accuracy for individual terms add (subtract) Լ in the last place if 


there is +(—) sign against an entry. For obtaining cumulative probabilities to 5 decimal accuracy the 
entries have to be added ignoring the + and == signs. 
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.13183-- 
.03296 
.00440-- 
, 00024. 


.13348 
.31147-- 
.31146 
.17303 
.08768 
.01154 
.00128 
.00006 


.10011 
.26697 
.31146 
20794 
.08652 
.02307 
00385 
.00036 + 
.00002 


,07508 
,22856- 
80934 
.23359-- 
,11680 
.03894-- 
00865 
-00123-4 
-00011 — 


,05631 
.18772— 
.281564- 
26029 
:14599-Լ 
,05840 
.01622 
.00309 
.00039 
.00003 


.04224 
.15486 
'. 25810 
,25810 
.17207 
.08030 
.02677 
.00837 
00198 
.00012 
.00001 
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,11788 
.30252-Լ 
132414 
.18522 
.05953 
.01021 
,00073 


.08235 
.24707 — 
.31165 
.22689 
.09724 
.02501— 
.00357 
.00022 


. 05785 
. 19765 
,29647+ 
,254፲3-- 
,19813+ 
.04668 
,01000 
"00122 
.00007- 


04085 
. 18585 
,26683 
,36683 
,17153 
.07352-- 
.02100 
.00386 
.00041 
.00002 


.02825 
,12106 
.23347 
.26683 
.20012 
,10292 
.03676 
.00900 
.00145 


.00013-- 
.00001 


.01977 
.09322 
.19975 
.25682 
.22014— 
.13208 
.05660-1- 
.01733 
.00371 
.00053 
.00005 


.13169 
.32029 
.39921-Է 
.16461 
.04115 
.00412 


-08779 
.26838-- 
.32991 + 
.21948 
.08231-- 
.01646 
.00137 


.08853. 
.90484-- 
.30727 
,25606 
.12803 
.03841 
.00640 
.00046 


.03902 
,16607 
.27313 
.27313 
.17071 
.06828 
.01707 
.00244 
.00015 


.02601 
.11706 
.23411 
.27313 
20484 
,10245-- 
03414 
.007314- 
.00092— 
.00005 


.01734 
.08671 
.19509 
.26012 
,29761 
,13657-- 
.05690 
.01626 
.00304-Լ- 
.00034 
.00002 


.01156 
.06359 
.15896 
.23845 
.23814-- 
.16691 
.08346 
.02981 
.00745 
.00124 
.00012 
.00001 


.07776 
.25920 
.94560 
.28040 
.07680 
.01024 


.04660 
.18662 
.31104 
,27648 
.13824 


“08686 


.00410 


.02799 
213064 
.26197 
.29031-- 
.193534- 
.01742— 
.01720 
.00164 


.01680 
«08958 
.20901-- 
.27870— 
.23224 
.12386 
.04129 
.00786 
.00066. 


.01008 
›08046+ 


=] 6125 — 


25082 
.25082 
.16722 
.07432 
.02125 
200354 
-00026 


.00605 
.04031 
.12093 
.91499 
-25082 
.20066 
.11148 
.04247 
.010614- 
.00158— 
.00010 


00368 
.02660 + 
.08869 — 
.177364- 
.23649 
.22073-- 
«14715 
.07007 
02336 
00519 
00069 
«00004 


«10304 
.01603 


.03168 
.14782 
.28743 
.29808 
.17388 
.05410 
.00701 


.01782 
.09701 
. 22635 
.29342 
.22822 
.10850 
.02761 
.00307 


.01002 
.06237 — 


:.16976-- 


.26408 
.25674 
.15976 — 
.062124- 
.01381 
.00134 


.00564 
.03946 
.19278 
.22282 
.25995 
.20218-- 
.10484 
.08495 
.00619-- 
.00059 


.00317 
.02467 — 
_ 08632 
-17905 
24371 
.22146 
-14743 
-06552 
-01911 
-00330 
-00026 


00758 
.01627-- 
.05935 
.13848 
.21542 
.23457 
18244 
-10135+ 
-03942 
.01022 
.00159 
.00011 


.01633 
.09147 
.21953 
.29271 
.23416 
.11240 
.02997 
.00343 


.00907 
«05808 
.16281 
«26019-- 
.26018 
= 16652 
«08880+ 
.01522 
-00152 


.00504 
.03630 
11615 
.21682 
-26018 
‘20815 
.11101 
-03808 
-00781 
-000883 


00289 
.02241 
-08066 
- 17208 
24097 
23127 
-15418 


-07049 — 


-02114 
00878 
-00030 


00859 
.01369 
.05477 
13145 
21035 


.23555-L 
.18845 — 


.10768 
.04307 
.01149 
.00184 
00013 


55 


TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS 


.03125 
. 15625 
.31250 
.31250 
. 15625 
. 03125 


.01562 
,09375 
.23438 
.31250 
98487 
.09375 
.01563 


.00781 
.05469 
.16406 
.27344 
127344 
:16406 
05469 
,00781 


.00391 
.03125 
.10937 
.21875 
‘27344 
.21875 
10937 
.03125 
.00391 


.00195 
.01758 
.07031 
.16407-- 
,24609 
,24609 
.16407-- 
07031 
01758 
,00105 


‘90098 
.00976-Վ- 
.04395 
.11718-- 
,20808 
,24610-- 
‘20507 + 
.11719 
04395 
.009764- 
.00098 


.00049 
.00537 
,በ2685+ 
.08057 
.16113 
.22589 
.29559 
.16113 
.08057 
02685 + 
“00587 
.00049 
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n x 


13 


= ; 
ፎ= ‹= 0-10 "৷ পি ৬৩০ to ল ርጋ 


-— . 
EN 


፦ = 
5৩১ ০০ = ০৯ ৮৯ 65 to = ርጋ 


= m 


" ৫০ ০০ এলে CU ሥ ԹԶԾ 
০০০০ ի 


T = 0.01 


[n == 5(1)15; selected values of 7) 


T = 0.02. mr = 0.05 = 1/16 e ፓ= 119 ጥ = 38/16 ፓ ক 0.20 
.78472 .54036 46095 28243 .24332 .08277 .06872 
.192174+ .34128 36876 37657 .36497 .29921 .20616 
.02157 .09879 13522-- .23013 .25092 .29093—  ,28347 
.00147 .01733 03004-- .08523 10455 .29379 .23622 
.00007 .00206— .00451 02131 .02940 .11619፦  .13287+ 

ሙ= .00017 00048 00379 .00588 .04291— .05315 
= .00001 00004 00049 .00086 .01165 .01551— 
— — = 00005 .00009 .00228 .00332 
Sg a = === .00001 .00033 .00052 
= = Sg = = .00004--. 00006 
76902 .51334 .43214 25419 .21628 .06725 .05498 
20403 :35124-- .37458—  .36715-- .35146 .20176 .17867 
02498 .11091--  .149804-  .94478— .26359 .27935 .26800+ 
00187 .02141---  .03662 09972 .12081 .23638 .24567 
00010 .00281-- .00611-- .02770 .03775 .13637 .15355 
= .00097 .00073 00554 .00850— 05664--  .06909-- 
== .00002 .00007 0008 .00142 .01743 .02304-- 
-= — — 00009 .000174- -.00403-. .00575-- 
-- ES E 00001 .00002 .00069-. .00108 
տ AS == = ES .00009 .00015 
— — — = — .00001 .00002 
.75364 .487674+  .40513 .22877 .19225 .05464 .04398 
.91533 - ,35034 37813—  .35586 .33644 .17654 .15393 
.02856 .12294--- .16385 .95701- .27335 .26480 .25014 
.00233 .02588- 04350-- .11423 . 13668 .24444-. 25014 
.00013 .00374- .00801 .03490 .04698 .16512 17197 
.00001 .00040-- .001064. .00776 .01175 © .07159 .08599 
ርህ .00003 00011 .00129 .00220 .02479-. .03294 
=== = 00001 .00016 .00031 .00653-- .00921 
-- - — .00002 - .00004— .00132 ..00202 
፦ - - = === .00020 .00033 4- 
፦ — — — s= .00003— .06005- 
.73851 .46329 .31981 .20589 .17089 ,04440 .03518 
.22609 .98576 : .37981 .34315 .32041-- - ,]5368 .13195— 
. .03230 .19415 .17795 .26690 .28037--  .24825 .23089+ 
` .00286 .03073 .05190 .12850-- .18186 .24825 .25014 
..00017 .00486— .01025— .04284 .05695 .17187 .18761— 
.00001 .00056 .00150 .01047 .01566 .08726 .10318 
— .00005 .00016-- .00194 .00326 .03356 .04299 
- = .00002— .00028 .00053— 00996 .01382 
— -- - 00008 .00006-- .00229-- .00346-- 
- - — — .00001 .00042-. .00067 
<= ux — — — .00005-- . .00010 
= = - - -- .00001 .00001 
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS 


= — I š 
G to L: @ ০ oo — të — ርጋ 


০ — ৩১ Gu :2 o= ርጋ 


.03168 
.12670+ 


.25810 


.01336 
.06682 
115591 
82520 
..22520 
,168144- 
- 09175 
03832 
.01311 
.00340 
.00067+ 
.00011-- 
.00001 


[n = 5(1)5: selected values of x] 


.01384 
.07119— 
.16779 
.23970 
.23114 
.16849-- 
.07925 
.02911 
.00780 
.00148+ 
‘00019 
.00002-- 


.00969 
.05398 
.13881 
.21813 
.23370-- 
.18029 
"10302 
.04416— 
.01419 
.00338 
.00058 
.00007 


— 


.00678 
.04070— 
.11336 
.19433 
.22903 
.19632 — 
.12620 
.06181 . 
.02318 


.00662 


.00142 
00022 
.00003 — 


.00475 


.03052 


.09156 
.17004 
.21862 
.20613 


- ,1472ፏ 
. .08113 


.03477 


.01159- 


.00298 


«00058 - 


.00008 
.00001 


.00771 
.04624 
.12717 
.21195 
.23845 
.19076 
11127 
.04769 
.01490 
.00332-- 
.00049-- 
00008 ` 


.00343 
.02397+ 
.07793 
,16586 
.21431 
.21431 
.160734- 
.09184-- 
.04019-- 
.01339 
.00335 
.00061 
“000074 
.00001 


— 


.06228 
:01715 

` .05995 . 
.,12988 
,19482 
.21431-- 
"17859 
11481 
.08740 
.02933-- 


.00669-- 


.00152 
.00026— 
.00003 


.00218 
.01741 
.06385 
.14190— 
.21284 
.22703 
.17658 
.10090 
.04204 
.01246 
.00249 
.00030 
.00002 


.00131 
.01182 
.04527 + 
.11068 
.18446 
.22136-- 
.19676 
13117 
.06559 
.02429 
.00647+ 
.00118 
.00013 
.00001 


.00078 
.00732-- 
.03169 
.08452 
.15495 
.20689+- 
. 20660. - 
,18741 
.09182 
.04081 
.01360 
.00330 . 
.00055 

. .00006 


,00047 
-00470 ` 
.02194 ` 
.06339 

. 139678 
18594 
,206589+ 
.17709-- 
.11805-- 
.06122-- 
.02448-- 
00742 
.00165 
:00025 
.00003— 


.00100 
.00937 — 
.04006 
"10386 
"18176 
.22619 
.20525 
.13683 

. .06651 + 
.02300 — 
.00536+ 
.00076 
.00005 


.00056 
.00571 
.02663 ' 
.07595 
.14768 
.20075 
.21441 
.16617 — 
.09727+ 
.04204-- 
.01307-- 
.00278-- 
.00036 
.00002 


.00032 
,00345+ 
.01748 
.05437 ` 
.11630 
.18091 
.21106 
.18761 
.127674- 
.08621-- 
,02874+ 
.00729 — 
.001414- 
.00017 
.00001 


.00018 
.00208 

| .01135— 
.03823 

- ,08920፦ 
‘15264. 
.19787 
.19787 
.15390 
.09309-- 
.04345 

. .01536 
.00398 
.00072 — 
.00008 


.00086 
«00830 
.03652-- 
.09737 
.17526 
.22434 
.20938 
.14358 
.07179 
.02582 
.00813 
.00089 
.00006 


.00048 
.00499 
.02398-- 
.07032 
.14065-- 
.20252-1- 
.21603 
.17283 — 
.10369 
.04609 
.01475 
.00321 4- 
09048 
.00003 


.00027 
.00298-- 
91654 


.049፻3--- 


. .10939 
"17602 
.21003 
.19203 
.13442 
.07169 . 
` .02807-4- 
. 00834 
. .00167 
. .00021 
. .00001- 


| .00015 


.00178 


.00996 


` «03453 


.08287 
.14585 
19447 
20003 
"16002 
.09957 
.04780— 
.01738 
.00463 
.00086 
,00009+- 
.00001 


z ፳= ll ፳= 0.90. ፣*= UD  ո-040 m=7]6 w= 419 z= 112 
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1,8. Conrrpencr INTERVALS Tor Tum BINOMIAL PROPORTION 
a. introduction 


Table 1.3 furnishes two sided 95:97 and 99+9 confidence limits for the 
unknown binomial proportion 7, corresponding to the number of trials n and the 
observed value of z. 

These confidence limits have the property, that compared to any other 
system of limits with confidence coefficients not less than 95%, and 99%, the total 
length of confidence intervals corresponding to zx = 0, 1, ..., ౫ is the least. For details 
see Crow (1956, Biometrika, 43, 423-435) and Sterne (1954, Biometrika, 41, 275-278). 

The confidence limits given in Table 1.8 are correct to three places of 
decimal and are for n == 1/1)30 and x == 0(1)[n/2]. If z is greater than [n/2], n—zx 
would be < [n/2], and the table can be read for confidence limits for the complementary 
proportion (1--7) from which the confidence limits for z are obtained. 


Example. Suppose n=25 and 2= 14, Thenz—z--11. Entering Table 1.3 
with x == 11 and » == 25 the 95% limits for 1—7r are seen to be (0.238, 0.664) which 
means that the 95% limits for z would be (1--0.664, 1 —0.238) = (0.336, 0.762). 


b. One sided confidence intervals 
The 10029 lower bound for z is the smallest value of 7, satisfying the inequality 
n 
P(d; ፲, 8) = X b(v| m, n) > 1—«, where d is the observed value of z. 
ሙሪ 
ን ው መሪ መው శ 
)= గ CO A 
this lower bound is seen to be the lower 100(1—4) % point of the beta distribution 
with parameters d and n—d+1 respeotively. (See Table 6.2 for percentage points of 
the beta distribution). Similarly the 100255 upper bound օո is given by the upper 
100(1--ወ) 95 point of the beta distribution with parameters d+-1 and n—d respectively. 
Ը. Tests of significance | 


Since Q(d; 7, ౫ 


. Table 1.3 can also be used for testing a simple hypothesis on 7, when alter- 
natives are both-sided. Ifa = d be the observed value of z in % trials, we find, from 
Table 1.3 the corresponding 100«% confidence interval for z. A null hypothesis 


which assigns a value of 7 outside the confidence interval is rejected at the 
100(1—2)95 level of significance. 


Example. 18 tosses of a coin result in 5 heads. 15 this compatible with the 
hypothesis that the coin is unbiased ? 


Here n = 18, চে = 5. ‘The corresponding 95% confidence interval for 7 being 
(0.116, 0.556), the hypothesis 7 = 0.5 cannot be rejected at the 5% level of significance. 


Table 6.2 (percentage points of the beta distribution) can be similarly used for 
testing a simple hypothesis on z, when alternatives are one-sided. Suppose in the 
above example the hypothesis 7 = 0.5 is to be tested against alternatives z < 0.5. 
The 95% upper bound for z (which is same as the upper 5% point of B(6, 13))።=0.4978. 
Since the hypothetical value exceeds this value, the hypothesis stands rejected at 
the 5% level of significance, 
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TABLE 1.3. CONFIDENCE INTERVALSO FOR THE BINOMIAL PROPORTION 


Confidence coefficient : 95-95 


(0০০0 =l 22 տար eed 25 g=6 s=] ատ 2=9 2=10 2=11 2=12 ህሀ=13 ወ=142=15 


եշ 
1 950 ም ው 
Long 
24.776 ,975 
|.000 .025 
31.035 .865 
.000 - .017 ` 
4 897 .751 .902 
|.000 .013 .098 
51.500 .657 .811 


1.000 .016 .076 


6 |.402 .598 .729 .847 
1000 .009 .063 .153 

71.377 .564 .659 .775 . 
.000 .007 .053 .129 

6 ].815 .500 .685 .111 .807 
.000 .006 .046 .111 .193 

9 1.289 .443 .558 .711 .749 
.000 .006 .04Լ .098 .169 

101.267 .397 om .619 .733 .778 
.000 .005 .037 .087 .150 .292 


111.2950 .369 .500 .631 .667 .750 
.000 .005 .033 .079 .135 .200 
12 |.236 .346 .450 .550 .654 .706 .764 
000 .004 .030 .072 .123 .181 .236 
18 1.225 .827 .434 .520 .587 .013 .740 
.000 .004 .028 .066 .113 .166 .224 
141:206 .312 .389 .500 .611. .629. .688 .794 
«000 004 .026 .061 .104 .153 .206 .206 
15|.191 .302 .369 .448 .552 .631 .668 .706 
.000 .003 .024 .0807 .097 .142 .191 .191 


16 1.178 .272 .352 .429 .500 .571 .648 .728 .728 
.000 .003 .025 .053 .090 .132 .178 .178 .272 
171.106 .254 .337 .417 .489 .544 .694 .663 .746 
.000 .003 .021 .050 .085 .124 .166 .166 .253 
18 |.157 .249 .325 .381 .444 .556 .019 .625 .675 .758 
- 1.000 .003 .020 .047 .080 .116 .156 .157 .236 .242 
19 |.150 .232 .316 .365 .426 .500 .574 .635 .655 .688 
1.000 .003 .019 .044 .075 .110 .147 .150 ౨222 .232 
20].143 .222 .293 .351 .411- ౨467 .533 .589 .649 .707 .707 
.000 .003 .018 042 .071 .104 .140 .143 809 .222 .293 


211.137 .213 .276 .338 .398 .455 .506 .551 .602 .662 .124 
.000 .002 .017 .040 .068 .099 .132 .137 .197 .213 .216 
921.132 .205 .264 .320 .389 .424 .500 .576 .582 .617 .674 .736 
.000 .002 .016 .038 .065 .094 .126 .132 .187 .205 .260 .264 
931.127 .198 ౨256 .317 .360 .409 .457 .543 .591 .040 .640 .683. 
.000 .002 .019 .037 .062 .090 .120 .127 .178 .198 .247 .255 
244.122 .191 .246 .308 .347 .396 .443 .500 .557 ,.604 .653 .061 .692 
opp .002 .015 .035 .059 .086 Us .122 "169. .191 .234 .246 .308 
25.118 .186 .238 .303 .336 .384 .431 .475 .025 .569 .816 .664 .683 
‘000 .002 .014 .034 .057 .082 .110 .118 .161- .185 .292 .238- .296 


261.114 .180 .230- .282 .325 .374 ..421 .465 506 .542 .579- .626- .015 .718 
"000 .002 .014 .035- .054 .079 .106 .114 .154 .180 .212 .230 .282 .282 

211110 .175 .223 .269 .316 .364 .415 .437 .500 .563 .570 .598 .636 .684 
"000 .002 .013 .031 .052 .076 .101 .110 .148 .175 .202 .223 .269 .269 

28 | 106 170 .217 .259 .301 .357 .884 .424 .465 .537 .576 .616 .619 .645 .693 
7000 ‘002 .013 .030 .050 .073 .098- .106 .142 .170 .192 .217 .258 .259 .307 

29.103 .166 .211 .251 .299 .339 .374 .413 .45l .500 .549 .587 .626 .661 .661 
looo ‘002 .012 .029 .049 .070 .094 .103 .136 .166՝.184 .911 .247 .251- ౨209 

30 11100 163 .205 .244 .292 .324 .364 .403 .440 .416 .524 .560 .597 .636 .676 .076 
.000 .002 .012 .028 047 .068 .091 .100 .131 .163 .175 .205 .236 .244 .292 .324 


Ss = m= .2 a = ES? ab 2-6 = SE 2=9 ০9 2= dra 123-13 2-14 2-15 


(1) For 5 different type of confidence dntervals 566 Table m in "Statistical Tables. ind লা 
by A. Hald, John Wiley and Sons, New York, 1962. 
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TABLE 1.3. 
চেল] 2=2 
.996 
.005 
941 
.003 
.859 ১96৪ 
.003 .042 
‘778 .894 
,002 .033 
.706 .827 
.002 .027 
.643 .76ፏ 
.001 .023 
5590 .707 
.001 .020 
598 ,656 
.001 .017 
‘৪12. .624 
.001 .016 
.500 .593 
.001 .014 
.445 .855 
.001 .013 
.499 523 
.001 .012 
.392 .500 
.001 .011 
.373 .461 
.001 .010 
.357 .451 
.001 .010 
.346 .413 
.001 .009 
.318 .397 
.001 .008 
.305 .383 
.001 .008 
.293 .315 
.001 .008 
.283 .344 
.000 .007 
.213 .334 
.000 .007 
.266 .323 
.000 .007 
.259 .313 
.000 .006 
.245 .808 
.000 .006 
.234 .298 
.000 .006 
.225 .297 
.000 .006 
918 .272 
.000 .005 
.211 .263 
.000 .005 
.206 .256 
.000 .005 
2=3 2-52 
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CONFIDENCE INTERVALS FOR THE BINOMIAL PROPORTION 


Confidence coefficient: 99+%. 


e=3 ፲2=ፏ 2=5 ፲2=6 పజ? 2=8 2=9 z—10 z=11 2=12 ፲-=13 z--14 ፲፪ 15 


.915 
5085 
«858 
.071 
.802 .879 
.061 .121 
.750 .829 
.063 .105 


.608 .636 .714 .751 5806 
.033 .064 .102 .146 .195 
.039 .627 .612 .127 .771 
.031 .059 .094 .135 .179 


.525 .579 .643 .705 .739 .788 

5029 .055 .088 .125 .106 .212 

.500 .587 .620. .662 .758 .758 

.027 .052 .082 Dn .155 ১197 

.466 .534 .603 .682 .686 .772 .774 

.025 .049 .077 Up .145 .184 .226 

.455 .515 .664 .617 .695 .707 .782 

.024 .046 .073 .103 .137 .173 .212 

-424 .500- .576 .601 .637 .707 .726 .791 
.023 .044 .069 .098 .129 .165 .200 .209 


.409 .466 .534 .6591 .653 .661 .717 .743 

.022 .041 opp .092 .122 .155 .189 .201 

.396 .454..505 .550 .604 pop .682 .127 .158 

.021 .039 .062 .088 Up .147 .179 .194 .242 

.386 ,429 .500 .671. .580 .616 .677 .702 .735 

.020 .038 .059 .084 .111 .140 .171 .187 .229 

‘364 .416 .464 .536 .584 .636 .638 .687 .720 .743 
.019 .036 .057 .080 .106 .133 .163 .181 .216 .257 
.352 .403 ౨451 .500 .549 .5497 .648 .658 ১695 .755 
.018 .034 .054 .077 .101 .127 .156 .175 .205 .245 


.342 .393 .442 .487 .8526 .562 .007 .658 .078 .702 .766 

.017 .033 .052 .073 .097 .122 .149 .170 .195- .234 .234 

.332 .384 .419 .461 .539 .581 .587 .617 .668 .702 .716 

.017 .032 .050 .070 .093 .117 .143 .166 .185 .224 .225 

.323 .364 .408 .449 .500 .551 .592 .636 .636 .677 .728 .728 

.016 .031 .048 .068 .089 .112 .137 .102 .175 .214 .218 .272 

-316 .354 .397 .438 .477 .5923 .062 .603 .646 - 6854 .684 .737 

-015 .030 .046 .065. .086 108 .132 .157 .166 .206 .211 .260 

.310 .345 .388 .430 .409 .505- .538 .570 .612 .655 .671 .692 .744 
.015 .028 .048 .063 .083 104 .127 .151 .151 .198 .206  .240 .256 


2=3 3-4 2=5 26 27 տատ ec 2=10 #2=11 2=19 2=13 2=14 z=15 
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2.1 CUMULATIVE PROBABILITY ` 
^m. Introduction 


Let p(x] A) = eT r (probability for. observation x) and Die A) = € plrja) 


(cumulative probability Se observations up to x). Table 2.1 gives the বি a 70212), 
»-0,1,9,... for A = 0.02(0.02) 0.10: 0.18(0.08) 1.00: 1.1(0.1)2.0, 2.2(0.2)7.8; 8.0(0.5) 
15.0; 16(1)25, "Table 2.16 gives the values օք P(x(A) for small values of A = 0.0005; 
0.001(0.001)0.009. The individual terms (919) can be easily obtained from these 
tables by the relation p(x|A) = P(c]A)— P(z—1]|A) 


b. Interpolation iu Table 2.1 


For purposes of interpolation. (A-wise) between the tabulated values the fol- 
lowing formula based on Taylor expansion will be found useful. Let the values of 
70219) be required for a given A, and A, stand for the tabular. argument closest to A, 

‘and let d == A—A,. . Then 


7619) = P(e| Ay)— —dAPQe—1 [Ag+ Լ Բրն-2 Ag+. ఆపాట =. 


where A, 2... are the Ist, 2nd.. „order differences. taken with respect. z and R = 
xil 
(— jen dm 17০1 | A^) where 2535 some value lying between A and Ap: It will 


ከ6 thüs-possible to judge, by inspection of tlie tabulated values, the maximum possible 


Se? magnitude for the error R. 


KÉ Example. 
| . To compute P(4 | 5. 1) 
‘From Table 2.1, A, = 5.0 so that dc = 0.1. Omitting terms. inválving second 


5 pe եռ higher.order differences 


| 5. zi — 0. 440— 0.1(0.440— x 265) = 0. 4225. 
ጸ=(- m (0.1) d AXP(2 | 2°) where 5.0 <A < 5.1 


E Sinos: MPCs) = 0.085, mo [8.8) = 0.039, Ans | 5.4) = 0.042 and A? increases. 
- with AC 


EO 2) 


o< R < + ১0.039 = 0.000195. 


When the interpolation fona given value of A has to be repeated, as for instance 
‘in fitting a Poisson distribution, the above formula may be written as: ‘follows 
` በነ linear interpolation 
2218) = (1—d)P(z| A)-FdP(z—1] Ay) 
ES quadratic, ‘interpolation 


Pèl A= (1—d-+d?/2) Pie (జలజా 1120 SG Pa 2189) 
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Example 


Fit a Poisson law to the frequency distribution of number of defects in 377 
metal. sheets produced" in-a factory. 


` No. of . Number of Poisson ` 


‘defects sheets ` frequency 
o 181 190.4 
1 142 129.9 
2 47 44.6 
5 6 10.0 
4 1 1.8 
5 and above - 0.3 
| Total 377 > 377.0 


The mean. of the observed frequenoy distribution is 0.684 which provides an estimate 
for A of thé Poisson distribution to be fitted. ቼከ6 nearest tabular argument Ay in. 
Table , 2.1 is.0.70 so that d = --0.016. Using. the formula for linear ডিন 
Ք(0| 0.684) = 0.504959, Ք(1|0.6849) = 0.849552, £(210.684) = 0.967952, P(3|0.684) 
= 0,994448, P(4 | 0.684) = 0.999080 and Ք(5|0.684) == 1.0. The values of plz | 0.684) 
for ፲'= 0, 1, 2,3, 4, 5 are 0.5050, 0.3446, 0.1184, 0.0265, 0.0046, 0.0009. The. Poisson 
frequencies obtained ‘by multiplying these by 377 are shown in the last-column. above. 
Table 2.118 particularly useful in working out the operating charateristic 
curves of acceptance sampling plans by: attributes. Poisson distribution is also 
applicable in a variety of industrial arid other situations such as number of ‘accidents, 
defects in cloth, defects in castings, frequency. of breakdown of machines, demand 
for spares etc.. 


c. Some other tables of the Poisson distribution 


1. MOLINA; 35. C. (1942): Poisson's Exponential Binomial Limit, Van Nostrand Book Company, New 


York. 


Individual terms and cumulative terms of the: distribution, correct to 6 ànd 7 places for 


. እ.= 0.001 (0.001)0.0፤ (0 0110. 3(0.1) 15(1)100. 


2. Krracawa, Tosio- (1952): Tables of Poisson Distribution, Baifukan, Tokyo. 
Individual. terms, correct to 7 and-8 decimal places for እ = 0. 001 (9.001)1(0.01) 10.00. 


3. PEARSON, E. Տ. and HARTLEY, H. 0. . (Eds): (1957) : 8728968169 Tables. for. Statisticians. Biometrika 


“Trust, Cambridge ‘University Press.. 


Table 7: Probability integral of thg x? distribution and the cumulative sum of the Poisson 
distribution correct to five decimal places for A == 0. 0005(0. 0005) 0.005, 0. 005(0. 005) 0.05, 0.05(0. 05) 


1.0, 1.1(0. 1) 5 5. 0, §.25(0. 25) 16.0, 10.5(0. 5) 20:0, 210. 0) 60. -and Table 39 : Individual terms of the 
Poisson distribution, እ = 0.1(0.1) 15.0. | š 
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TABLE 2.1. THE POISSON DISTRIBUTION-CUMULATIVE PROBABILITIES 


1.000 


1.000 


1 : በ99 


1.000. 
` .9በሀ 
š 
. 982 


.874 


Վ.000 

1.000. 

1.000 

(Lu 

999. 1.000. 

- 999 ` 1.000 . 

- ,በ89. 1.000 

` og rum 
997 "2999 1000. 
997 .999 -1.090. 


996 .999 1000 


፦ 
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.000 ` 
.000 
.999 — 
.999 


907 


.996 
.995 
.993: 
.990 ' 
.988 
.984 
.980 - 


12000 
1.000 
1.000 
.999 
1999 


..999 


4998 


` .997 
.996 


.995 
.993 : 


.991 


= = ৮৭ 


.000 
000. 
.000 
.999 
.999 
.999 
5998 
.997 
.996 


1.000. 


1.000 
1.000 
.999 
.999 
.999 


መጨ 


.975 


.964 


.951 
.935 
.916 
.895 
.871 

844 
.816 


‘7885 


.753 


,720- 
.686 . 


.651 


«615 


- .581 
.546 


` 515 


‘418 
«446 


15 


1.000 
1.000 
.999 


1.000. 


= =— 
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1.000 ` 


3 


4 5 6 
94 ౨259 — .414 — .874 ^ .716 .826 . .902 
.119 285  .384  .542 op om  .886 
.108 .213 .355  .811  .658 7.780 .869 
.093 .192 .327 Jan o .1475 .850 
082 um .301 Am .699 mm .830 
(072 256 276 .420 .59  .703 ..810 
.063 — .140 am 392 .89 ee - ,788 
055 .125.- ౨28 865 am .645 "en, 
.048 us .20 888 481  .620 741 
.042 — .100 — .191 313 ' .453 593 TT 
.030 .074. .180 ౨256 .386 .523 ,653 
.021 .055 ue äm .324 .456 een 
.015 .040  .089 . .165 20 20 522 
.U10 .029 02 mm mm .33. ABR 
13- 14 IER 16 17 18 19 
‘99885 .998 .999 1.000 
.994 .997 .999 1.000 
.992 .997 999 .999 1.000 
990 .996 ..99 .999 1.000 
987 ১994 .998. 999 1.000 
.984 .993 - .997 .99 1,999 1.000 
.980 .991- ,996 ..998 .999 1.000 
.976 -.989 9095. 998  .999 1.000 
.971 op 993  .997. "am 1.000 
.966 .983 -,992 me :998 .999 1.000 
,949 om .986  .993. on .099 ^ .999 
926 aen om oos mm .998 .999 
.898 .940 ২967 985 — .991 .Ղ.996 .998 
.864- .917 051 912 .986 .993 .997 
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FORMULAE AND TABLES FOR STATISTICAL WORK 


3 š 


Sg টি NUI ID MICE CAD C CMDI C CM CC ০, 


ANG 9 ፤ 5 3 4 5 6 7 ৪ 9 

10.5 000 - .000 "omg om  .021  .050  .102 179 .279 - .397 
11.0 000 — ou om  .005 os  .038  .079  .143 - .232 . .341 
11.5 000 ` .000 o  .003 ou  .028  .060 14  .191. .289 
12:0 000. .000 om  .002. .008  .020 .046  .090 an .542 
12.5 | om  .000 om  .002 oe ma  .035 mm ..125 .701 
13.0 000 om .000  .001  .004 ou  .026  .054 - .100 - 166 
i3.5 000 1.00 .00 om om .008  .019 ou -.049 135 
14.0 000 .00 .000  .000  .002 .00.  .014  .032  .062 1009 
14:5 000 ` om oun om .001 ou on ..024 ১048 -.088 
15.0 000 .000 - .000 ..000. .01 .03  .008  .018  .037 070 
ኣግ 40 11 12 13 14 15 16 17 18 19 
‘10.5 521 on  .742  ,825 mm  .032. au am  .088. - .094 
11.0 460 - .679 ën  .781 and om .94 .968  .982 oo 
11.5 402 - .520 en om as .878 .94 an - .074 .986 
12.0 34T .462  .516 op  .712  .844 .899  .937  .963 - .979 
12.5 291  .406 ` -.519 828 725 ..806 .869 oe .948 .969 
13.0 252 ` .953 .463 .573 .675 .764 .835- ao .930 oe 
13.5 21 304 .409 aus 628 .718 .798 .861 oe 942 
14.0 176 ౨260  ..358 .404. .570  .009 158  .827  .883 .923 
14.5 1455 - .920 au "un as .619 ou .፲190 aan ou 
15.0 118 2185  ;268 .363 .466 0 op 149; ag .875 
ԷԵ 20 21 22 23 a 25. - 26 21 28 29 
10.5 .997 ..99 .999 1.000 

11.0. | oa .998 ` .999 1.000 

11.5 1999 5996 . 5998 989 1.000 ` 

12.0 | .988. .994 ap .99. .999- 1.000 

15.5 | ae .99. .995 om  .999 .999 1.00 

18.0 | .95 om .992 oe me om 1.000 

15.5 | .905 .980 mem mu .97 .998 .99 100 

14.0 985 am .983. (991. 995 .997 ..999 .99 1.000 

14.5 .936 .,960 oe .986 - ,092 oe .998 .999 999 1.000 


15.0 | .917 .9471-. oe .981  .989 .994.- .997 mmm  .999 1.000 
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RG 4 5 6 7. 8 ብሽ 10 ան B 
l6 | o oni ue olo 022 aa  .07] 97 e ae 
17 | om on og ms .013 me  .049 mes .135 201 
18 .000 - .000 um: .003 007 oa .030  .055 .095 - 148 
19 | .000 gon mu ug ou "om ous os oe .098 
20 | om mm om wu .05 op .01 - 021 .039. .066 
21 | om mmm mn 000 .001 om  .006 .03  .025 .043. 
.22 |. 00  .800 om om ou  .002  .004 me  .015  .028 
23 | 000 .00  .000 .000  .000 001  .002 .004 .009 .017 
24 |  .000 om .000  .000 .000 .000 001 .005 om ou 
25 | ..000 ' «000 .000 .000 ag mm  .001 om om 006! 
Վ dé... de — 47$. 138 9 20 721 22. — 23 - 
17 | am am Jo 566 .655 .436 am mo .905 .937 
18 ৷ Bug .287 .37።. .469 ^ .562 .651 om .799 7855. ..899 
19 | um as mm .378 - 469 Ap a  .725 .793 .849 
20 | Am Ae ౨221 mm mm .470. .559 .64 291 .፲87 
2 | om An .163. .227 .305 .384. Am am .640 me 
22 | .08 .077 .,17 - .169  .232 .306 ౨387. .472 ,556. ..637 
23 | eo oe .082  .123 nm .58 au :389. Am BB 
24 | .020 .034 .056- .087 .128 - .180 24 Au .393 — .473 
25° |  .012  .022  .038  .000 o .134  .185 mn .318. .394 
] 4 25 26 - 27 2 ց 390. 31 35 33 


ie | am  .987  .993 — .998  .998. mm  .999 1.000 | 
357 1. am os o oa oe mp  .999  .999 1.000 

18 | am oe mm om  .990 mu  .997 mm  .999. 1.000 
19 | o oe an .99  .980 mm mm  .996 om .999 
20 | oe am 922 a .96 mm am 0902 .995 ..997 
21 | .782 | .838 .883 ou  .944 ne  .976 on .091 .994 


22 S2 am .85. am ou nn .99 mn — .983 .989 

23 om mme .772 .857 :83 me 986 .956 om oa 

24 (554 em .ገ04 .466 a mem, .904 mn aen neg 

55 413 mm om mm 7৪৪ .818 oo am om aa 
E" 35 36 37 38 89 a 41 42 ቁ 

9 | en .000 & © iu c icc 

om Է on  .999 1.000 

31 | 99] om om 999 1.000. 

55 | .894 0086 .995 am .99 1.000 ` 


5 me om — .996 .947 5999 — .999 1.000 
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TABI 21a. 21219) FOR SMALL VALUES OF À 


{A= 0005, 0.001(0.001) 0.0091 


9970035 .9900080 ` 


«9980000 ። — 


.9995001 . 9990005 ի 
.9999999 ` 9999995 ° 9999980 . 9999955 9999920 
.0000000 1 0000000 


1.0000000- 1.0000000 1 -0000000 . 


9950125 9949180 9930244 ` .9920319 - .0910401 
1 | 9099876 . 9999821 .9999:56 . 9999682 .9999598 
° | 1.0000000 1.0000000 .9999999 .9899999 99999009 
31: 11.0000000 1.0000000. ` 1.0090900 


For 8[08] values of z and Jorge valués of + (for m < 0.10 and définitely for 
an < 5) the binomial distribution is better approximated by the Poisson distribution 
than by the normal distribution. For example էթ find the probability of getting 6 or 
less defectives in a sample of 200 items from a. process with id defective 0.02, 
we have nz = 0.02x200 = 4. From Table 2.1 for A.= 4 and 2= Ֆ. the. required. 
probability 1 is 0,785 which is close to the true value of 0. 78672. 


For large values of A, the following normal approximation may be used. 
| 8ፋ06-3/ህ፳ 8812 . 
d B Գ 4n dt; 

Vn Ca ե 


For example to find P(r [A) for A = 25 and x = 27, we have 


70219) = 


2+0.8=ላኋ  87--0.5--25 


Vi = = 0.5 


From Table 8.1, the probability for normal deviate 0.5. is 0.500000--0.191402 
=- 0.691462, "which i is close to the true value of 20617) = = 0.700: 


f There exists an exact relationship between cumulative Poisson probability: and. 
the probability, RE of the X? distribution, 1. 


-u ---1 


| Փախ) Zap মল fe u? ա 
| s Ki 


where = 2(--- 1) for aad. 5..... „etc. 
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22. CONFIDENCE INTERVALS For Tur PorssoN MEAN 


a. Introduction 


Table 2.2 gives two sided 95+% and 99+% confidence limits for the 
Poisson parameter A (which is the mean of the Poisson distribution) based on a 
single observation x. Since the sum of n independent Poisson variables is also distri- 
buted according to the Poisson law with parameter nA, we can find, by considering 
the sum of the observations as the variable, the confidence interval for nA and hence 
for A, when there are n observations from the Poisson distribution. 


The confidence intervals given in Table 2.2 follow the same principle as 
mentioned in 1.3a and are based on tables provided by Crow and Gardner (1959). 


The limits in Table 2.2 are given correct to two places of decimal, for values 
of z = 0(1)50. For higher values of x one may use the following limits derived from 
the normal approximation to the Poisson distribution 


confidence coefficient lower limit upper limit 
0.95 $—1.96 ৮2 Վ 1.96 4/5 
0.99 $—2.584/2 ወተ5.58 4/3 


Example. A total number of 30 seeds were observed in a sample of 7 == 20 
glass sheets manufactured by a certain process. It is required to find the 95% con- 
fidence interval for the process average number A of seeds per sheet. 


Entering Table 2.2 with x == 30 the 95% limits for nA (n == 20 in this example) 
are read as (20.33, 41.75). For these the 95% confidence limits for the process 
average number (A) of seeds per sheet are given by 


20.33 41.75 
(^ ; ^3] or (1.02, 2.09). 
b. One sided confidence limits 


With c as the observed value of z, the 10026 lower bound on A is the smallest 
value of A that satisfies the inequality 


9017) = E p) > 1-౬. 


A “ያታ 


Since 00৫19) = J Ta dt 


the 100«% lower bound for A is seen to coincide with half the value of the lower 
100(1—a)% point of the chi-square distribution with 2c degree of freedom (Table 5.1). 


Similarly the 100292 upper bound for A is given by U/2 where Ս is the upper 
100(1—a)% point of the chi-square distribution with (2c--2) degrees of freedom, 
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Example. The upper 5% point of chisquare with 62 d.f. is 81.4. Hence with 
the same data as in the earlier example one may assert with 95°% confidence that the 


ub cd 
average number of seeds per manufactured sheet does not exceed 39$ X 81.4 —2.035. 


^ 


-. 


d. Some other tables 


Tests of significance 


Table 2.2 can be used for testing a simple hypothesis regarding A when alter- 
natives are both-sided. A hypothesis is rejected when the value of A it specifies falls 
outside the confidence interval corresponding to the observed value of z. 


Table 5 would similarly be useful for one sided tests on A. 


1. Crow, E. L. and Gardner, R. S. (1959) : Confidence Intervals for the Expectation of a Poisson Vari- 
able, Biometrika, Vol. 46, pp. 441-453. 


80+, 90+, 95+, 99+, dnd 99.9+% confidence intervals correct to two places of decimal, z = 


0(1)300. 


9. Pearson, E. S. and Hartley, H. 0. (Eds.) (1957) : Biometrika Tables for Statisticians, Biometrika 
Trust, Cambridge University Press. 

Table 40 : 90+, 95+, 98*, 99+ and 99.8+% confidence intervals, correct to two places of decimal, 
obtained from two sided tests with equal tail areas. 2 == 0(1)30(5)50. 


10 
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TABLE 2.2. CONFIDENCE INTERVALS FOR THE POISSON MEAN 


95% limits 

Ee ప CE 
0.000 3 
0.001 8 
0.355 6 
0.818 8 
1.36 9 
1970 11 
2.613 12 
3.985 13 
3.285 14 
4.460 16 
5.328 17 
5.323 19 
6.686 50 
6.686 2] 
3.102 55 
8.102 28 
9.598 25 
9.598 26 
11.177 97 
11.1717 28 
12.817 30 
19.817. 1, 
13.765 32. 


.285 
.323 
.686 
.102 
.598 
ATT 


.817 
. 165 
.921 
768 
.633 


.050 
.335 
.364 
2.945 
.162 


.400 
.906 
.135 
.966 
.017 


67 
277 


"14.921 34.048 
14.921 34.605 


4 
25 | 16.768 . 36.030 


95+% and 99+% confidence coefficients 


— ——————— 


99% limits 2 95% limits 99% limits 

0.000 4.771 

0.010 6.914 26 16.77 57.67 15.28 41.39 
0.149 8.727 27 | 17.63 38.16 15.28 42.85 
0.436 10.473 58 |. 19.05 89.76 16.80 43.91 
0.823 12.347 29 19.05 40.94 16.80 45.26 
1.279 13.793 30 | 20.33 41.75 18.36 46.50 
1.785 15.277 31 21.36 43.45 18.36 47.62 
2.330 16.801 32 | 21.36 44.26 19.46 49.13 
2.906 18.362 33 | 22.94 45.28 20.28 49.96 
3.507 19.462 54 | 23.76 41.02 20.08 51.78 
4.130 20.676 35 | 23.76 41.69 22.04 52.28 
4.771 22.042 36 | 55.40 48.74 22.04 54.03 
4.771 23.765 37 26.31 50.42 93.16 84.14 
5.829 24.925 38 26.31 51.29 23.76 56.14 
6.668 25.992 39 27.73 52.15 24.92 57.61 
6.914 27.718 40 | 28.97 53.72 25.83 58.35 
7.756 28.852 41 | 28.97 54.99 25.99 60.3 
8.727 29.900 45 | 30.02 55.51 21.12 60.59 
8.727 31.839 43 | 31.67 56.99 27.72 62.13 
10.009 32.547 44 | 31.67 58.72 28.85 63.68 
10.473 34.183 45 | 32.28 58.84 29.90 64.26 
11.242 35.204 46 | 34.05 60.24 29.90 65.96 
12.341 36.544 47 | 34.66 61.90 31.84 66.81 
12.347 31.819 48 | 34.66 62.81 31.84 67.92 
13.793 38.939 49 | 36.03 63.49 32.55 69.83 
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3, THE STANDARD NORMAL DISTRIBUTION 
ERR 0৮455 AND. PROBABILITY INTEGRAL 


a. Introduction ` 


Table 3.1 provides, corréct to six places of decimal, values of d ordinates ` 
of the standard normal, distribution 


2፡/2 


NG) = Halo) = 6. ,ቋ= 0(0.01) 3(0.1) 4 


vos 

and the values of the probability integral 
. P(x) = j N(w)dw for z = «o. 001) 3 (0.01) : QS 

From symmetry N(x) = # (s and £ for ই numbers ዐ T b, (৫ < b) 


[8৫ = P(0)— P(a) = nho 
180৪০ Ie - L Now 


Example.. The score S in 8 v certain test is known to be mormally distributed 
with mean 50 and standard deviation 10. Determine the proportion of cases for which 
ilie Scores lie between (i) 35 and 55, and (ii) 55 and 67. 
` The distribution of w = (S—50)/10 is standard normal. Hence for (i) the 

0.5. EE : : ঢ়) SN 
answer is | Պայմա = Sek == 0.191462-Ի0.433193 = 0.624055. 


Similarly the answer r for (ii) is 


017 
N(w)dw = = P(1.7)—P(0.5) = 0.455435— 0. 191462 = 0.263973. 
5. 


ወጋ 


5. Derivatives of N(x) 


The Tohebycheff-Horrnito. polynomials Hie) a are defined by. নিয় 


ቋ NG) 


= (1) H թյո» 


በ etes ens e 
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Tho table. below gives the coefficients in H,(z) for r upto 10 


COEFFICIENTS IN HERMITE POLYNOMIALS 


—105 | --420 


945 —1260 5 4725 --3150 


€, Direct interpolation in Table 3.1 


Formulae for interpolation afe derived from the following Taylor expansions : 


: N(x) = N (zo) [54০78 Ha) e] 


= weli স্পট D pope] 


> 


P(t) = ভক ge Ede) h 


= = Pla) +e a= Հ. EN ] 


where & denotes the tabular argument nearest tox for which answer is required and, 
G = = p—X. . DW 


For N(z), the maximum error in using: upto linear. terms በ0655 in a) is 0.1995a? 
and upto quadratic: terms is 0.091863. For P(x) the maximum error m using npin 
linear termis: only is 6. 121002 and upto quadratic terms, is 0. 066503, 


Example 1. - Determine N(0.0149). 
Choosing do = 0.01, we have a= 0. 0049. Then 
P ous) = ամի, కాడ ap ED iu]. | 


-« - 0,398922(1—0.000049—0.000012) = 0,398898 (to 6 decimal places) 
.. Example 2. Determine P(1.0236) | 
We use & aligntly different formula for. "interpolation. of P(z), ` 


৪৫). Peg Me LZ 


THE NORMAL DISTRIBUTION এ 


where ሯ is the tabular argument closest to z and zŠ is x, rounded to two places of 
decimals. The substitution of N(zi) for աց) in the original formula does noi 
introduce any serious error and the accuracy of this formula is comparable to the 


i one considered earlier... Choosing 2 = I. 024, we have a — —0.0004, arid 29 = = 1.02. 
Then |  ”ይበ,023)=0. 349432, (0.287182 x [— 0.0004] 
= 0. 349452--.. 000095 = 0.349337 (to 6 places). 


d, Inverse interpolation 


Suppose - it is required ‘to find z corresponding to a given value of P(e) = A, 
bétween two consecutive tabular entries in Table 3.1. | Let zo be the argument corres- 
ponding to the nearest entry. The following formula determines. x correct to five 
pee of deri for «Հ ՀԼ 1:663 and 80 least to four decimal places elsewhere : 
' এ Pao) E 
ME @=z--— 
| vi: Պաշ 


'_ Example 3. Determine 2 for which P(x) = 0.28. 
Asi in the formula for P(a) in example 2. the above formula can be rewritten as. | 


| r= 26 += “মনে Ex 


oe జ్య = 0.674, পা e = 0. 67. Then z == 0.674+ SCH 


= 0. 6፲4+0. 0049 
= 0. 67449 (6০ 5 decimal places). 


e, Some other tables 


1. [U.S.3 NATIONAL BUREAU op STANDARDS (1953) + Tables of Normal Probability Functions, Appii 
ৰ Mathematics Sorics . 23, Washington : S | E 


Table Y gives Ny ‘and à 0945 correct to 16 places of decimal for z — RE 
Դ. 800 (various) 8,285. “Tablo 11 gives N(x) and oc correct to 7 signifionnt የር”: 
6(0.01) 10. 
2 HARVARD UNivEESITY- CosPUTATION LABORATORY (1952) : | Tables of the Error Function and ; 
: First Twenty Derivatives. The Annals of the Computation Laboratory of Harvard University, - 


Harvard Univ. Press, Cambridge (Massachussetts). 
The contents are as follows: 


a . 6 dec: 0(0:004) 4,892 

0 * T ^ ^ ES (| 
Næ) f "6 dec -0(0.004) 5.216 

ովի derivative Dn N(z) i— E | 
n= (D+. 666 - 0(0.004) 6.465 
‘B= 5(})10 6 dec. 0(0.004) 8.236. 
n=O. 78 0(0.002) 6.198 

SÉ . . And 6 dee 6.2(0.005) 9.61 
n = 16(1)20. 788 ' 6(0.002) 8.398 


‘and 6deo .84(0002)10.902. 
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3.2. PERCENTAGE POINTS 
a, Introduction 


For various values of p, Table 3:2 টিটি the upper 100p% points. of the 
absolute value of the standard normal variable, or more explicitly it gives the 
value of x satisfying the equation. . 


ք E Se N(w)dw+ j N(w)dw = 2 i N(w)dw - 


০০ 


Since 5 5 = | N w)dw, the tabular values may also be interpreted as the upper 50p% 


& 
point S the standard normal variable. The lower 50p% point can be obtained by - 
prefixing 8 ' negative sign to the: value of the. upper 50256 point. Thus reading 


against p = .24 in Table 3.2, the upper 12% point of the standard normal variable is 
obtained as 1. 174987. The. lower. 12% point is therefore —1.174987. 


Table 3.2 also ‘provides a short table of p (the probability of an observation 
falling outside the range --ቹ to x) for the following values of ወ 


| 2 = 0.25, 0.5(0.5) 8.0. 

b. Application 7 f | 
Table 3.2 is useful in tests of significance. particularly. in large sample tests 

using standard errors (see Chapter ፲ኛ in Part 1) and together with Table 3.1, 19 a 

limited sense, for probit analysis. 4 further use is in Cornish-Fisher type expansions 

for the fraetiles of other variables having asymptotically a standard normal distribu- 


tion. For է, F and X? these expansions are provided in explanatory. notes preceding 
the corresponding tables. 


TABLE 32 THE STANDARD NORMAL DISTRIBUTION: PERCENTAGE POINTS 
| OF ABSOLUTE VALUE 


շվ. o 11 2. Ց 4 5 6 7 8 .- 9 

.0 | e 2.575829 2.326348 2.170090 2.053749 1.959964 1.880794 1.811911 1. 750686 1.695398 
1 [1.644854 1.598193 1.554774 1.514102 1.475791 1.439531 1.405072 1.372204 1.340755 1.310579 
.2 [1.281552 1.253565 1.926528 1.200359 1.174937 1.150349 1.126391 1.103063 1.080319 1.058122 
.3 |1.030433 1.015222 .994458 .974114 .954165 ,934589 .915365 .896473 .877898:..859017. 
.4 | :841621 .823894 .806421- .789192 .772193 .755415 .738847 .725479. .706303. .690309 
.5 | .674490 .658838 .643345 .628006 .612813 .597760 .582842 .568051 .553385 .538836 
.6 | .524401 .510073 .495850 .481727 .467699 .453762 .439913 .426148 .412463 .398855 
.7 | .385320 .371856 .358459 .345126 .331853 .318639 .305481 .292375 .279319 26631]; 
.8 | .253347 .240426 .227545- .214702 .201893 .189118 .176374 .163658 .150969- .138304 
.9 | 25661 .113039 .100434 .087845 .015270 .062707 .050164 .037608 .025060. .012533 
p |. mm .000,1 .000,01  .000,001 .000,000,1 .000,000,01 ^ .000,000,001 
z 1.  3:29053 3.89059 4.41717 4.89164 5.32072  6.73073 6.10941 
z 0.2 05 10 15 2. 925 30 35 40 45 50 
p | .802587 .617075 .317311 .133614 .045500 .019419 .002700 .000465 .000063 .000007 .000001 


"13: The first digit of p after the decimal point is given in the column and the second digit 
in the row: = 


4. THE -DISTRIBUTION 


a. Introduction 
Table 4.1 gives the p-th fractile of the i-distribution, for degrees of freedom 
v = 1(1)30, 40(20)100, ০০, the values of p being ` 


0.0,.0.7, 0.75, 0.8, 0.85, 0.9, .95, 0.975, 0.99, 0.995, 0.999, 0.9995. 
Fractiles for the following values of p can also be easily deduced from Table 
4 1, by changing sign because of symmetry (about the origin) of the ¢-distribution : 
ք : 0.0005, 0.001, 0.005, 0.01, 0.025, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4. 


Example: To find the fractile of £ for v = 4, p == 0.05. 


The required fractile is —2.132 (2.132 being the 0.95-th fractile of է for 4 
degrees of freedom). 


The last six columns of Table 4.1 directly provide critical values. of |t| for 
two-sided tests at the 10%, 5% and 2%, 195, 0.2% and 0.1% levels of significance 
respectively. They also give the critical values of է for upper tail tests at the 
significance levels of 5%, 2.5% and 195, 0.595, 0.1% and 0.05%. A negative sign 
prefixed to these values would provide the critical values for lower tail tests. 


3. Computing the fractiles for other degrees of freedom 
For higher values of v Cornish-Fisher expansion of ሬኔ (the p-th fractile օք է with 
v df.) may be used to determine its value to any desired accuracy 


1 / ate 1 /5z5--16z34-3z 1 /982"ተ192*-4-172*--- 162 
— talo ল্দা 


1 | 792*-+-7762"-ጉ14852ጅ---19502---945፲ 


v 92160 |+-- 


where x is the p-th fractile of the standard normal distribution. 


Values of 2 (the first term) and the coefficients of 1/Խ, 1/v?, etc. in the expan- 
sion, for the different values of p covered in Table 4.1 are shown below 


COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION 


value of p 


.95996 2.57583 3.29053 1.64485 2.32635 3.09023 0.25335 0.52440 0.67449 0.84102 1.28155 
2.37227 1.91055 9.72973 1.52377 3.72907 8.15013 0.06740 0.16715 0.24533 0.35944 0.84658 
2.8225 8.8348 26.1330 1.4202 5.7197 19.6925 0.0107 0.0425 0.0795 0.1477 0.5709 
9,556 12.141 53.169 0.983 6.719 36.154 -0.009 -0.012 oons 0.017 0.259 

.1 


79.4 0.4 8.6 48.6 0 0. 0 0 0.1 


The coefficients for p 
0.0 respectively. 


== 0.85 of 1, i/r, 1152) 1/ሥ and 1//* ave 1.03643, 0.53744, 0.28023, 0.078 and 
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e. Applications f 
Some uses օք Table 4.1 are illustrated মি 
G) ‘One samplé problein —tést and confidence interval 


Example : The mean “and Sample variance of. hardness (Rockwell E) determined 
from ; a sample of 10 pieces of die- east aluminium are : 


= 2.5. 


Z= 68.5 = 


P these consistent with the irs that the average hardness # in respect of 


- 86 manufacturing process is 70 2 


= Z= = 
փո. 


The 5%. and 19 level values of n (for à woa test) for 9 d.f. being 2.262 
. and 3.250 respeotively, the hypothesis can be rejected at the 5% level; On the basis 
of the data a 95% confidence statement ০ the following kind can be made : 


Տան, and | |» 3.0. 


Ց R does not పే atl 833. yu = 69. 42, 


or (b) Ե Së not fall below 5-18: 833 y == 67.58, . 


: | | 8 | p տ এটি ৰ 
€ ն tween 2--2.262 —— = 67.37 d 2--8.265 —— = 69.63 
er () D lies be ween ~ 2.262 — = an + 22 


| where 10 կոմա square root in the. denominator is the ከ 8176 » and 1.833, 2. 202 
are upper 5% and two-sided 5 S values of t from Table 4.1 corresponding to 
-n=l ር 9)9፤ ` 
տ Tuo-sumple problem 


` Example: The ‘impact. রি ডি in foot; tee in 1 samples of slieots 
from two lots were টা? as follows : 


5” Za ‘Sample size m= 8, 


| মি 2 
= 0.025, ዛ- _ Zea) 


Cer == մեն 

Lot 3: “Sample size My = == 10, 
MO አቲ ብ 
Om 0.857, = p = .079. 


: Do the lots differ অজ in ca of the average impact strength? | 


FORMULAE AND.TABLES FOR STATISTICAL WORK 


Assuming that the lots are of equal variability, 


| 1352 —1)s2 
(mio) + f(g) 07018 ag 


ma ho — 2 


The 5% value of [é] with ጅማ == 16 0.1. being 2.120, the data do not lead to re- 
jection of the hypothesis that the two lots have the same average impact streng th. 


(Hi) Regression problem 
Example: The thickness of zinc coating on 12 pieces of galvanized shects 


were determined by the standard stripping method (X) and a magnetic method (7). 
The least squares line of regression of Y on X and other statistics were as follows 


Y = —0.23-4- 1.172. 


SLs = Zxi-nz? == 298,015, Sy, == Xy?—nij* == 410,345, H = 52ህ/፦2# = 318,918, 
b = S,/8,, = 1.17, R3 = Residual sum of squares = $,,—82,/8,,—1,836. Test if 
the regression coefficient is significantly higher than 1 at the 19% level. 


| ԻԹ 1836 
a D [1129 = + /——— = 8.849. 
፣ qm nd (న్‌ా 


The upper 1% value of é with n—2 = 10 d.f. being 2. 764, the observed regression coeffi- 
cient is seen to be significantly higher than 1 at the 1% level. 


(iv) Significance of the correlation coefficient 


Example: 18 a correlation of r = 0.52 between green weight and yield of jute 
fibre, observed on 20 jute plants significant ? 


—— SH, 
i= —2 —— = 2.583. 
| us 4/1--2 
The 5% and 1% values of | | (for two-sided test) with n—2 = 18 d.f. being 2.101 and 
2.878 respectively, the observed correlation is significant at the 5% level but not at 
the 1% level. (This test is however valid only under the assumption that the joint 
distribution of the two variables under study is bivariate normal). 


5. Some other tables 


1.. Pearson, E. Տ. and Harrizy, ք. O. (Eps.) (1957): 


Biometrika Tables for Statisticians, Biometrika 
Trust, Cambridge University Press. 


Table 9 gives the incomplete probability integral of t for v= 1(1)24, 50,40,60,120, co ; 1 = 0(0.1) 
4(0.2) 8 for v <! 19 and = 0(0.05) 2 (0.1) 4,5 for v > 20. | 


2. FzpERIGHI, E. T. (1959): Extended Tables օք the Percentage Points of Student’s t-distribution. | 
. Jour, Amer. Stat. Assen., Vol. 54, pp. 683-688. 
Gives £ to three 3 places of decimal for the following values p and v, 
p == 0.75, 0.90, 0.95, 0.975, 0.99, 0.995, 0.9975, 0.999, 0.9995, 0.99975, .0.09995, 0.999975, 0.99999, 
0.999995, 0,9999976, 0.999999, 0.9999995, 0.99999975, 0.9999999. 
v = 1(1)30(5)60(10) 100, 200, 500, 1000, 2000 and 10000. 
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TABLE 4.1 THE -DISTRIBUTION : FRACTILES.AND CRITICAL VALUES FOR TESTS 


0.95 


0.999 0.9995 
318.309 638.619 
22.327 31.598 
10.213 12.924 
7.173 8.810 
5.893 6.869 
5.208 5.959 
4.785 5.408 
4.5001 5.041 
4.297 4,781 
4.144 4.587 
4.025 4.437 
3.930 4.318 
3.852 4.221 
3.787 4.140 
3.733 4.078 
3.686 4.015 
3.646 3.965 
3.610 3.922 
3.579 — 3.883 
3.552 3.850 
3.527 3.819 
3.508 3.792 
3.485 3.707 
3.467 3.145 
3.450 3.725 
3.435 3.707 
3.4231 3.690 
3.408 3.674 
3.896 3.659 
3.985 3.646 
3.307 3.551 
3.232 3.460 
3.195 3.416 
3.174 3.390 
3.090 3.291 
0.2% 0.195 
0.195, 0.95% 


0.75" 0.80 0.85 - 0.90 0.975 0.09 0.095 
1 .727 1.000 1.376 1.983 3.018 8.314 12.706 51.821 63.657 
2 . 817 816 1.061 1.386 1.886 2.920 4303 5.965 9.925 
3 .884. 785 .918 1.280 1.0638 2.353 3.182 4.541 5.841 
4 - 569 741 .941 1.190 1.533 2.132 2.776 3.141 4.604 
5 .559 .737. .920 1.156 1.476 2.015 2.071 3.365 4.032 
6 .553 .718 .906 1.184 1.440 1.943 2.447 2.143 3.707 
? .649 .713 .896 1.119 1.415 1.895 2.305 1.908 3.499 
.8 ,846  .706 .889 1.108 1.397 1.860 2.306 2.896 3.355 
9 .64 .703 .883 1.100 1.383 1.833 2.262 2.821 .3.250/ 
10 .542  .700  .879 1.093 1.372 1.812 7.728 2.764 3.169 
11 .540 .697- .876 1.088 1.363 1.796 2.201 2.718 3.106 
12 . .539 ..695  .879 1.083 1.356 1.782 223.509 3.055 
13 .588  .904  .870 1.079 1.350 1.771 2.160 2.650 3.012 
14 .531  .692 .868 1.076 1.345 1.761 2.145 2.624 2.977 
16 .596 ..691  .866 1.074 1.341 1.753 2.131 2.602 2.947 
18 .535 1690  .865 1.071 1.337 1.746 2.120 2.583 2.921 
17 .534  .689  .863 1.069 1.333 1.740 2.110 2.567 2.898 
18 .534 .888  .862- 1.067 1.330 1.784. 2.101 2.552) 2:878 
19 .538 | .688  .861 1.086 1.328 1.729 17.093 2.539 2.861 
20 Bäi .687 .860 1.064 1.325 1.725 2.086 2.528 2.845 
21 .532 opp .859 1.063 1.323. 1.721 2.080 2.519 2.831 
22 .532 .686 .858 1.061 1.321 1.717 2.074 2.508 2.819 
23 532  .685  .858 1.060 1.319 1.714 2.069 2 509 23.807 
24 .531 685  .857 1.059 1.318 1.711 2.064 2.492 2.797 
25 .531  .684 ".856 1.058 1.316 1.708 2.060 2.485 2.787 
26 .531 .684  .856 1.058 1.315 1.706 2.056 2.479 2.779 
27 .581  .684 .855 1.057. 1.314 1.703 2.052 2.473 2.771 
28 .530  .683  .855 1.056 ፲.313 1.701 2.043 2.467 2.763 
29 .530  .683 .854 1.055 1.311 1.699 2.045 2.462 2.756 
30 .530 .685 5854. 1.055 1.310 1.607 2.042 2.457 2.750 
40 529  .681  .851 1.050 1.303 1.6084 2.021 2.423 2.704 
60 527 .679  .848 1.048. 1.296 1.671 2.000 2.390 2.660 
80 527  .618  .846. 1.043 1.292 1.664 1.990 2.374 2.639 
100 526 .611 . .845 1.042 1.290 1.660 1.0981 2.304 2.026 
oo 524  .6074  .842 1.036. 1.282 1.6415 1.960 2.326 2.576 
2 sided 609, 59% 40% 30% 20% 19956 5% 2% 1% 
test : ; AMA mE — loda 
1 sided ` 409, 309, 259, 20% 15% 109, 5% 2.5% 1% 9.396 
test levels of significance for testing of hypotheses . 
Note: 1. v represents the degrees of freedom. 
৷" 2. For any given p in the top row, the table provides the value of fy such that the probability of t 
being less than էչ is equal to p For p < 0.5, tp = ~—ki-pyh Թ-50 being zero always. 
3. For tests of significance, use the critical values for different levels of significance indicated in the 


last two rows. For a two sided test (for significance. of 141) use the levels in the first row. For one 
sided (upper! test use the levels in the second row. For lower one sided test the critical value is the 
same as that for the upper tail with the sign changed. | 


5. THE y* DISTRIBUTION 


a. Introduction 
Table 5.1 essentially provides, fractiles- of the ሯ টি for degrees of 
freedom v.— 1(1) 30 (5) 40 (10) 100, and for values ` 


p = 0.005, 0.01, 0.025, 0.05, 0.25, 0.50, 9-18; 0.95, 0:975, 0.99; 0.995. 


Շօխուոտ (1) and. (2) of Tablo 5. 1 gives the lower 1%, and 5%, values and 
‘columns (3) and (4) the upper 1% and 5% values of the distribution of vi. These 
entries are usefuli in one sided tests using only the upper or the lower tail. 


` For a two sided test one may use equal- partition of tails at any given level 
of. significance. Columns (5) and (6) provide the acceptable interval of y? at 1% level 
and, ‘columns (7) and (8) that at 5% level. Values of x? beyond the interval on 
either: ‘side will be declared significant. ը ይ | 
00989; (9) to (12) provide an altérüatiye sdb: of partitions of x? at the 19, f 
and. 5%, levels of significance for two. sided tests. | These are‘called unbiased partitions 
62. x and. Geck the equations | 


եջ Xe. 
€ . Xi= e X2 
v-2 


Iu umet 3 
i. fe (2) ° dx? = 1--= = (0.99 or 0.95 


j y x? ም 
251 3" t ` 


where v is the d. f. 


"The last three Sege of Table 8.1. give the. first quartile, median and the third. 
ES of the distribution. 


b. Computation of fractiles for other degrees of freedom 


The following expansion, due to Cornish and Fisher may be used for higher 
values of v. x2 and z arè the p-th fractiles of x (with v d. 5) and . tho standard 
E momma) distribution EE Then. 


య de — 


SE 1 ( mee 


405 vy 48604/2 
yi (ae eet | 
Դա շան ) 


1 3153x-I-435325— 28051723— 2897172 ) 
v/v .91854004/2 ` 
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Substituting the value of x, from normal tables, y? can be computed to the 
"desired degree of approximation. To facilitate the computations, the coefficients of 
va, 1, 1] V ete: Հռ the above Speen are given ‘below for p = 0.8, 0.75, 0.95, 
0.975, 0. 99, and 05995. To compute [గి We 886 the-same tabulated coefficients as for 
p but with signs.of the first, third and every alternate coefficients changed. Thus 


one can compute 20 for also p = 0.005, 9. 01, 0. 025, 0. 05 and 0. 25 using the tabulated 
: values of the coefficients. 


| COEFFICIENTS IN THE ‘CORNISH-FISHER EXPANSION i 


l value ofp 


coefficient : š GER f uL 
(^ of |'0.9 ` 095 - 0.995 0.975 ns 9:75 | 

 3.2899527 - 2.3261743 চো ESCH 0 0.9538726 

Դ 2.941263 1.137029 3.756598 — 1.894306 --0.666667 --0.303376 
Ս. | —0.290206 --0.55498Լ —0.073888 --0.486389 0 —0.346842 
Լի, —0.54107  —0.12208 --0.80959.. —0.27240 . 0.07901 0.06022. 
lvyy 1 0.4116 0.0779 ^ - 0.6228 | 0.1948 0 --0.0309 
լխ | —0.3495 1006 — —0.4642 -.1959.- 0.0577 | 0.0385 


,203 


0.122 0.183 ^  . 0.170 0 


0.012 


Sufficient figures are retained to ensure accuracy upto the fourth decimal place for 30 << 1600. 


For values of v > 1600, the. figures i in the first row have: to be computed to a higher number ‘of decimal 
‘places. 


c. Application 


Rome examples illustrating the use of Table 5.1 are given below. 


| ն) Varrance of a normal population. —tests and confidence intervals 
f দিন The sample variance of the blowing time of 10 fuses i is: 
st -«Ֆլլ-ֆիլո-1)- 384.16 (sec. y. 
Is this compatible with the hypothesis that the population variance is 02 = 300 መን 
Situation 1: Given that the population variance can ois pauat or exceed 300. 


- (ఇ ప్రేతి _ 9384. 16) 


cj 300 নি 


mon Table 5.1 the. upper 5% point ‘of x? with 1 (= 9) d.f. is 16. 92. Thus | 
the hypothesis cannot be rejected. 


Situation 2: Direction i in which deviation from the hypothetical value can occur 
is unspecified. f աաա | 
` Tf one chooses; to apply an unbiased test, the critical values are 2.95 and 20.31. 


The computed value of x? is well within տ interval: Hence the hypothesis cannot 
be rejected. 


9 
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Qn. the basis of the observed value of 87, one can make 95% confidence state- 
ments of the following kind. 
(a) రి does not exceed (n—1)s?/3.33 == 1038.72 
(b) 22 is not less than (n—1\s2/15.92 = 204.24 
) oi lies between (n—1)s?/20.31 == 170.23 and (n—1)s?/2.95 = 1172.01 
(Վ) c? lies between (n—1)s?/19.02 = 181.78 and (n—1)s*/2.70 = 1280.53, 
where 3.33 and 16.92 are respectively the lower and upper 595 points, and (2.95, 20.31) 


and (2.70, 19.02) are respectively the unbiased and-equal tail. 5% partitions of vi, 
wath 9 dt. | 


(ii) Combination of probabilities ፡ To judge the overall significance of several 
tests. 

Example. The following significance. levels were attained in 5 independent 
rests of the same hypothesis : 0.08, 0.06, 0.07, 0.10, 0.09. Considered. together, is the 
evidence strong enough to reject the hypothesis ? 


The appropriate statistic is 
2 
P, = —2 log, 10 2 logs, p; == 25.993. 
tad 


which, as a x? with 2 (== 10) d.f., is significant at the 1% level. Hence, even 
though individually none of the 5 tests leads to rejection of the hypothesis, with the 


evidence provided by the five independent tests tegether, the hypothesis stands 
“rejected. . 


(iii) Goodness of fit 


For other applications of the x? table in test of goodness of fib, test of 


independence in contingency tables etc., see some standard books on statistical 
methods. 


d. Some other tables 
1. Hat», A. and SINEBAEE. Տ. A. (1950) : 
dskr, vol. 33, pp. 168-175. 


Gives fractiles to three places of dacimal for the following values of p : 0.0005, 0.001, 0.005,. 
0.01, 0.025, 0.05, 0.1(0.1) 0.9, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995 and v= 1Ա1) 100. 


ል table of percentage point x2 distribution. Skand Aktuarieti- 


2. Harn, A. (1952): Statistical Tables «nd. Formulas, John Wiley & Sons, New York. 
Table V gives fractiles to three figures. Otherwise the coverage is sumo asin 1. abuve. Table 
V1 gives frartiles of - ሂ*/ሃ correct to four places of decimal for the following values of p : 0.0005, 
0.001, 0.005, 0.01, 0.025, 0.05, 0.95, 0.975, 0.99, 0.993, 0.099, 0.0995 and ve 1(1) 100(5) 200, 
(101) 300 (50) 1000 (1000) 5000, 10000. 

3. Pearson, E. 5. aud HARTLEY, H. O. (Eps.) (1957): 
Trust, Cambridge University Press. ` 


Biometrika Tables for Stutisticians, Biometricva 


= " 
Tablo 7 gives յ c-vI2 బలా! dv ৮০ 5 decimal places for v = 101) 30(2) 70, 
x? Quiz የ [ 2) ፡ 
2 . 


M2 = 0.001 (0.001) 0.01 (0.01) 0.1 (9.1) 2(0.2) 10(0.5) 20(1) 40(2) 134. 
Table 8 gives the fractiles of x2 to three and-more places of decinal for the following values 


of թ: 6,008, 0.010, 0.025, 0.050, 0.1, 0.25, 0.5, 0.75, 0.9, 0.98, 0.975, 0.995, 0.999 aud v= 101) 
30,10; 109. 
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6. THE F DISTRIBUTION 


6.1. FRACTILES 
a. Introduction | 
Table 6.1 gives fractiles of the. F distribution for various combinations of v 
and v, tlie degrees of freedom of the numerator and denominator mean squares 
respectively. The values of p and the degrees of freedom covered are : 


. p = 0.25 0.5, 0.75, 0.98, 0.975, 0.99, 0.995 
ነ; = 11(1)9; 12, 24, co | 
KI 1(1)30, 40, 60, 120, co. 
If F, (v vg denotes the p-th fractile, then we have the relation A. (Yn və) 


=1 լբ (v2, vi), 80 that Table 6.I can be used to obtain the fractiles for p == .005, 0.01 


0,025, 0.05 (i:e. the lower 0.5%, 1%, 2 5% and 5%, points of F) as shown in example 
below. 


Example. To: find F (vs, v2) for v= տ 4. Vo == a p-0.05. | 
| ` The required fractile is 1/6.04 = 0.166, the salus 6. 04 being the upper 57 point 
of F with y= 8. and v, = 4 ቢር. | | 
Ե, Interpolation in Table 6. 1 (and wise) 


In Table 6.1, the larger values of ሃኒ and v, have been chosen to be in harmonic 
progression. This is because, for large values of V and: նջ». quadratic or even linear 
interpolation, with the reciprocal of the d. f. as the argument, is sufficiently accurate. 


Formulae for harmonic inlerpolation 


| quadratic ի 


9 % <2 (1—w*)ys t u*yi «ԵՆ ৬৪-65-219৫ apu, 


ES) He D, 


'19<ህ «24 వ. ‘+ Yo 


(1--8*)ሄ#13-ተ.ህ*ሀ#34 i 


. "ՎԱ-ՀԳ)7:4 +u*yo 


va wise - Ss Xneàr. ' 1 ' - 00v2—wise. 


‘quadratic es 


SENE, (usya ተህ u MT uem. Däer - pu 
E P | (55 ঢ় ws E s: < 48 : teen), — Das 425850 oe, Yoo | 
e e ৷ ጅም vin | aen SE ‘ Se এ ን 

| | = Հ» Հ 119. వ here? আছ | 


Note: (D «ս» ՀԱՏ Աաաա o ] 
el d 5 the tabulated vias for vk in the formulae: for 7 ise interpolation and for’ 72 == 
in the formulae for. r. wise interpolation 
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VALUES OF v FOR INTERPOLATION IN TABLE 6.1 


L. ዛ= 80060 

vi ` # ኳ `“ vt © u Ց. ապ. u ono o O ዜ% 
8 0 iS 0.3333. 28 —0.1429 88 .—0.3684 -48 --0.5000. 58 0.4138 
9 ብ 19 6.2632 29 —0.1724 39 —0.3846 49 0.4898 59 -0.4068 
10 0.4000. 20 - 0.2000 80 —0.2000 40 —6.4000 80. -0:4800 60 0.4000 
11 0.1818 21 0.1420 31 --0.2258 4 —0.4146 81 0.4706 

12 Or 22 0.0909 82 —0.2500 42 0.4286 52 0.4615 

13 -—0.1538 23 0.0435 33 0,2727 43 0.4419 53 0.4528 


14 --0.2857 24 0 : 34. —0.2041 44 --0.4546 54 0.4444 
“15 --0.4000  25.: —0.0400 35 ፦0.3143 46 --0.4667 55 0.4364 
16 -—0.5000 26 —0.0769 Յ6 --0.3333 46  --0.4783 56. 0.4286 
17 0.4118 ‘27 --0.1111 37 --0.3514 47 --0.4894 57 0.4210 


2. ৬,= 30(1)120 


30 . 0 45 —0.3333 60 - 0. 75 --0.4000 - 90 0.3333 105 0.1429 . 
31 —0.1290 46 --0.3913 61 --0.0328 76 --0.4211 91 0.3187 106 0.1321 
ՅՉ --0.2500 47 --0.4468 :62 --0.0645 77 —0.4416 92 0.3043 107 0.1215 
33  --0.3636 48 --0.8000 63 ~0.0952 78 --0,4616 93 0:2903` 108 -0.1111 
34 ፦0.4706 49 0.4490 64 --0.1250 79 --0.4810 94 _ 0:2766 109 0.1009 


4986 50 0.4000 85 .—0.1539 80 —0.5000 95 0.2632 110 0.0909 


55 0. 

56 0.3333 51 0.3529 66 --0.1818 8i- 04815 96 0,2800 111 0.0811 
ও? 0.2432 52 0.3077 67 —0.2090 82 0.4634 . 97 0.2371 112. 0.0714 
ՅՑ - 0.1579 53 0:2641- 68 ~—0.2353 583 0.4458 98 0.2245 118. 0.0619 
39 0.0769 54 0.2222: 69 . —0.2609 .84 0.4286 99 -0.2121 114. 0.0526 


40 ° 55 0.1818 70 --0.2857: 85 0.4118  100' 0.2000; 115 0.0435 
41. —0.0732 56 0.1429 71. --0.3099 86 0.3953 101 0.188} 116 0.0345 . 
42 —0.1429 57 0.1053: 72 —0.3333 87 0.3793. 102 0.176 

43. —0.2092 68 0.0690. 73 --0.3562 88 “013636 103 0.1650 : 

44 —0.2727 69 -0.0339 74 --0.3784 89 0.3485 .104 0.1538 119 0.0084- 


Example. To compute F (vy, v2) for vi == 6, v, == 44, p == 0.95. ` 
A v,-wise interpolation: is necessary. . For vg = 44, we have u == —0.2727, and 
ut = dpa = 1273. Also. from Table 6.1 we have yyy = 2134 and Yoo = 2.25. , Hence 
the required válue 
Vas = (ka Ya Yeo = 2.315. 
. For higher accuracy the Cornish-Fisher expansion of % (the ph fractile of 
= 3 log, Բ) may be used. 
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where.z is the p-th facile of tha standard normal distribution, 


ር " 
W Vo Vio նշ 


The coefficients in the expansion are given below for selected values of p. 


COEFFICIENTS IN THE CORNISH-FISHER EXPANSION 


‘value of p ` 


"coefficient ` 0.95 


օթ 0 .- - - 06144896 1.64485363 ]1.95996398 2.3203487 2.57082930 
E 0.33333333  0.40915607  0.78425724  0.97357647 1.23531574  1.43914943 
Deg 0 ` 0.0970966 ` 0.3910327 — 0.558089 0,8153747. 1.0340770 
82/20 0. 0.1073089 0,3131057 -0.4040101 0.530274]  0,.6308956 
-ፅሮ .0.0660667 — 0.1025116.  0,3305821  0.4777495  በ.7166304. . 0.9311327 
gie —0.004938 ^ —0.003764 . 0.007685 0.017025. 0.033873 0.050157 
ENTIE ° 0.008539 0.065478 0.108805 0.184807 0.257207 
Dese 0... (0.047595 — 0.176687 — 0.249610 0.363825 0.464148 
20125 | 9 —0:00711  —0.02343..  —0.03114 . --0.04168 —0.04971 
30? 0.00952 0.00529 .--0.0138  -0.03126  --0.04286 —0.04537 
= —0.00529 - —0.00447 0.00722 0.01859 6 0.04128 - 0.08515 
ֆլ 0 0 ` 0 0 0 . 0.0178 
f --օ3 Jo] 0 0.00344 0.01491 = 0.02660 0.5478 0.09004 
n | 0 . 0.0109 0.0804 0.1534 ` 0.8174 - 0.5105 


Sufticiont digits have been retained so as to ensure accuracy | in the sixth place of decimal for. 
| ዝ; > 24 and v; > 60, 


c. Applications 
Some uses of Table 6.1 are illustrated in the following examples. 
(i). Ratio of Variances—tests and confidence: intervals . 


Example. Use the data given in subsection ዐ of chapter 4 to test if the two-lots 
reveal equal variability i in respect of impact strength. Denoting the variances of im- 
pact strength in lots 1 and 2 by oj and o$ 7 the problem reduces. to testing 

. 9 == ০210] == 1. To test against alternatives of 2 ዐ፤ compute F by putting the larger 
mean square in the numerator and compare it with the upper 2.5% value of F with 
the corresponding degrees of freedom. Thus F = .087/.079 = 1.101.. The upper 2. 55 


-value of F (with v, = 7 and v, = 9) is 4. 20. Hence the hypothesis 0 — 1 cannot be 
rejected on the basis. of the given data. 
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One can make 95% confidence statements of the following kind. 

(a) 09/03 0068 not exceed 32192 — 0.27 = 4.08 

(8) ojos is not less than 51/82 + 3.29 = 0.33 | 

(o) ` P lies between 81/52 + 4. 20 — 0.26 and 8253--0, 51 = 8.24. 


where 0.27 and 3. 29 are respectively the lower and upper 5% points, and 0.21 and 4. 20 
the lower and upper 2.5% points of F with v, == 7 and n 9. 


ሀ) Analysis of variance — one- -way classification 


Example. Five setis of six mixes, each mix providing 24 doughnuts, . were 
. cooked in five types of fats. The table below gives in gràms the fat absorbed per 


mix. Test if the amount of fat. absorbed is a characteristic of the ‘type of fat "used for 
cooking. | 


GRAMS oF " FAT ABSORBED BY MIX OF 24 DOUGHNUTS 


M: 


8 বা! type of fat x శ - 
1 2 3 տն 5 Տ: 
ես 25 33. 57 ` 38 . ^ 253 
32 21 43 51 26 
25 50 67. 57 ፊ 
47 40 29 ፊ5 57 
16 57 30. 45 25 
55 zm 37 86 
total 192 228 ... 252 . . 270 | - 160 


Grand total. Զ = 1099. Total. number of observations, n= 30. 
Correction Béier (6 F.) = = 9%% = = ৫%/30 == : 89748. ৪ 
"Total 8. 8. == 7 না 362--Շ. F. = 44592. 0-- -39748. 8= - 4843. 2 
5.5. dueto fats = ርተ top TEC. F. (where Ti is the total for the i-th fat with’ 
f | | n Անա թուն անո) 


vi ER (1922228... 109 — C.F. = 41292.0—39748.8 == 1543.2. 


. ANALYSIS OF VARIANCE. TABLE ` 


sources of . -ቹ = ratio of 


variation af. "an, ፲3.8; m.s. 
between fats -4 1543.2 - 385.8. 2.923* 
within fats 26 . - 3300.00 . .132.0 


` total 29 . 4843.2 . 
চিত তি 
ተ obtained by, Rubtráctior. 
'The upper 5%, and 1% values of F (for v, 4, y= = 25) are 2. 16 and 4.18 respectively. 


The results aré thus significant at the 595 level and it may be concluded that thé amount 
of fat absorption depends on the fat used for s | 
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(ili) Multiple corr elation—test of si ignificance | 
The multiple correlation coefficient between rate of gain in weight (ել) and 


two other variables, initial weight (23) and age (23), was Ryo, = 0.421, based on 
observations on 40 swines.: | 


To test for its significance, compute ` 


n—k—1 వి ఈ మయి Zog 
^k "PZ 1- vam" 


where శ is the number of independent variables, and n.is the Sample size. 


The upper 5% and 1% values of F (with d == ' = 2 and V2 == == 1 epo :] = 37) 
are 3.25 and 5.23 respectively (values obtained by interpolation). Hence the observed 
values of Ri as is significant at the 5% level (though. not at the - 1% level). 


(iv). Test of mean values in multivariate normal populations 

Example. Differences d, and d, in head length: and head breadth. between 
first-born and second- born sons were, observed on 25 families. . Test if the first-born 
‘in a family differs significantly from the second-born; In respect of these two charac- 
. teristics. 


The following values wero obtained from the. data 
. Mean difference : ds 1.88, d, = = 1. 48. 


The dispersion matrix ot the differences inated on 24 dif. (obtained by dividing 
‘the corrected sum of squares and products by 54) is given by 
Vy = 68.03, Wy, = = 11.52, wag = 24.01 
The inverse of this matrix is, f | 
առ == 0.0159999, ህዎ >= —0.007677, . wi? = 0.045332. 


"Ihe problem is equivalent to (eating iE the sample. mean “vector (%1, ৫2) differs 


signititantly from (0, 0). The appropriate statistic (which is distributed as ፻ օո. 
k and n—k d.f.) is 


to 


রানি, 
(n—1) 


23. 


QE ንን. = 


2 (0.113121) = 1.3548. 

where 7.15 the sample size and k is the nümber of variables. ` Note that ሀ") is the: 
. inverse of the estimated dispersion | matrix of d, and d, The upper 5% value of F 
` (with v, =k = 2 and v, =n—k = 23) == 3. 42. Since 1.3548 is less than this value, it is 
concluded that the data do not provide evidence. of differences. in the dimensions of 
‘the firstborn and second-born Sons. . — 


^ d. Another table 


1. MERAINGTON; M. and 505, C. M. (1843); 


Tables oF . F. porvontugo. points of the inverted beta (Ք) 
distribution, Biometrika, 33, 73-88. 


Gives to 5 figures fractiles of the F distribution ፪ሽ the Following valuos of Pr «Ֆլ, and vz 
= 0.50, 0.75, 0.90, 0.95, 0.975, 0.99, 0.995. 
u= 1(1)10, 12, 15, 20, 24, 30, 40, 60, 120, օօ 
ህ3= 1(1)30,- 40, 60. 120,00. | 
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6.2. Beta FUNCTION REPRESENTATION 
a, Introduction i 


Table 6.2 gives upper 1% and 5% values of the beta distribuion with the density 


1 -216-11 b—t 
pog 549 edes 


. for the following values of the parameters 6 and b: 
26 == 1(1) 9, 12, 24, co 
98 == 1(1)30, 40, 60, 120, co. 


Fractiles corresponding to p = 0.01, 0.05 (the lower 1% and 5% points) can be 
read from Table-6.2 by interchanging a and b and taking the difference from unity of 
the table entry. ^ | > i i f | 

Example. To find the fractile for 2a = 5, 28 = 7, and p = 0.05. 

The required fractile 15 1--0.87222 = 0.12778, 0.87222 being the upper 5% point 
(0.95th fractile) of beta with 26 = 7, 28 = 5. ন 


b. Beta distribution—its relation to the distribution of the variance ratio 
(F) and the null-distribution of the multiple correlation coefficient 

Consider the two transformations | 
| | մն 


| E 8 
(1) u= v + v, F 


= եչ: 
পিজি 9278 


The first equation transforms the variance ratio (Բ) having parameters v, and v, (d.f. 


: 2 ; y y 
of numerator and denominator) to a beta variable having parameters 6 == > b= 2 


2 
while the second transforms the same variance ratio to a beta variable with para- 


meters a and b interchanged i.e. : a = 2. b= 1. Tablo 6.2 directly gives tho 


significant values of R? the square of the multiple correlation coefficient with 20 == b, 
the number of independent variables and 2b=n—k—1, where nis the sample size: In 
6.10 the significance of R? was judged by first, computing a function of R? which is 
distributed as F and referring to the ያ table. - | i: oe 
'_ ৫, The incomplete ` beta ` function—its relation ` to cumulated binomial 
probabilities =, _ চারা ር 

An equation connecting ‘the. incomplete beta integral with the cumulative - 
sum of binomial probabilities is given. in 1.3b. The use of Table 6.2 in determining 
one-sided confidence limits to the parameter 7 of the ‘binomial distribution and in 
| providing. one-sided tests of hypothesis concerning గా is already demonstrated in 
L3bandc. " ` dë A | | 
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6.5. THE DISTRIBUTION OF Seel Ban 
2. Introduction 
Table 6.3 gives the upper 1% and 5% values of S 2 2 Where s, 4. and 


8,3, are respectively the largest and the smallest in a set of k independent mean squares 
each based on v d.f. | 


b. Application 

Seven pieces of yarn were sampled from each of 5 spinning frames and tested 
for tensile strength. The values of s? for the 5 frames are 0.0297, 0.0429, 0.0381, 
0.1181, 0.0467. To test whether the variability is the same for all frames, compute ` 
s 2 Տոճը = 0.1181/0.0297 = 3.98. The 5% value of Տոմ տու for հ == 5 and v == 6 is 
12.1, so that the observed ratio is not significant at the 5% level. 


TABLE 6.3. UPPER PERCENTAGE POINTS OF s.s? 


max! min 


(Upper 1% points) 


2 199 448 729 1036 1362 1705 2063 2432 2813 3204 3605 
3 47.5 85 120 151 184 2106) 249). 28(1) 3700) 3305) 3601) 
4 23.2 37 49 59 69 79 89 97 106 113 120 
5 14.9 52 28 33 38 42 46 50. 64 57 60 
6 11.1 15.5 19.1 22 26 27 30 32 34 36 37 
7 8.89 ‘12.1 14.5 16.5 18.4 20 22 23 24 26 27 
8 7.50 9.9 11.7 13.2 14.5 15.8 16.9 17.9 18.9 19.8 21 
9 6.54 8.5 9.9 11.1 12.1 13.1 13.9 14.7 15.3 16.0 10.6 
10 5.85 7.4 8.6 9.6 10.4 11.1 11.8 12.4 12.9 13.4 13.0 
12 4.91 6.1 6.9 7.6 8.2 8.7 9.1 9.5 9.9 10.2 10.6 
15 4.07 4.9 5.5 6.0 6.4 6.7 7.1 7.3 7.5 7.8 8.0 
20 3.32 3.8 4.3 4.6 4.9 5.1 5.3 5.5 5.6 5.8 5.9 
30 2.63 3.0 3.3 3.4 3.6 3.7 3.8 5.9 4.0 4.1 4.5 
00 1.96 2.2 2.3 2.4 2.4 2.5 2.5 2.6 2.6 2.7 2.7 
օ 1.00 1.0 1.0. 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 


52 39.0 87.5 142 202 266 333 403 476 550 026 704 
8 15.4 27.8 39.2 50.7 62.0 . 72.9 83.5 93.9 104 114 124 
EN . 9.60. 15.5 20.6 25.2 29.5 33.6 37.5 41.1 44.6 48.0 51.4 
5 7.15 10.8 13.7 16.3 . 18.7 20.8 22.9 24:7 26.5 28.2 29.9 
6 6.82 8.38 10.4 12.1 13.7 15.0 16.3 17.5 15.6 19.7 20.7 
7 4.99. 6.94 8.44 .9.70 10.8 11.8 12.7 13.5 14.3 15.1 15.8 
৪ 4.43 6:00 7.18 8.12 9.03 978 10.5 11.1 11.7 12.2 12.7 
.9 4.03 5.34 6.31. 7.11 7.80 8.41 .. 8.95 9.45 9.91 10.3 10.7 
340 3.72 4.85. 5.67 6.34 6.92. 7.42 -7.87 8.28 8.66 9.01 9.34 
19 3.28 4.16 4.19 5.30 5.72 6.09 6.42 6.72 7.00 7.25 7.48 
15 2.86 3.54 4.01 4.37 4.68 4.95 5.19 5.40 5.59 5.77 5.93 
20 2.46 2.95 3.29 3.04 3.76 | 3.94 4.10 4.24 4.37. 4.49 4.59 
30 2:07 2.40 2.61 2.18 . 2.91 Յ.02 5.12 3.21 3.29 3.36 3.39 
.60 1.67 1.85 1:96 - 2.04 2.11 2.17 2.22 2.26 2.30 2.83. 93.38 
eo 1.00 1.00 1.00 1.00 00 1.00 1.00 1.00 1.00 1.00 


1.00 1. 


Values in the column k = 2 and in the rows p =? audoo are exact. Elsewhere the third-digit-may . 
be in error by a fow units for the 5% points and several units for the 195 pointe. Tho third digit figures 
in brackets for v = 3 are the most uncertain. 


7. THE CORRELATION COEFFICIENT 


In 4c was described a ք test for testing the. significance of an observed 
sample correlation coefficient. Table 7.1 gives directly the significant values of r 
(the sample total or partial correlation coefficient under the assumption of normality) 
correct to three places of decimal and d.f. = 1(1) 30 (10) 80, 100(50) 800. With this 
table, the computation of է for testing the significance of r, is unnecessary. 


The first three columns give 5%, 1% and 0.1% level values of |r| for two 
sided tests. The next three columns give upper tail values for one sided tests at 
5%, 1% and 0.1% levels of significance. A negative sign prefixed to these upper 

` tail critical values provides the corresponding lower tail values. 
Example: The value of the sample correlation coefficient between head length 


and head breadth computed from.measurements on: 30 individuals i is 0.415. To test 
the hypothesis that the population correlation coefficient is zero. 


Here the d.f. is 30-2 == 28 and the 5% tabulated value. for 28 4.ք is 0.361 for a 
two sided test. The observed value being larger, the result is significant at the 5% 
level. Ifitis known apriori that under the alternative hypothesis the population 
correlation coefficient would be positive, a one sided test is used for judging the signi- 
ficance of the observed correlation coefficient. The 5% tabulated value for one sided 
test is 0.306, thus establishing significance of the observed correlation coefficient. 


TABLE 7.1 THE CRITICAL VALUES OF THE CORRELATION COEFFICIENT 
| (TOTAL OR PARTIAL) `. 


5%, 1% and 0. 1% values for one-sided (upper tail) and two- sided tests. 


S one-sided aD tworsided ֆ ` | 661964: 


5%, 1%. 0.1% 5% 1% 0.1% 


h 


1 
2 
3 
4 
৬ 
` Ց 
7 
8 
E. 


Note that for testing the significance of correlation coefficient (total) computed form n pairs of 

| observations, the appropriate degrees of freedom are n-2. For testing the significance of a partial correla- 

tion coefficient between two variables eliminating X independent variables, computed from observations 

on n individuals (ie. on 5 sets of observations) the degrees of freedom are n-2-k: Thus the partial 

correlation coefficient 712.3456 = 0.63 based on 30 observations is significant against the 5% critical value 
n 24 df, 


8. TRANSFORMATIONS 
8.1, Tup S:x-! yp TuawssomwATION For THE BINOMIAL PROPORTION 

Introduction | 

Table 8.1 gives the values of sinp (in degrees, correct to 3 places of 
decimal) for p == 0.000(0.001)0.200 (0.005)0.500. For 0.500 < p < 1, use the formula 
sinc Vp = 90--տլո-14/1--ք. Thus 

| sin714/0.785 = 90--Տ1ո-1/0.215 = 90—27.625 = 62.375. 

b. Interpolation in Table 8.1. 

For interpolation within the interval 0.000 to 0.030 use the formula 


sinc /p == 84.2958/ք(1--թ|6) degrees. Linear interpolation should suffice in the 
interval (0.030— 0.500). 'To facilitate linear interpolation within the interval 
0.200 to 0.500, values of A'( — 200A) have also been provided in an adjacent column, 
the formula applieable being 


sin-1 p = sinc! py--A'(p— po) 
where p, is the nearést tabular argument below p. Thus 
sin-14/0.3035 = sin-14/0.300 -- A'(0.0035) == 33.211-1-62.4(0.0035) = 33.429 
হা that the tabulated value of A' for p = 0.300 is 62.4 
c. Application 


"The binomial proportion տիւ has mean տ and standard deviadon [1(1 —7)/n]*, 
but the standard error of 81: p (expressed in degrees as in Table 8.1) is 
| independent of r and is equal to 28.64789/4/n degrees. Because of this there is some 
theoretical advantage in transforming an observed proportion p to 818 “ጎ/ዖ in the 
comparison of proportions in one or multiple way classification by analysis of 
‘variance. 

The table-is also useful in evaluating the inverse of other trigonometric functions. 
০০৪70 = sin-14/] —2?, cosec lg = Sin Hr, 
E tans = = sin“ epa, 560-192: = sint V/(z? — 1)/a*, 
u  eot-1 = sini If pa 1/(1--22). 
` Thus ጋ. 54. ‘= sin-1/0.6089 6059 = 90—sin71/ 1—0.6059 = 90 —sin“1¥/0.3941. 

E ; = 90— 38.886 = 51.114 - 

using the table. to find sin^14/0,3941.- 0. 3941. | 


. d. | Some other. tables ` 
S St |88959፻008, a W. (1946) : Statistical Methods, 4th Ed. Iowa State Univ. Press, Ames, Iowa, 
. gives: Sin "up correct to two places of decimal for &-== 0(0.0001) .01(.001) .99(.0001)1. 


| 2. FISHER, 35. A: and YATES, F. (1957): Statistical Tables es for Biological, Agricultural and Medical Research, 
i ‘5th edition, Oliver and Boyd, London, - 


` gives Sin-1: x p correct to one place. of decimal for ջ: - 06. 01) 0.99 (Table X) and also for p = z/n; 
‘æ= (I), Ռո) n= 20). 30 (Table XD. . 


5. Harp, 4. (1952): Statistical Tübles and- Formidas, Jolin. Wiley and Sons, New York. 
Table | 19 gives E সিম P in radians, correct: to four cw of decimal for p = 060. 001) 1 1.000. 
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. TABLE &.. THE SIN Vp էշ TRANSFORMATION ^FOR THE BINOMIAL PROPORTION 
Transformation from proportions to degrees 


= déi 88852 001)0.199 ঢাত 


26.566 ` T - ի .4 | 58.6 
.205 26.929 70.6 33.523 62.0 39.524 58.2 ` 
.210 27.275 70.0 ..8 .2 
১216 27, 625 69.4 .6 2. 
.220 21.972 68.8 . .2 .0 
.225| 6 28.316 68.4 KI .8 
.230 28.058 67.8 BR: .8 
235 28.997 67.4 .6. ‘৪. 
.240 29.334 66.8 ` 0.2 .6 
.245 29.668 "66.4 .2 .6 
.250 30.000 66.0 .0 .6 
,255 30.330 65.4 .8 . .6 
.260 "80.657 65.2 .6 .4 
.265 30.983 - 64.6 .4 .4 
.210 31.306 64.4. .2 .4. 
275 . 31.628 64.0 .2. E 
.280 31.948 63.6 .8 4 
.285 82.286 63.4 .0 2 
‘290 32.583 62.8 .6 4 
295 ৪ .ፏ Don 


32.897 62. 


‘Interpolation 3n Table 8.1 | - 2 աա... - 

ጀመ p <! 0.03, աօ the formula sinin p= 57.29578(1--p[6)M p. Linear interpolation would suffice 
elsewhere. For 0.03 < p < 0. .20 if 20 and Pı be two consecutive arguments in the first table such that 
po < P «fi, use the formula sint Np = 105[(81 —p) sin-14/ p; --(p—po)sin-s wël, For p > 0. 20 the ` 
values of. ሎታ gom in Table 8.1 could be used in the following formula for linear interpolation 

; AE ` sinc Np = sini N pot A'(p—po) 

where po is the nearest tabular রাম below p. Forp > .500, use the formula sin? Np = 90—sin-i- 
ds 1—p. | 
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8.2. THE Tanu-! TRANSFORMATION For CORRELATION CoEFFIOIENT 


a, Introduction 


1 LE I+" | 
Table 8.2 gives the values of z = tanh-!r == log. rt correct to five places 


of decimal for r == 0.00(0.02) 0.20(0.002) 0.860(0.001) 0.999. 


b. Interpolation in Table 8.2 


` Within the interval 0.20 < r < 0.95, linear interpolation gives accuracy to four 
places of decimal For 0 < r Հ 0.20 the formula | 


r3 
జాడే? == r+ 3 


could be used. For 0.95 <r < 0.99 quadratic interpolation is necessary to achieve 
the same degree of accuracy. Interpolation in the table is not advisable for values 
ዐየ r > 0.99. In such a case one should compute եճոհ-17 directly using the formula 


Lis 


নি 1 
ন కా -lp — — 
z == tanh-1r = 2 log, E 


c. Application 


Di The produet moment correlation. coefficient (interclass correlation) 


For the sample correlation coefficient r in a sample of size ౫ from the bivariate 
normal population, 


p. [i-z.- qu Ps. ዝሙ | సరో; sr +- 


cr geh ক এগ]! 


and variance 


৮0) = ৪৫৮১৯ (৮8 Ly Mt) 


~ (AS ሠ acp 


where p is the population correlation coefficient. For large m, 


տ E PR መ. EN " 
= Ee) tanh p+ 9(8--- n e ~ tanh^!p 
d | (NO I 
ሣር SC 


The same formulae for expectation and, variance hold good for a partial correlation 
coefficient with n.changed to n—p where p is the number of variables eliminated. 
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d. The intraclass correlation coefficient 
. For the intraclass correlation coefficient r, based on k variates within a class, 


= ; š . 1 1 .-- | টি c 
Fisher proposed the traüsformation ፆሙ — ፍተ” The transformed value 
న్‌ i í + 3 - Հի L 


in this case may be obtained. by first computing 7 qa জী and reading the value 


of menn fe from Tablo 8.2. 


L4-(k&— 1)r 


For a given value of ፡ ር s € the 85 value of r may 


be obtained in a similar manner by first obtaining: “the value ota r' — tanh c by inverse 
interpolation i in Table 8.2 and computing | | 


288 A 27՛ . 
T Er -ተጻበ]--ሃ) 


'The expected value and variance of 2, in sampling from a normal population; are given 
by | | | ԱՆՆ: 


ረ] Հք: 
BG) eg, EE 


Yi) 1120--1)0-) 


The transformation to z would be useful in testing for an assigned: value of 
: the correlation coefficient (totál, partial or intra-class) or in এ. the equality of k 
correlation coefficients on the- basis of estimates. 


6. Another table 


HARVARD UsrvensIEY COMPUTATION 18633, (1949) : Tables of Inverse ‘Hyperbolic Functions, The 
` Annals of the Computation ር ra օք Harvard University, 20, Harvard Univ. Press, কার 
(Massachusetts) 
gives tenh-t x. to 9 places of decirnal for x = 00. 001). 05 5 (0. 0005): 0:75 (0.0002) 0.9 (9.0001) 
0.96 8 00005) 0.975 (0.00002) 0.99 i 00001) 0.99999. , - < CHE 
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TABLE 5.2. THE TANH-: TRANSFORMATION FOR CORRELATION COEFFICIENT 
r == 0.00(0.02)0.18 


0 . 2 4 9. ৪ 


.00000 .02000 .04002 .96007 .08017. 


.10034 .12058 .14093- .16139 .18198 


r= 0.200(0.002)0:858 


.61838 .62125 .62413 .62702 .62992 
.63283 .63575 .63868 .64162 .04457 
.64352 .65049 .65347 .65646 .65945 
.66246 .66548 .66851 .67155 .67400 
.61167 .68074 .68382 .68692 .09003 


.90273 .20482 .20690 .20899 .21108 
21317 .21526 .21736 .21946 .22156 
.22366 .22516 .22786 .22997 .23208 
.23419 .:93630 4.23819 :24053 .24265 
.24471* .24690 24902 .25115 .25328 . 


.25541 .25755 .25968 .26182 .20396 
26611 .26825 .27040 .27255 ;27471 
.21686 :27902 .28118 .28335 28551 
.98768. .28085: .29203. .29420 .29638 
.99857 .30076 .30294 .30513 .30732 


.69315 .69028 .69942 .70258 .70574 
.10892` .71211 .71532 .71853 .12176 
.19501 .72826 .73153 .73481 .73811 
(74142 .74474 .74808 .75143 .15479 
.15817 .76157 ..76498 .10840 .77184 


.30052 .31172 .31392 ౨31613 .31833 
.39055 .32216 .32498 .32720 .32942 
.33165 .33388 .33011 .33835 .34059 
.34283. ..34507 :34732 .34958 .35183 
.85409 .35636 .35862 .36089 .36317 


.11530 .77877 .78326 .78576 .18925 
.19281 .79637' .79993. .80352 .80712 
.81074 .81438 .81804 .82171 .82540 
፡ ն | | :82911 .83284 .93659 .84036 .84415 
.36544 .36772 .37001 .31230 .37459 .84796 .85118 .85563 .85950 .86239 
.97689 .37919 .38149 .38380 .38611 ; : 

,3884% .39014 .39307 .39539 .39772 
.40006 .40240 .40474 .40709- .40944 


.41180 :41416 .41653 .41890 .42127 


.42365 :42608 .42842 .43081 .43321 
.43661 .43802 .44043 ..44285 . 44527 
.44169 .45012 .45256 .45500. .45745 
.45990 .46235 .46481 .46128 .46975 
:47223 .41411 .47120 .47970 .48220 


.Տ6130- .87123 .87519 .87916 .88310 
.88718 .89123 .89530 .89039 .90350 
.90764  .91181 .91600 .92022 . 92446 
.92873. .93302 .93734 .94169 .ህ4807 
.95048 .95491 .95955 .90387 .96840 


.97290. .97754 .08216 .08681 .99150 

.99622 1.00097 1.00575 1.01058 1.01543 
1.02033 1.02526 1.03023 1.03524 1.01025 
1.04537 1.05050 1.05567 1.06088 1.06613 
1.07143 1.07677 1.08216 1.08760 1.09308 


.48470 ..48721 .48973 .49225  .49478 
.49731- .49985  .50240. .60495 -50751 
.51007 .51264 .51522 .51780 .52039 
.59298 .82559 .52819. .53081 .53343 


,40 | .53606 ..53870 .544134 .54399 .54604- 
տ ի 1.09861 1.10419 1:10982 1.11551 1,12124 
.50-| .54931 . ৪5198: .55465° .55734 .50003 1.12703 1.13287 1.13877 1.14473 1.15074 
51 1.56273. :56544 -56815 .57087. .57360 1.15682 1.16295 1.16915 1.17541.1.18174 
.52 | 57634 .57908 58184. -58460 .58737 1.18814. 1.19460 1.20113 1.20774 1.21412 
ৰ .59015. :.59293 .5Փ9572- ‘59853 .60134.՝ 1.29117 1.22801 1.23492 1.24191 1.24899 
1.25615 1.26340 1.27075 1.27818 1.28571 


..60416 60698 .60982- .61266 .61552 


r = 0.860(0.001)0.999 >- 


. 0 Ե: 3... 3 4 5 e 7 
'1:29334 1.29720 


6 | 1:2} 1.30108 1.30498 1.30891 1.31287 1:31686 1.32087 1.32491 1.32898 
, [1.33308 1:33721 1.34137 1.34555 1.34977 1.35403 1.25831 1.36282 1.36697 1:37135 
‘38 | ፲.37577 1.38022 1.38470 1.38922 1.39378 1.39838 1.40301 1.40768 1.41239 1.41714 
9 | 1.42193 1.42676 1.43163. 1.43654 1.44150. 1.44651 1.45156 1.45065 1.46179 ' 1.46608 
on | 1.47222 1.47751 1.48285 1.48824 1.49368 1.49918. 1.50473 1.51034 1.51601 1.52174 
.91 | 1.52752 1.53337 1.53928 1.54526 1.55130 1.6574l 1.56359 ' 1.56984 1.57616 1.58256 
"62 | 1.58903 1.59558 1.60221 .1.00892 1.61571 .1.62260 1.62957 1.63663 1.64379° 1.65104 
"93. | 1.65839 1.66584 1.07340 1.68107 1.68885. 1.69674 1.70475 1.71288 1.72114 1.72953 
"04 | 1.73805. 1.74671 1.75552 1.76447 1.77358 1.78284 1.79227 . 1.80188 1.81166 1.82162 
.95 | 1.83178 1.84214 1.85270 1.86349 1.87450 1.88574 1.89723 1.90898. 1.92100 1.93331 
96. | 1.94591 1.95882 1.97207 1.98566 1.99961 2.01395 2.02870 2.04388 2.05952 2.07565 : 
.:97 | 2.09230 2.10950 2.12730 2.14574 2.16486 . 2.18472- 2.20539 2.22692 2.24940. 2.27291 
š 2.29756 2.32346 2.35074 2.37958 2.41014 2.44206 2.47741 2.51472 2755499 2.59875 
2.64665. 2.69958 2.75873 '2.82574 2.90307 2.99448 3 3.45338. 3.80020 


.10630 3.25039 ` 
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f 9.1০. EXPEOTED VALUES OF. ird Sramsnos 
3. Introduction = f 


Consider a sample (zy; £a tt) En) Of size n from a standard normal distri- 
bution. Let these observations be arranged in inereasing order of magnitude as 
follows 


ա i Za) S Zin SK. < Xj. 
"Table 9.1 provides the expected value of 266 given by 


ai 


Sch E ignes: ቭ f f ራሽ SÉ f Nodo |" Neds 


for i = [(n-F1)/2] (1) n, n == 2(1)30. For š STE the হি values are 
obtained using the relation 


Boa TE 
ከ Applications. | 
Table 9.1 is աի) in the analysis of ordinal data where one has to replace the 
ranks by the expected values of the corresponding: normal order statistics: Here 
the next stey often involves an analysis of variance of these assigned. scores. . The 
sums. of squares of the expected values given in Table’ 9.1 are useful in these 
এ 869 also the explanatory notes preceding Table 10.3 iri this conneetic 1. 


‘ Another use of Table 9.1 is in obtaining factors by which the range or a quasi- : 
range, in a sample of.size 7 from the normal: population Mia, c),has to be multiplied. | 
‘to give: an estimate of the standard. deviation. Thus we ‘see from Table 9.1 that . 
in a sample of size 20, [ragtal 2,26 provides an unbiased estimate of the | 
population ` standard deviation, since . for n = 20, 5518) -- En-a) = 1.130 and. 
Eza = 8৮7) = -1,13ጦ. | 


c. Another table of expected values f 


Harter, H. L (1980) : Expected values of Normal Order. Statistics, Technical repart 60-292, Aeronautical: 
Regéarch Laboratories, Wright- -Patterson Air-Force Base, June 1960. 


` Expected yali to five places of decimal ‘for n = 2(1)100 and for selected values as A N= Et 


TABLE 9.1. EXPECTED VALUES OF ORDER STATISTICS. 266 IN SAMPLES FROM ል 
STANDARD NORMAL ` 


0.0272. 1.4450 2.3018 3.1912 ^ 4.1260 `5.0452 5.9646 6. 7.9320 


94 FORMULAE AND TABLES FOR STATISTICAL WORK 


TABLE 9.1 (contiiiued). EXPECTED VALUES OF ORDER STATISTICS ৩৩) IN SAMPLES FROM ል 


d ; : : ; . 92 
1-4 .22 .81 .39 .46 .82 87 - .62 .67 KU 76 
7-6 0 .10 .19 .27 .34 .39 .45 .50 .55 EI 
2-6 0 .09 aT .23 .30 .35 .40. .45 
n—7 | 0 .08 .15 .2Ն - .26 A 
n—8 0 .07 BE .19 
n—9 0 .00 
ዜ 


.6864 17.7144 


E" 1.89 1.91 ‘1.93 - 1.95 1.97 1.98 2.00 2.01 . 
m—1 | 1.49 1.46 1.48 1.50 1.5 1.54 1.56 1.58 1.60 1.62 
n—2 | 116 1.19 1.21 1.24 1.26 1.29 1.31 1.33 1.35 1.36 
n—3: .95 .98 ^ 1.01 1.04 1.07 1.09 1.11 1.14. 1.16 1.18 
8--4- | 28 ..82 .85 .88 .91 .93 ` .96 .98 1.00 1.03 
n—5 .63 .67 .70 «Տ | .76 .79 .82 - ,85 ai .89 
n—6 49 — .53 .87 60 ^ | ,ፀ4 .67 .70 E KÉ .18 
ጆ--? 36 .41 45... ,48 62 .55 EI .61 .64 .67 
n—8 ১24 ..29 .33 .31 E ES A8 .51 .84. - ,57 
n—9 1. .17. 22 256. ..30- 34 " .38 „4l 44 - ৰণ 
ո--10 0 .06 AI ,16 .50 ..24 .28 .32 .35 .38 
ዜ--11 0 .05 . .10 .14 .19 ES .26 .29 . 
n-—12 | 0 ১05. .09 13° .]7 .21 

0 .04 09 ` .19 
0 .04 


19 0802 20.0176 31.6040 22.6332 23.5470 24.5992 35.5808 20.5800 27.5454 


n. 
X Ex 


Վալ 
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9.2. FRAOTILES OP A NORMAL DISTRIBUTION 
a. Fractile. mean and variance 
For à standard normal distribution with the density রি N(x) = (2ո)- E 


er መጋር —900 < r < ০০), consider the system of intervals (aj, Qi} ? == 1,2, ...,g where 


Oy = D, Baan = 60 and the 9--1 other a’s are chosen such that | 
"ՅԼ. - 1. 
| Ճա == —. i=], 2,..., g). 
EN ի ፡ g 4 


The interval (a;, a;,,] will-be referred to as the i-th g-fractile interval of the standard. 
normal distribution - Table 9.2 gives the mean 


vp c 
Hg = g T aN (2)44 


and variance. 


ሚ ያ if "Nds 


in the Ah 9-fractile interval fori = Mim, Ա -- 2(1)20 


10, Application : draphicit tests of normality 


Let: 23, 25, ০০০১ 2, be a sample of n observations from. à population. Two. graphical 
tests are described for examining whether the parent population: is normal, 


G) Normal probability graph f 

Denote the ordered ‘observations by. ዊት Oo ንን Consider the. pairs 
(d, xt); wees (ոտ Voca) "hera d; is the standard normal deviate corresponding 
to the eumulative probability of ?/n. The values of d; can be obtained from Table 3.1, 
by inverse interpolation if necessary. Then the (d;, £), i = 1, 2, ..., (n—1) are plotted. 
on à graph paper with orthogonal axes (2 and y) with d; on a-axis and zq on y—axis. 
Tf the parent population is normal the points will lie close to a straight line. 


(ii) Fractile graph? ` f | 
We consider. the order పంతు ay 51587 as in method 1. Now 
` divide the observations into-a chosen number, ց, of groups.such that each group consists 
of h = ոք consecutive order observations. The groups so obtained are called fractile 
groups. The ith fractile group. .consists of the observations: 


Vn), Hh) ত › হার) - 
The sample i-th ‘fractile mean is the average of | the dbservations in ilie i-th. 
fractile group and is represented by 


z; Zú. տառա . 
ডি -ጨሙ። መመመ 


OU Thef fractile o graphical analysis was recently developed by Mahalanobis বেদ 28, 325 
: 351). ‘It is capable of a very wide application. The particular application of testing for normality was 
i suggested by A. Linderi in the convocation address at the. Indian Statistical Institate'i in 1963. 
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We consider the pairs | TEN 

. (ա m Տտ» $—Lb52..9g 
where D ց) ave the fractile means of the চর as defined in seotion 1, and tabu- 
lated in Table 9.2. Then the ց points (Jt, ս» լ, դ), £ == 1,2, -..»9 are plotted on 2 
two dimensional chart representing Hi, g) on x-axis and Zy; q on y-axis. If the parent 
population is normal the graph will be close to a straight line. j 


Example: Given 100 independent observations on log weight of an individual, it- 
is required to examine whether the distribution of log weight is normal. 


first half sample 


2.081 2.204 2.130 2.207 2.11]; 2.189 2.230 2.150 2.208 2.191 
2.094 2.1574 .2.1T1 2.170 2.098 2 105 2.198 2.085 2.145 2.131 
2.120 2.186 2.097 2.171 2.168 2.215 2.096 2.116 2.132 2.062 
2.112 2.078 2.171 2.177 2.151: - 2.241 . 2.107 2.105 2.175 2.151 
2.103" 2.144 2.204 2.189 2.108 2.267 2.173 2.016 2.283 2.166 
second half sample 
2.168 . 2.046 2.192 2.258 2.236 2.098 2.210 2.207 2.137 2.179 
2.159 2.125. 2.127 2.138 2.102 2:106 2.192 2.212 2.143 2.171 
2.185 2.236 2,075 27979 2.162 2.052 2.153 2.206 2.236 2.218 
2.239 2.046 2.131 ‘2.152 2.116 2.172. 2.272 2.086 2.124 2.139 
2.134 2.140 2.115 2.122 ` 2.132 2.197 2.137 2.143 2.124 2.135 


We. illustrate the fractile graph method which is less well-known than the proba- 
bility graph method. - 


'- In such problems. involving graphical analysis of data, it is useful to split the 
sample into two independent half samples (of 50 observations each in the present case) 
and draw the fractile graph for each half sample and also for the combined sample. 
Such a procedure would enable us to examine the consistency between parallel samples 
and also to have àn idea of the magnitude of the sampling error ( séparation between 
half sample graphs) involved. . The observed deviation from a Straight line of the 
fractile graph for the combined .sample hae to be judged against sampling error, i.e., 
the. dey iation to be expen due to sampling. 


fractile mean 


half sample combined theoretical 
స E sample (from Table 
9.2) | 


OUR ৩৩ to — 


TEE 


` The two. 665916 Բարե based’ on Samples of. 100` ነ ከ are in the chart 
on page 94. ‘The deviations from a straight line appear to be. small. compared to 
_ the difference: povesti the half sample fractile EE MP 
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TABLE 9.2. MEAN AND VARIANCE FOR FRACTILES OF A STANDARD NORMAL 
DISTRIBUTION 


For éach combination of a value of ց and a fractile number there are two entries, of which the top 
entry represents the mean and the lower entry, the variance ` 


fractiles | 

1 2 5 4 5 6 7 8 9 10 
2 |-0.7979 0.7979 
0.3634 . 0.3634 


Ց | -1.0908 0 1.0908 
0.2800 0.0803 0.2800 


4 |-1.9711 —0.3241 0.3247 1.2711 
0.2416 0.0372 0.0372 0.2416 


g 


0.2186 0.0284 0.0284 0.2186 


ի 
5 |-1.3998 -0.5219 0 0.5319 1.3998 
0.0212 
6 |-1.4991 -0.0826, -0.2121 -0.2121 0.6825 1.4991 
0.2029 0.0236 0.0154 0.0154 0.0238 .0.2029 
7 |լ Վ.5195 -0.7998 -0.3684 0 0.3684 0.7998 1.5795 
0.1914 0.0206 0.0123 0.0108 0.0123 0.0206 0.1914 
8 | -1.6468 -0.8954 -0.4913 -0.1580 0.1580 0.4913 0.8954 1.6408 
0.1824 0.0186 0.0105 0.0084 0.0084 0.0105 0.0186 0.1824 
9 |-1.7046 -0.9757 -0.5922 -0.2832 0 0.2832 0.5922 0.9757 1.7046 
0.1751 0.0170 0.0082 0.0070 0.0065 0.0070 0.0092 0.0170 0.17651 
10 | -1.7550 -1.0446 -0.6773 -0.3865 -0.1260 0.1260 0.3865 0.6773 1.0446 1.7550. 
0.1691 0.0159 0.0083 0.0061 0.0053 0.0053 0.0061 0.0083 0.0159 0.1691 
11 |] -1.7997 -1.1050 -0.7507 -0.4741 -0.2304 0* 
0.1640 0.0149 0.0077 0.0054 0.0046 0. 0043 
12 | -1.8598 -1.1585 -0.8151 -0.5499 -0.3193 -0.1048* 
0.1597 00141 0.0071 0.0049 0.0040 0.0037 
13 | ~1.8760 -1.2064 -0.8723 -0.6165 -0.3964 -0.1943 0* 
: 0.1559 0.0135 0.0067 0.0045 0.0036 0.0032 0.0031 
14 | -1.9092 -1.2499 -0.9237 -0.0750 -0.4645 -0.2723 -0.0898* 


0.1525 0.0129 0.0063 0.0042 0.0033 0.0029 0.0027 


15 | -1.9396 -1.2895 -0.9703 -0.7294 -0.5252 -0.3411 -0.1681 04 
0.1495 0.0125 0.0060 0.0040 0.0031 0.0026 0.0024 0.0023 


16 | -1.9677 -1.3959 -1.0125 -0.7779 -0.5800 -0.4027 -0.2375 -0.0785* 
0.1467 0.0121 0.0057 0.0038 0.0029 0.0024 0.0022 0.0021 


17 | -1.9939 -1.3596 -1.0520 -0.8223 -0.6298 -0.4584 -0.2996 -0.1481 0* 
| 0.1448 0.0117 0,0055 0.0036 0.0027 0.0022 0.0020 0.0019 0.0018 


18 | 2.0183 —1.8908 -1.0882 -0.8631 -0.6754 -0.5090 -0.3558 -0.2106 -0.0697* 
! 0.1420 0.0114 0.0053 0.0034 0.0026 0.0021 0.0018 0.0017 0.0016 


| 2.0412 —1.4200 -1.1218 -0.9009 -0-7174 -0.5555 -0.4071 -0.2672 -0.1324 0* 
| 0.1400 0.0111 0.0051 9.0033 0.0024 0.0020. 0.0017 0.0016 -0.0015 0.0016 


H 
| 

20 | -2.0627 —1.4478 -1.1532 -0.9361 -0.7563 -0.5983 -0.4541 -0.3189 -0.1892  0.0627* 
| 0.1380 0.0108 0.0050 0.0032 0.0023 0.0019 0.0016 0.0015 0.0014 0.0013 


*Forg > 11, moan and variance are given only for the first g/2 fractiles if gis even and (g4-1)/2 
fravtiles if gis odd. The rest of the fractile means and variances for any ց can be written down by sym- 


metry, the sign being changed in tho case of tho means. Thus the 7th, 8th,............ fractile means for 
ያ=11 gre 0.2304, 0.4741, ......6!6., and variances 0.0046, 0.0054, ...... ete, For g=12, the "th fractilo mean 


and variance are 0.1048 and 0.0037 and so on, 
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2-3 : 2 g 


22 


——— HALF SAMPLE 1 
--«-- = HALF SAMPLE 2 
--- — COMBINED SAMPLE 


21 


SAMPLE FRACTILE MEANS 


-175 -105 -0'68 -039 -013. 013 039 068 105 175 
POPULATION FRACTILE MEANS 


9.3. THE MAXIMUM OBSERVATION 


Table 9.3 provides the upper 5%, 1% and 0.1% points of the maximum | 
observation £in in a sample of size n from N(0, 1) for n = 1(1)30. Owing to the sym- 


metry of N(0, 1) the same table is also applicable to —ta» za; being the minimum 
observation in a sample of size n. 


It is known from experience that the average and standard deviation of the 
weight of individual cigarettes are 6.00 and 1.50 units. 5 cigarettes selected at 
random weighed 6.00, 9.50, 4.41, 7.51 and 4.29 units. Examine if the maximum 
observation is an outlier The extreme standardised deviate (9.50 —6.00)/1.50 = 2.33. 


This exceeds 2.319 the upper 5% value given in. Table 9.3 forn == 5. Hence one 
has reasons to suspect the maximum observation. 


TABLE 9.3. UPPER PERCENTAGE POINTS OF THE MAXIMUM OBSERVATION 


emeng 


1 1. 3.743 3.117 2.601 3.902 3.303 2.815 
9 1. 3.914 3.316 2.830 
3 2. 3.924 3.328 2.844 
`4 2. 3.934 3.340 2.857: 
5 2. 3.944 3.351 2.870 
6 $ 2. 3.954 3.302 2.883 
7 . 2.44: 3.963 3.373 2.895 
8 š 2. 3.971 3.383 2.906 
9 ` 3.0! D 5. ` 2. 

10 S š 3. 2. 

ee 
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9.4, THE EXTREME SvUDENTISED Deviate FROM THE SAMPLE MBAN 


) computed 


£— 3) 
8, 


ls 


from a sample of size n drawn from Ny, cg), where z is the sample mean గ్ర and 


Liny T 
ዴ 


Table 9.4 gives the upper 1% and 5% points of 


4,, ate the minimum and the maximum observation in the sample and š is an 


independent unbiased estunate for ዐ based on v degree of freedom. 


Table 9.4 is useful in deciding whether to reject an allegedly outlying ob- 


servation, as in 9,3 when the population mean and variance are unknown. 


TABLE 9.44. UPPER PERCENTAGE POINTS OF THE EXTREME STUDENTISED 


DEVIATE FROM THE SAMPLE MEAN 


196 
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9.5. W TEST FOR NORMALITY 
&. Introduction 


Of all the known tests for normality, the W test given by Shapiro and Wilk 
(Biometrika 52, 1965) is generally efficient against a wide spectrum of non-normal 
alternatives, and can be effective even when the sample size is small. Given n 
observations z;, z, ...,%,, the W statistic is computed as follows : 


(i) Rearrange the observations to obtain the ordered sample x), (5, ..., Tin: 
(ii) Compute z == (ጄ2 )/n and :፡ = 2 2፻--- ክሯ. 
նա) Compute 


b= > 0৮-1411205-4+1)7-200] 
t= 


where k = n/2 if n is even and k = (n—1)/2 if n is odd. The values of a, ,,, are 
given in Table 9.5 for n = 3(1)50 and i = 1 to it or =| 
(iv) Then compute W = 82195. 


The hypothesis of normality is rejected at p% level if W Հ Wp. The 
critical values of Wp are given in Table 9.6 for p = 1, 2, 5, 10, 50 and n = 3(1)50 
(Note that the exact distribution of W is not known and the percentage points are 
obtained by simulation and appropriate smoothing). 


Ե. Example 


Ten observations on weights of cigarettes (in coded units) after ordering are 
as follows : 


Xa) = 803, Tiz) = 338, Tig) = 406, ՖԱ) = 457, Ys) = 461 
Y (e) -- 469, Tig) = 474, 208) == 489, Tig) = 515, Zoo = 583 
চৈ == 449.5, 65 == 60628. 


The value of k = 8, since n = 10. From table 9.5 we have 
10 = 0.5739, ay = 0.3291, ..., a, = 0.0399 


b = a, (Zao — Lay) ተወፅ(ዎ(6)-“?(8))ተ››› att) . 
= 0,5739(583—303)-+0,3291(615-338) +... +0. 0999(469-461) 
տ 239. 113. | 


(239.113): 


20628 


= 0.943. 

and the 5% critical value of W == 0.842 from Table 9.6 for n = 10. Hence on 
the basis of limited available data, there is no reason to reject the hypothesis of 
normality. 
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TABLE 98. PERCENTAGE POINTS OF W TEST FOR NORMALITY 
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n 
3 
4 
5 
6 
7 
8 
9 
10 


FORMULAE AND TABLES FOR STATISTICAL WORK 


5% 10% 50% 
0.756 0.767 0.789 0.959 
0.707 0.748 0.792 0.935 
0.715 0.762 0.808 0.927 
0.743 0.788 0.826 0.927 
0.760 0.803 0.838 0.928 
0.718 ሀ.818 0.851 0.935 
0.791 0.829 0.859 0.935 
0 806 0.842 0.869 0.938 
0.817 0.850 0.876 0.940 
0.828 0.859 0.883 0.943 
0.837 0.886 0.889 0.945 
0.846 0.874 0.895 0.947 
0.855 0.881 0.901 0.950 
0.863 0.887 0. 006 0 952 
0.869 0.892 0.910 0.954 
0.874 0.897 0.914 0.956 
0.879 0.901 0.917 0.957 
0.884 0.905 0.920 0.959 
0.888 0.908 0.923 0.960 
0.892 0.911 0.926 0.961 
0.895 0.914 0.928 0.962 
0.898 0.916 0.930 0.963 
0.901 0.918 0.93) 0.964 
0.904 0.920 0.933 գ. 965 
0.906 0.923 0.935 0.965 
0.908 0.924 0.936 0.966 
0.910 0.926 0.937 0.966 
0.912 0.927 0.939 0.967 
0.914 0.929 0.940 0.967 
0.915 0.930 - 0.941 0.908 
0.917 0.931 0.942 0 968 
0.919 0.933 0.943 0.969 
0.920 0.934 0.944 0.969 
0.922 0.935 0.945 0.970 
0.924 0.936 0.946 0.970 
0.925 0.938 0.947 0.971 
0.927 0.939 0.948 0.971 
0.928 0.940 0.949 0.972 
0.929 0.941 0.950 0.972 
0.930 0.942 0.951 0.972 
0.932 0.943 0.951 0.973 
0.933 0.944 0.952 9.973 
0.934 0.945 0.953 0.913 
0.935 0.945 0.953 0.974 
0.936 0.946 0 954 0.974 
0.937 0.947 0.954 0.974 
0.937 0.947 0.955 0.974 
0.938 0.947 0.955 0.974 
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9.6 Tests For OUTLIERS 
a. Introduction 


Let Zut, চে(2); ..., ttn) 168006 a random sample of n observations from a normal 
population arranged in the ascending order of magnitude. Dixon (Ann. Math. Stat.. 
22, 1951) has tabulated the percentage points of the distribution of the ratios of the 
form wol. for testing whether ոլո) is an outlier and of the form aN A for 
. (a) T) es ալ তে(7ঃ- 1)" Gey) 
testing whether zu is an outlier, for small values of i and j and n < 30. Table 9.7 
gives the upper 5% and 1% points (or equivalently critical values corresponding 
to a == 0.05. and a = 0.01) of the following statistics. 


ua Liny Tn 
ro = (5)- u or (m) (n—1) for n= 3(1)7 
Lim ta) Tin T 
Ziy — 2 XX 
Ty, = (2) (1) օբ (ո) (21) for ዜ= 8(1)10 
i --৫ Liny T 
Zia-A Zum (n) T 
EZE Tiny Pin Ñ 
Tg = — 3 70 օր Lal "eat for n = 1101)13 
Zn yg) Հո) tg) 
Z(,—2X 24,)— Bine 
Too == OF Հա) 7-2) for n = 14(1)25 
22 -ቋቿ Liny — T 
207-2)7-%$) (n) — 03} , 


b. Application 

The main use of this table is to test whether Li OF Xin) 18 an outlying observa- 
tion. When this method is used for testing an extreme mean, the samples from which 
the means are computed should all have the same size. The recommended procedure 
is to use 740 for n= 3 to 7, rn forn = 8 to 10, ra for n = 11 to 13 and ry, for n = 14 


to 25. For example, when n = 8, we calculate rj, = FO) for testing a single 


Ջ(ո-1) Ta) 


Ln) — Bi nr)’ SOM ) f 
outlier zu at the lower end or rj = Se for testing a single large outlier ալյ). 
| ա 2) 2 


Example 
| Chemical analysis results of a certain chemical content for six samples are 
as follows : | 
0.470, 0.498, 0.505, 0.528, 0.564 and 0.600. 


To test whether z= 0.600) is an outlier we compute 


0.600—0.564 


139 => -0600--0.470 


== 0.28. 


Since this is less than the critical value 0.560 for o = 0.08, z. may not be judged to 
be different from the others. 
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TABLE 9.7. CRITERIA AND CRITICAL VALUES 
FOR TESTING AN EXTREME VALUE 
UCNGOGNENESAETUTZIULICUCACECNKN ERLE BT ` 

= Critical Values 


Statistic Number of 
observations ይ = 0.05 a= 0.01 
n 
3 0.941 0.988 
71৩ == ZQ పరు 4 0.785 0.889 
Seer Oe: 5 0.642 0.780 
6 0.560 0.698 
7 0.507 0.637 
8 0.564 0.683 
rc Tay 9 0.512 0.635 
“es 10 0.477 0.597 
Eo ত ৰঙৰ ছল স্ব উরি a 
11 0.576. 0.679 
ra = Zar Xa) 12 0.546 0.642 
৯২ 13 0.521 0.615 
14 0.546 . 0.641 
15 0.626 0.616 
16 0.507 0.595 
17 0.490 0.571 
18 0.475 0.561 
faz == ՄԱՏԱ), 19 0.462 0.57 - 
ነቦ” 20 0.450 0.536 
21 0.440 0.524 
22 0.430 0.514 
23 0.421 0.505 
24 0.413 - 0.497 


25 0.406 0.489 
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9.7 PROBABILITY PLorrine 
a. Introduction 


The technique of probability plotting provides a pictorial representation of the 
data as well as (a) an evaluation of the reasonableness of the assumed probability 
model, (b) estimates of the percentiles of the distribution and (c) estimates of un- 
known parameters of the underlying distribution. 


Let 20), పోట్లు ..., xq be an ordered sample of size n from a চির রি with 
probability density ‘function f(x) and cumulative distribution function F(z). 
Then the expected value of x) is 

n! 
Bizal = কানা ১ f YF (y) [1 —F(y) "dF (y) e (D 


For example if æ is a uniform variate over the interval (0, 1), then 


E(x) = መፕ fori = 1, 2,..., 2 


The expected values of ordered observations have been tabulated for many distribu- 
tions (see Sarhan and Greenberg, Contributions to Order Statistics, John Wiley 1962). 
For distributions for which Ein) cannot be calculated exactly, the following 
approximation is frequently used. 

! pal ৯৮৫ 


where Ք-վ(--օ)/(ո--26-Է-1)լ is the value of x such that Í f(u)du = (i—c)/(n —2c 4-1). 


that is, the [(i—c)/(n —2c-1- 1)]-th fractile of the distribution and c is a number which 
depends on n and f(z). The ordered observed values when plotted against their 
expected values would give 8 straight line passing through the origin with slope 
unity. The origin and slope of the plot will change if the variable is linearly trans- 
formed for plotting convenience, but the plot will remain a straight line. 


The construction of specially scaled graph papers has obviated the need for 
calculating the expected values fur many distributions. The graph paper is scaled 
in such a fashion that the ordered observations can ከ6 plotted directly against 
1009($--০)1(%--2০4-1), without the need of determining (աը). The correct value 
of c depends on f(x) and n but c = } can be. used for a wide variety of distributions 
and sample sizes.. The following steps are involved in preparing a probability plot 
for a given set of data. 

(i) Obtain a probability paper designed for the distribution under examination. 

(ü) Rank the observations from smallest to largest Ze. xq) & ఏర్చి... < qj. 

(Ai) Plot 205) against 100 (:—}4)/n on tne probability paper. 

If the chosen model is correct, the points should cluster around a line. although 
there will be some deviations because of random sampling fluctuations. If a straight 
line ‘appears’ to fit the data, find the best fitting line using & suitable method. 
The probability plot for the normal distribution is discussed in Section b of 9.2; we 
shall briefly describe below the probability plots for the Weibull and Type I Extreme 
value distributions. 
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b. Weibull distribution ` 
The cumulative probability distribution function for the Weibull distribution is 
নি j y vf 
F(z) = 1—exp E Luss > 0 ০১০ 


where ሮ and ዝ are the scale and shape ር respectively. We have, with 
logarithms taken to base e, | 


log log নন NS = y log z—q log o. ասք .. 0) 


Thus for a Weibull variate, log log [1 -Fe ከ88 8 gesat line «նարեն with log: zx. 

The axes of the probability paper are scaled so that 100(i—4)/n can be plotted on the 

ordinate corresponding to log log [1-—F(z)]-! and the observed values can be plotted 
on the abscissa corresponding to log z. Equation (3) can be written as. m 


` W = ৫462 we (4) 
where 
W = log log [1 po 
5 = log 2. | 
d = ፦ፃ log z ` 


TThe estimates of the Weibull parameters from the probability plot are 
9=» .” Թ) 
ê = exp (—@/b) 

where à and b are the. xc and slope respectively of the best line fit. 

6. Type Extreme value distribution 

The cumulative extreme value distribution function for the ‘largest. element is 
F(z) = exp dette mim, —ovr« x <0, —co < < ০০, ০১০ 
where / and o are location and scale parameters respectively: Thus the reduced variate 


; FS f 
. y = —log Log F(z)) = => | արն 
will plot as a pom line. against అస from the distribution. Extreme ` 
value probability: paper is so scaled that [[--ቴ) 100/2, can he plotted directly against .. 
the-values of. tlie ordered. observations, . Equation (6) can be written a8 


-- abba, 
where b = d and a= =... ~The estimates of the parameters are 
TE Cook | UQ 
ô= আট —— | 
b ob 


` where @ and b are the intercept and slope respectively to the best ling fit. - 
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a. One sample problem. 


To test the hypothesis that a given sample (22, Es. »› tn) has arisen from a 
population with a numerically specified distribution function F(z). 


The Kolmogorov-Smirnov test (Table 10.1). 
Let F(z) be the. proportion of observations in the sample less than or equal to 
x. F(x) is called the empirical distribution function. . Define 
| Du) - sup ሆ;ጋ--ቻ 18 
12-00) = sup (F(z) Rei 
D(n) == ৪0 | F,(z)—F(z) | = max (D*(n), D-(n)}. 


The: ‘choice of the test criterion depends on the specific departures intended. to be 
detected: - 


The 1% and 5% critical values of D* (n), Dn Պոմ D(n) are given in Table 10. 1 
. for n—1(1) 20(5)35 in the special case where F(z) is continuous. A computed yalue of 
the eriterion larger than or equal to the critical value given in Table 10.1 is 
significant. ` Table 10.1 also gives formulae for ውን ኔክ the critical values’ when տ. 
-is large. | 


Example. Test if the EET .068, .098, .117, .136, .317, .628 could have ` 
arisen in sampling from a ০ distribution over the interval (0, D» 

Baren = 6, and Din) = == 531. The 595 value of D(n) for n = == 6is 521. je tho 
observed value is significant, ab the 5% level. | 
b. Two চিন problem . 

Consider two samples (Zi Zim —— fy) and: (oar, ap e) Ten.) of size n, and ո: | 


respectively and the Ware? that both. ne samples h have arisen from the same 
population. "ET 


(i) The Kolmogorov«Smirnot test (Table 10.9). 
Let Fin, and Pon, be the empirical distribution functions derived from samples 


1 and 2 respectively. ` Define | 
40708, n T = SUP (P NOS 2 


ውብ na) = sup (Pn (E)E le) 
Dn, m) = sup |F, (2)—P,2)] 
= max {DHm, Պլ), D'(n ny) f 
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The choice of the test criterion depends on the specific depattures from the 
hypothesis intended to be detected. 


. For the special case n, == n, = n, Table 10.2 provides 5% and 1% critical values 
for % D*(n, n) (or nD-(n, n)) and nD(n, n) covering the values of n = 3(1) 30(5) 40. 
A computed value of nDt(n, n) or nD-(n, n) or nD(n, n) is declared to be significant 
if it exceeds or is equal to the critical value given in Table 10.2. 


When n, and n, are large the following formulae may be used for calculating the 
critical values of the test criterion : 


one-sided test statistic two-sided test statistic 
Dt ուլ» #3) 6፻ D-(m, 23) Diät, na) 
տեւ. 5% 19. 5% 
( ፥ 4 i i 
1.52 (ata) 1.22 (r) 1.63 (ո) 1.36 (mtr) 
NNa ning 18723 ning 


The critical values given in Table 10.2 and also the asymptotic formulae given: 
above are applicable only if the population distribution under the hypothesis is known 
to be continuous. 

(ii) Other tests 


Let the observations in the. combined sample of size n = n,--n, be serially 
arranged in inoreasing order of magnitude 
Zu Հ Zt < ... Հա 
Let ty, 13: —— Snr (1&4 <i, <... < 5,,ፎ n), be the serial orders of observations 
in sample 2. | 


A general form of test statistic for testing the hypothesis of equality of distribu- 
tion functions is 


a (i5) ተወ.) --- Hanlin) 
where for each n, a, 6) is a given function defined over the integers 6 = 1,2, 
The following are well known special cases : 
(a) Fisher-Yates test 
a, (i) = expected value of the i-th order statistic in a sample of size n 
from (0,1). These expected values are given.in Table 9.1. 
(b) Wilcoxon (Mann-Whitney) test 
ዐል) = 4. 
(0) Van der Waerden test 


as) "n լ) -եհ পি of N(0, 1) defined . by the equation 


ԱՆ . 
5 
J NOR, Lr 


The values of a,(?) may be obtained by interpolation in Table 3.2. 
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(a) The Fisher- Yates test (Table 10.3). . = 


Here observations in each sample are replaced by seores defined in the following 
manner. Ifa particular observation has rank i in the combined sample of size n, the 
score replacing this observation is given by the expected value of the i-th order 
statistic in a sample of size % from Խ(0, i). Define 


C, — sum of the scores received by the second sample observations. 


Table 10.3. provides the 1% and 5% critical values of Օլ for a two sided test and also 
the upper 1% and 5% values of Օլ for a one sided upper tail test. The lower 1% 
and 5% values are obtained by prefixing a negative sign to the upper 1% and 5% 
values respectively. "Table 10.3 covers the values of n = 6(1)10 where n, is the size 
of the smaller sample. 


For larger values of one may apply the usual two sample t-test (described in 4) 
to the scores. - 


(b) The Wilcoxon (Mann-Whitney) test (Table 10.4) 


Define U, as the number of times an observation in the second sample precedes 
an observation in the first considering all pairs of observations one from each sample. 
Clearly 


Tn (na + 1 

Uj == nat uet) Ry 

where R, = sum of the ranks assumed by the second sample observations. Define 
U,, in à similar manner and let Ս = min (Uim Un) 


Table 10.4 provides 1% and 5% critical values of U. An observed value equal to 
or less than the yalue given in table is declared to be significant. The selection of tho 
statistic రో Ալ or Մ depends upon the type ofalternative hypotheses. For instance 
if it is desired to examine that the variable of the first population is stochastically 
larger than the second, one uses U,,. If the nature of departure to be ‘detected is not 
specified one uses Ս Table 10.4 covers values of n, and na = 1(1)20. 


For larger values of 7; and ng, the sampling distribution of U may be assumed to 

be normal with 
mean == njnj/2, 
variance = n4nq(nq-- n3 4- 1)/12. 

(c) The Wald-Wolfowitz run test (Table 10.5) 

Consider the serial arrangement of observations in increasing order of magni- 
tude as discussed in (ii) above and replace each observation by 1 or 2 according as it 
arises from sample 1 or 2. Arun is à succession of like symbols (numerals) preceded 
and followed by none or an unlike symbol (numeral). Let W be the total number of 


runs (i.e. the total of the number of runs of 1 and the number of runs of 2. Wis 
proposed as a test statistic. | 


Table.10 5 provides the lower 156 and 5%, critical values of W for ոլ, n upto 20. 
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For larger values of 71], n the sampling distribution of 17 may be assumed 
to be normal with f 


2712 
mean == --፡-ዱ----1, 
Hike 


variance 7০-72-7877 
(աւԴ-տչ)(ուՒոջ--1) 

Example : In a certain feeding experiment 6 pigs were kept under a control 
diet while 6 others were provided with feed ‘A’ The gains in weight (in Ibs) over 
a certain: period were as follows : 

Control: 8.1, 6.8, 6.9, 7.5, 8.8 ` (Sample 1) 


A : 8.2, 8.4, 8.3, 8.7, 8.9 (Sample 2) 


Examine if feed ‘A’ is an improvement over ‘control’. 


Kolmogorov-Smirnov. test : Here 5D*(5, 5) — 4 which is equal to the 5% value 
given in Table 10.2. Hence the hypothesis that. the two feeds are equally good is 
rejected (at the 556 level) in favour of ‘A’. 


Fisher-Yates test : We get the following rankings for the coiabined sample of 10 
observations : 


Rank order () 1 2 3 A 5 6 7 8 9 ` 10 


Value 66 09 75 51 82 83 84 8.7 88 8.9 
Sample index 1 1 1 1 2 - 2 2 2. 1 a ` 
Ez (from Table 9.1 forn = 10) —.12  .12 28 .66 1.54 


Henco Օլ = 2.58. From Table 10.3 the 5% value օք Օլ for a one-sided test (for 
‘n = 10 and n, = 8) is 2.88. The observed C, is thus significant at the 5% level. 


Wilcoxon (Mann-Whitney) test: Here R, = 36. Hence Un = 25-15-36 = 4. 
This is also significant Տե the 5% level, the critical value օք U, for n, = n, == 5 being 
4 from Table 10.4. * f | ] | 


` Since 5D(5, 5) is also equal to 4 the hypothesis that the two ‘feeds are equally 
good cannot be rejected. by a two sided Kolmogorov- Smirnov test. It is seen that a 
two sided Fisher-Yates test or a two sided Wilcoxon (Mann-Whitney) test also fails 
to reject the hypothesis. When ‘alternatives are two sided one could also use the. 
Wald-Wolfowitz run test. ել 

." Wald-Wolfowitz run test : -Total number of runs in the serial arrangement given 
.aboveis 4. This is not significant at the 5% level, the critical value for ny = n, = 5 
"being 2 from Table 10.5. Pat i | 


Co Matched-pair sample 


Consider ౫ pairs օք observations (zi, yi). š = 1, 2, ..., n and the hypothesis a 
- for each 4 the distribution of (zi, Ji) is the same as that of (yi, z) E 
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G) The sign test ` տ 
Consider only then < % pairs where 2;y; and let” be the number of pairs 

where z,<y;. Fora Gees % the distribution of »’, under the given hypothesis, is 

binomial with 7 = জু: This hypothesis could be tested in the manner discussed in 3. 
(d) The Wilcoxon test (Table 10. 6) 

‘Compute ৫;==%% e Here again as in the sign test all the n—n' pairs where 

d; = 0 are dropped out. . The remaining d; are ranked in increasing order of magni- 

tude disregarding sign, the smallest |d,| receiving rank 1. Then to each rank is affixed 

the sign of d; to which it corresponds. Define 
T == sum of all ranks with a negative sign, 
T= sum of all ranks with a positive sign, 
T` = min II, T). 
Table 10.6 gives the 1% and 5% values of T,T.or T,. A computed value of 
T is significant if it is less than or equal 10 the value given in Table 10.6. 


The choice of the statistic 7" , T, or T depends on the type of alternatives 
one wishes to detect. 


Table 10.6 covers values of 2’ = 055. For larger values of n' the sampling - 
distribution of T, (or equivalently 7.) may be assumed to be normal with. 


"absum EO ԵՄ. 
| 4 
28187115721 
"24 
‘Note that Top == D. 


Example : The following table gives the yield rate of paddy (in 1aaunds per acre) 
as observed in ten pairs of concentric circles of radii 2 ft and 4 ft. Examine if the 
: yield rate. has been over-estimated by the smaller circle. 


‘sample: 1 2 53 4. 6 6. 7 8 . 9 10: 


an 615 5.39 6.59 634 6.29 5.98 - 5.61 . 448. 6.93. 5.33. - (y) 
Aft. pm 6.00 4.71 6.12. 8.93. 6.66 5.41 5614 5.66 5.67 (2 


Here we have 


[న s rv. 2 3. 4 5 Տո 7 8. 9 10 
Հ |.  -0,62. 041 —0.88 0.22 —0.36 —0.42. —0.20 0.71 —0.27 0.84 
Rank-of |z—y | 8 ሽ+) 10 2 8- 6. 1 8[) 53 AD, 

መመመ መመ ০ መ 


qe 44-94-7 = 20. The 5% value of T, - a one-sided test) for % = 10 
is 10 from Table 10.6, Hence the observed result is not significant. 
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d. Spearman's rank correlation coefficient 


When n individuals in a sample are ranked according to each of two different 
characteristics, the association between the characteristics may be measured by Spear- 
man's rank correlation coefficient. This is the ordinary product moment correlation 
coefficient applied on rank pairs. When there are no tied ranks, the correlation coeffi- 
cient can be computed by the formula 


n © 
6 Ld? 
r, = 1—-—1 


n5—7 
‘where d; is the difference in the two ranks of the i-th individual. 


Table 10.7 gives the upper 1% and 5% values of }r,| for a two-sided test and 
also the upper 1% and 5% values of r, for a one-sided upper tail test. The lower 
1% and 5% values of r, for a one-sided lower tail test are obtained by prefixing a nega-- 
tive sign to the corresponding upper tail values. 


Table 10.7 covers sample sizes upto n == 10. For w larger than 10, the critical 


values of r given in. Table 7.1 with d.f. v == 1 —2, may be used as approximate critical 
values of r, | | ; 


Example: Aset of 10 individuals were ranked by two independent examiners 
with respect to their reasoning abilities. The ranks are given below. ‘Test for asso- 
ciation between ranks by the two examiners. 


Individual : i 2 3 4 5 6. 7 8 6 


10 

Examiner 1: 7 1 8 5 9 8 4 10 2 6 

Txaminer 2: 6 5 ፈ 53 8 10 5 9 1 7 
d: . 1 -1 --1 2 1 -2 --3 1 1 


Xd? = 16, m3—17 መ= 980, 7s = 1--96/990 -Հ 0.9030 


This is significant at the 1% level, the critical value for a two-sided test being 
0.794 from Table 10.7. 


1 
D 
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TABLE 10.1. THE ONE SAMPLE լ TABLE 10.2. THE TWO SAMPLES 
KOLMOGOROV-SMIRNOV TEST ; . KOLMOGOROY-SMIRNOV TEST f 
(5% and 1% critical values for one- I (5% and 196 critical values for one- 
and two-sided tests) | : and two-sided tests) 
one-sided 6696 - f V two-Bided "one-sided . two-sided 
D+(n) or D~(n) D(n) eiis) or nD-(nny ` nD(nn) = 
d 1% 55 19, 1% 5% 1% 5% 
1 .990 . 2950 .995 - 3 ሚመ - 
2 |. .900. - ,776 .929 - E - 4 
3 485 - .636 .829 5 4 5 ঠি 
4 689  .Ծ5 . 134 | 
ሀ .627 ,809 669 6 5 6 5 
6. 5 6 6 
: 6 - 5 7 6 
.877 .468 . .617 T ER 7 6 
.538 «436 576 7 6 8 T 
.507 .410 ৷ ,542 | | 
480 . .513 8 6 8 í08 
«457 Ի -...,460 ` 8 . 6 8 4 
; 5 | 8 T 9 7 
8 7 9 8 
.487 .352 .468 9 7 9 Š 
«419 ի _ «449 9 E 10 8- 
«404 . 
ፅ .8 10 8 
.877 
| 8 10 9 
f 8 11 .9. 
.366 8 11 ቆ 
3৮৮ 9 11 9. 
.346 9 11 10 
.337 - 9. 12 10 
.329 9 12 10: 
9 12 10 
9 12 10 
10 "33 11 
10 15 11 
10 13. 11 
11 14 12 
11 15 13 


- | - TABLE 103. THE FISHER.YATES TEST 


(5% and 1% ০1808} values for one- and two-sided tests) 


one-sided two-sided 


one-sided two-sided. 


1% 5% 5% . 196 5% 
| 2.49 — — 
2.33 — 2.69 
9.42. - 2.12 
2.54 — 2.54 
2.32 - 2.66 
2.54 3.58 2.82 
2.68 3.70 2.94 


FORMULAE AND TABLES FOR STATISTICAL WORK 
TABLE 10.4.x THE WILCOXON (MANN-WHITNEY) TEST 


(1% critical values of 012 or 021 for one-sidea test) 


m 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 50 
#1 
1 দিস 1 
2 = == = = = Հ = = = ՀՏ Հ 0 0 0 0 0 0 1 1 2 
3 Տ.Տ Տ Հ ~ 0 0 1 1 1 2 2 2 3 3 4 4 4 5 3 
4 - Տ. =>” Հ 6 1 1 2 3 3 4 5 5 6 7 ፣ 8 9 9 10 1 
5 Տ ՀՏ = 0 1 9 3 4 5 6 ገ 8 9 10 11 12 13 H 15 16 5 
6 = տեր. "H 2 3 4 6 7 8 9 11 12 13 15 16 18 19 20 92 9 
7 - — 0 1 3 4 6 7 9 11 12 14 16 17 19 21 23 24 26 28 7 
8 Հ = 0 2 4 6 ? 9 11 13 15 17 20 22 24 26 28 30 32 34 8 
9 - = J} 3 5 Ղ 9 11 14 16 18 21 23 26 28 31 33 36 38 40 ፀ 
10 >- - 1 3 6 8 11 13 16 10 22 24 27 30 33 30 38 41 44 47 10 
- = 1 4 7 9 12 15 18 22 25 28 31 34 37 41 44 47 50 53, 11 
- Հ 2 5 8 ll 14 17 21 24 28 31 35 38 42 46 49 53 56 60 12 
13 - 0 2 5 9 12 16 20 23 27 31 35 30 43 47 51 55 59 63 67 13 
14 - 0 2 6 10 13 17 92 26 30 34 38 43 47 51 56 60 65 69 73 14 
- 9 Գ 7 11 15 19 24 28 33 37 42 47 51 56 61 66 70 75 80 15 
- 0 3 7 12 16 21 26 31 36 41 46 51 56 61 66 71 76 82 87 16 
17 — 0 4.8 13 18 23 28 33 38 44 49 55 60 66 71 77 82 38 93 17 
— 0 4 0 1 19 24.30 36 4l 47 53 59 65 70 76 82 SS 94 100 18 
- 1 4 9 15 20 26 32 38 44 50 56 63 69 75 82 88 94 101 107 19 
- 1 5 10 16 22 28 34 40 47 53 60 67 73 80 87 93 .00 107 114 ի 
| e ու 
1 2 3 4 5 6 7 8 9 10 11 12 13 H 15 16 17 18 19 90179 
(5% critical values of Uy. or Uz; for one-sided test) 
Ne 1 2 3 4 6 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
ny | | 
1 շաա ሠ = - - ሠ-፦ =ሦጅዌ S s =- ሠ ጨሬ“ ፦-› - 0-0 1 
2 - ՀՏ ՀՏ Հ 0 0 0 1 1 1 1 2 2 9 3 3 3 4 4 4 2 
3 - Հ 0 0 1 2 2 3 3 4 5 5 6 7 7 8 9 9 10 11 3 
4 ԵՀ Հ 0 1 2 3 4 5 6 74 8 9 10 11 12 11 15 16 17 18 4 
5 |፦ 0 1 2 4 5 6 S 9 11 12 13 15 16 18 10 30 22 23 95 5 
6 - 0 2 3 5 ገ 8 10 12 14 16 17 19 21 23 25 26 98 30 32 6 
7 - 0 3 4 6 8 11 13 15 17 19 21 24 26 28 30 33 35 37 39 . ገ 
8: Հ 1 3 5 8 10 13 15 18 20 23 26 98 31 33 36 39 41 44 47 8 
9 - 1 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 9 
10 - 1 4 7 11 14 17 20 24 27 31 34 37 41 44 48 51 55 58 62 10 
- 1 5 8 12 16 19 23 27 31 34 38 42 46 50 54 57 61 65 69 11 
12 - 2 5 9 13 17 21 26 30 34 38 42 47 51 55 60 64 68 72 7 12 
13 - 2 6 10 15 19 24 28 33 37 42 47 51 56 61 65 70 75 80 84 13 
14 - 2 7 ]1 16 21 26 31 36 41 46 51 56 61 66 71 77 82 87 92 Br 
15 = 3 7 12 18 23 28 33 39 44 50 55 61 66 72 77 83 88 94 100 15 
16 - Ց 8 14 19 25 30 36 42 48 54 60 65 71 77 83 89 95 101 107 16 
17 - 8 9 15 20 26 33 39 45 51 57 64 70 77 83 89 96 102 109 115 17 
18 - 4 9 16 22 28 35 41 48 55 61 68 75 $82 85 95 102 109 116 125 18 
19 0. 4 10 17 25 30 37 44 51 58 65 72 80 57 94 101 109 116 123 130 19 
20 0 4 11 18 25 35 39 47 54 62 69 77 84 92 100 107 115 123 130 138 20 


ա 
1 2 3 4 8 9 ፣ 8 9 10 HU 85 1 M ህ 16 ዘ 8 19 թթ 


dt ሰ 
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TABLE 10.4. (continued): THE WILCOXON (MANN-WHITNEY) TEST 


(1% éritical values of Մ for two-sided test) 


ns 9 10 1 12 18 14 15 16 17 18 19 20 

ni 
1 տ - - - ~ - - - - ኣው - - ine = 22 Հաշ "Sei de Է ES H 
31 lus iE duele դան ան մար Ue etus Հա ee এলা న 10 SO 2 
3 = — — - Հ Հ Հ Հ 4$ 0 0 1 1 1 2 2 2 2 3 3 3 
4. = - = Հ. Հ. 0 0 1 1 2 2 8 8 4 8 5 6 6 7 8 ፏ 
"5 — — ~ መ 0 1 1 2 3 4 5 6 7 7 S 9 10 H 12 13 5 
6 - - D 1 2 3 4 5 6 7 9 10 11 12 13 15 16 17 18 6 
পূ - - Հ 0 1 3 4 6 7 910 12 13 15 16 18 19 21 25 24 7 
8 — — — 1 2 4 6 7 9 HJ 13 15 17 18 20 22 24 26 28 30 8 
9 - — 0 1 8 5 7 9 H 15 16 18 20 29 24 27 29 31 33 36 9 
10 = — 0 2 4 6 9 11 13 16 18 21 24 26 29 31 34 37 39 42 10 
11 - — 9 2 8 7 10 13 16 18 21 24 27 30 32 36 39 45 45 48 11 
12 - - 1 3 6 9 12 15 18 21 24 27 31 34 37 41 44 41 51 54 12 
13 - - 1 3 7 10 13 17 20 24 27 31 34 38 42 45 49 53 57 60 13 
14 Հ ~ 1 4 7 M 15 18 22 26 30 34 88 49 46 50 54 58 63 67 14 
15 Հ = 2 Տ 8 12 16 20 24 29 33 37 42 46 51 55 60 64 69 73 15 
10 = >- 9 5 9 18 18 22 27 31 36 41 45 50 55 60 65 70 74 78 16 
17 - ~ 2 6 10 15 19 24 29 34 39 44 49 54 60 65 70 75 81 86 17 
18 - - 2 6 Wd 16 91 26 31 37 42 47 53 68 04 70 75 81 87 221 18 
19 ~ 0 3 7 12 17 22 28 33 39 45 51 57 63 69 74 81 87 93 $9 10 
20 - 0 5 9 13 18 24 30 36 42 48 54 60 67 73 79 86 92 99 108 20 

ትሎ gie hee a E n ENEE AE awu ዓባ” EELER Ae 

. | N m 
2 3 4 5 6 7 8 9 10 H 12 13 14 15 16 17 18 19 2017 Ki 


(5% critical values օք U for a two-sided test) 


1-5 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 


= = = - === = = - >= = =--= 1 
త 4:52 :9፡፡ A SES శ Հաա 30 న. 1 EECH 5 
= -— — - 0 1 1 2 2 3 3 4 566 3 
-- — 0 1 2 3 4 í 5 6 7 8 ብ 10 11 11 12 13 13 4 
- - 0 1 2 3 5 6 7? 8 9 11 12 13 14 15 17 18 19 20 5 
- -.1 2 3 5 6 8 10 IL 13 14 16 17 19 21 92 24 25 27 6 
- - 1 3 5 6,8 10 12 14 16 18 20 22 24 26 28 30 32 34] 7 
- 0 2 4 6 8 10 13 15 17 19 22 24 26 20 31 34 36 38 41 8 
- 0 2 4 7 10 12 15 17 20 23 56 28 31 34 37 39 42 45 48 9 
- 9 3 5 8 li M 17 20 23 26 39 33 36 39 42 45 49 62 55 10 
- 0 8 6 9-13 16 19 23 26 30 33 37 40 44 47 51 55 58 62 1) 
~ 1 4 ገ 11 14 18 22 26 29 33 37 41 45 49 53 57 61 65 69 12 
- 1 4 8 12.16 20 24 28 23 37 41 45 50 54 59 63 67 72 76| 13 
- 1 5: 9 13 17 22 26 31 33 40 45 50 65 59 64 67 74 78 83 14 
- 1 5 10 14 19 24 29 34 39 44 49 54 59 64 'ገ0 75 80 85 90| 15 
- 1 6 11 16 21 26 31 37 42 47 53 59 64 70 75 81 86 92 98 16 
- 2 6 1L 17 22 98 34 39 45 51 57 63 67 75 81 87 93 99 10251. 17 
-.9 7 12 18 24 30 36 42 48 55 61 67 74 80 86 93 99 106 112 18 
- 2 ገ 13 19 25 32 38 45 52 58 65 72 78 85 92 99 106 113 119 19 
- 2 8 13 20 27 34 41 48 55 62 69 76 83 90 98 105 112119127} 20 


ኣ 


ny 
అమ్ము 


(1% critical values) . 


THE WALD-WOLFOWITZ RUN TEST 
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TABLE 10.5. 
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12 


12 12 
9. 


9 
> 9 10 10 
.-9 10 10 10 10 
9 10 10 10 11 
9 10 10 11 11 11 12 
9 10 10 11 1 11 12 12 
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11 


৩৮৮০০ 


32 © r= cO 00 


9 10 10 10 
-9 
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19 © ky t= 00 
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NONPARAMETRIO TESTS 


TABLE 106. THE WILCOXON MATCHED PAIR 
. SIGNED RANK TEST 


(5% and 1% critical values of ፲.., ፲ሩ and T) 


T. or T 


(one-sided) (two-sided) 


196 596 


TABLE 10.7. SPEARMAN'S RANK CORRELATION 
COEFFICIENT 


(5% and 1% critical values of rs for one- and two- 
| sided tests) 


one-sided two-sided 


118 11. CONTROL CHARTS 


11.4. MEASUREMENTS DATA 
2. Introduction 


Control charts are used to detect changes in the mean valuo (contre of 
location) and in the variability (dispersion) of a process. The procedure consists in 
obtaining measurements on a sample of n items, computing chosen measures of loca- 
tion and dispersion, plotting the computed values on appropriate charts and. taking 
decisions ত: changes in the processes) depending on the positions of the plotted 
points. 

How is & control chart drawn. for any particular measure of location or dis- 
persion ? Let T represent any such measure based on 55 observations in a sample. 
The central ling of the control chart for T is drawn at ԽԱՐ), the expected value of T 
atid the upper and lower control limits at H(T)+b,o(T) and E(T)—b,0(T) respectively, 
where b, and b; are suitably chosen constants and o(T) is the standard deviation of 
T. The limits obtained by choosing Ել, b, such that 

Probability {T—E(T) > bio(T)} = alt 

Probability {T—H(T) Հ —b,o(T) = a[2 
are called < probability limits. Those obtained by choosing 6, = by = = 3 are called 
three sigma, limits. 


As an example for location, T may be the average 2 or the median 2 of tho 
sample. Charts using 2 and Z are called the z chart and Z (median) chart respectively. 
As a measure of djspersion 7 may be the standard deviation s, or the range R of the 
sample leading to an s-chart or an R- chart. 

Let the true process averagé and standard deviation be represented by # and 
c. Under the asumption of normality of the observations. the o(T) for each measure 
T considered in Table 11.1 is found to be a multiple of c, the process standard 
deviation. . Hence the upper and lower control limits in all these cases can be 
written as 

| | E(T).-ze E(T)-2c 
when / and c are specified. 
| The process mean and standard. deviation may not be specified in practico, 
Եսե may be estimable on the basis of previous data. If the past data are sufficiently 


` numerous; yielding stable estimates of 4 and o, the same formulae E(T)--z, c, #(፻) 
. —2,0 for control limits can be used substituting estimates for ET) and c, 


b. Construction of à control chart 


Table 11.1 provides the formulae for E(T), and multipliers of ౮ or of an estimate 
of ሆ for a. wide variety of measures, T. The general procedure: for constructing a 
control chart. is as follows : 
{i) Decide on the subgroup (or sample) 8126 n. 
(ii) Choose a suitable measure of location and/or a measure of dispersion 
(see column (1) of Table 11.1 for measures commonlv used). 
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նո) (a) If the standards, ie., the mean and the standard deviation of the 
process are known, use the formulae in column (3) for E(T), the central 
line, and the formulae in column (6) for multiplying factors z,,z,. Thus, 
if we want a control chart for the measure s, the sample standard devia- 
tion, the central line is at 020 and the upper and lower control limits are 
at Boo and Be, | 


(b) If the standards are not known, decide to use one of the alternative 
estimates of A(T) given in columns (4) and (5) for the central line and one 


of the alternative estimates 3, R, or R for o 68 defined in 11.16 below. 
The multiplying factors for these estimates are given in columns (7), (8) 


and (9). Thus, if we want a control chart for the median Z choosing $ as 
the estimate of 4 and choosing Ras an estimate of o, the central line is at 


# and the formulae for the upper and lower control limits are, as found 
from column (8) of Table 11.1, 


&--F,R and £—F,R. 


(iv) Having chosen the appropriate formula from Table 11.1 we have to 


find the numerical values of the symbols 4, A, ..., By, By, ... eto.. 


They depend on the value of and the nature of control limits required 


(3 sigma or probability limits). The values of all the symbols of Table - 


11.1 for 3 sigma limits are given in Table 11.2 for values of n= 2 
(1) 10 and for some symbols upto n = 20. The values of some symbols 
for probability limits are given in Table 11.3. 


ር, Estimation of standards 


The methods for computing different estimates of 4 and o from past data are 
as follows. Let լ... y be the available series of past data. Divide the series into 
groups of n observations obtaining k = [N m] subgroups omitting if necessary a few 
observations at the end. It is assumed that N is large compared to m. For each 
subgroup compnte the value of a measure of location and a measure of dispersion as 


shown in the following table. 


In theory we can use any of the 8 estimates of # in conjunction with any of the - 


four estimates of o, but in Table 11.1, we have indicated only some ot the combina- 
tions for which tables exist for computing the control limits. It is also customary to 
examine the homogeneity of past data before using the estimated values of ይ and o for 
control limits. This is done by constructing control charts based on the estimates 
and plotting the subgroup values. Thus if we are computing the subgroup means 


and standard deviations we may construct an 2 chart using the estimates € and s. 


On such a chart we can plot the Ք consecutive values 7, ... ጃኔ and judge whether . 


they were under control. | 


D 
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ESTIMATION QF STANDARDS FROM PAST DATA 


alternativo measures 
sub -| original alternative measures of location | of dispersion 
group series - 
no. mean median sum midrange standard range 
(past data) | deviation 
ն | R 
| mio. - վ 
1 աի. By Tı (Ex) My 81 R, 
‘| Zn 
Tray. " 
2 ፡ à 5: Kë (52)2 KO 82 RB, 
. E | 
x % መ%ዜ ` My ek Ry 
mean ե (52) M 8 R 
median z £ (Za) M p RO 
| c ኣኒ መ 
providing S estimates of u | providing 4 estimates of ሀ 


The symbols used are self-explanatory. Thus £ is the median of the subgroup medians 


£, %,...% 5% isthe mean of subgroup means 2լ, Z, ..., 2৮) 518 tho median of 
subgroup standard deviations 5լ. 32 ..., s, and so on. 


11.2. ATTRIBUTES DATA 


Instead of providing a measurement such as the length of an item, sometimes 
it is scored as bad or good, or as within or outside certain gauge limits, or as having 
a certain number of defects. 'The relevant formulae for the central line and the 3- 
-sigma limits in such cases are given in Table 11.4. 


d and p charts : When an item is scored as good or bad, the quality of a 
subgroup of z items is judged by the number defective (d) or the proportion defective 


(թ). If the number defective is assumed to have a binomial distribution with the 
parameter 7, ‘then 


` E(p-m, 100) = nn. 
T Valls, old) = 1/27 --7) 


which provide the formulae for the central line and the upper and lower control limits 
for the p and d charta. 


18 probability limits are required one has to use. the cumulative probabilities 
of the binomial distribution. Let d, and 4, denote the upper and lower limits for d 
at a probability a/2 on each side. Then they ավ the equations 


| A 62০ S š, “=ላ NËT Հ 2 


tuted in the above formulae. The best est iu ate of z ig p 556 observed 


1 
defective items in the past data. Of sourse, the control chart for p or d with an esti- 
mated y caa be i Í 


862158 32350 এ subg groUuns o 


১১০৯৭ 


115) 
group. 


3 £. 
ቅ--6 and ԵՀ 2 


upper gauge valus, i garv 


5 


ሳያ items 


bove 5 given value and a I ARA pres below 


another given value. Th he quality i subgroup is judged by ց = Ge which is sensi-. 
tive for a change in the average size of the items and/or A == b-a which is sensitive 
for a change in the dispersion of the size of the items. The formulae for the central 
line and upper and lower 3 sigma limits for g and A are given in Table 11.4, where 
7, and me denote the hypothetical proportions of the items below the lower gauge 


and above the upper gauge value respectively 


The. determination of probability limits for small values of n is soniewhat 
difficult in the case of 6—a. For 6+a it is done as in the case of the’ number 
defective chart choosing z = 7414-72. 


If the values of z, and 7, are not known they may be estimated by pı 
and p, the observed proportions of items below the lower gauge value and above 


‘the upper gauge value respectively. The estimate of y(— 74—7,) is g(= Pa—pi) 


and the estimate of 6(-- 7,--75) is B= 21472). The control charts constructed by 
using the estimated values 01) and ծ can be used for testing the homogeneity of past 
data 


11.3. Count or Dzrkovs DATA 


c, C, 6 charts: The quality of an item such 88'6 glass pane or a piece of cloth 
of given dimensions is judged by the number of defects (6) on it. On the assumption 
of a Poisson distribution for c, the mean and variance are each equal to A, the 
Poisson parameter. The formulae for the central line and the 3 sigma limits for c 
‘the number of defects on a single unit, C the total number of. defects on n units and ë 
thé ‘average number of defects per unit are given in Table 11.5. The probability 
limits can be obtained by first computing the cumulative probabilities from the indivi- 
‘dual terms of the Poisson distribution given in Table 2.1. - 


When the.value of A is not specified it may be éstimated from past data by 
the average number? of defects per unit. The homogeneity of past data can be 


pxamined by considering subgroups and plotting the successive values of C or c on 
the appropriate chart based. on the estimated value of A. 
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TABLE 11.1. FORMULAE FOR CONTROL CHART LINES: MEASUREMENTS DATA 
Charts for central tendency and dispersion 


(For description of estimates in columns (4), (5), (7), (8) and (9) see sub-section 11.1c) 


central line factors to multiply given standard or estimates 
i to obtain UCL and LCL 
. using given 
using estimate standard 
| mee moan — | 
(4) (5) (6) 


measures of location 


` sub-group (sample) 
quality 


description symbol 
of chart (statistic) 


T 


using given 


using estimate 
standard 


as distances from the central line 


+A 41 +A; +A; 
sum zz +nA tnd: 4nd: andy 
median 2 +F EF ԷԲ, 


+G: 


+G +G; 


standard 


deviation 8 B, B, I 
B, B, 
range R D; . D, D 
| D, ` Di Ds 
moving 
range (n = 2) Dain = 2) Dein = 2) 


Dain = 2) Djn-2 


———— 


largest | Ga distances from the central line 
‘measurement 1 Ap | +H, 

smallest, | 

Measurement S +H ; +H, 


when L and S are 
plotted together 
with M 
ድ... ስ ከር আস - 
Note nis the sub-group sample size. The 3 sigma values of all the symbols A, Ay, ..., H,, H” for different 
values of n are given in Table 11.2. "The values of B,, By, Dı, 24, Dg for one-sided upper pro- 
bability limits at various levels are given in Table 11.3. The values of A, As, As, 43, F, Ք», Բ), 


and G, G, G3 for probability limits are obtained by multiplying the values for 3 sigma limite 
given. in Table 11.2 by the following factors, 


for UCL of L: 
"for LCL of S: 


probability level : 0.1% 0.5% - 1% 5% 10%, 


factor էօ multiply 3-sigma limits 7 1.087 0.936 0.859 0.653 0.548 
The values of the other symbols for probability limits are not given. | 


The values of cz, dz and «3 are also given in Table 11:2 for n = 20) D. 
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TABLE IL2. FACTORS FOR COMPUTING CONTROL CHART LINES 
Three. sigma: limits 


sub-group (sample) size # formula. 
for general 
factor 2 3 4 5. ER ፣ 8 ፀ 10 ዜ 
4 | 2.12], 1.732 1.500 1.342 1.225 1.134 1.061 1.000 0.949| #/ል/። 
A, | 3.760 2.394 1.880 1.596 1.410 1.277 1.175 1.094 1:028 Ale; 
EU 1.881 1.023 0.728 0.577 0.483 0.419 0.373 0.337 0.308 Ajd: 
49 | 2.224 1.091 0.758 0.594 0.495 0.429 0.380 0.343 0.314 4107 


Bi 9 0 0 9 0.026 0.305 0.167 0.219 0.262 62--36 
B; 1.843 1.858 1.808 1.756 1.711 1.072 1.638 1.609 1.584) ০27-903 
B; 9 9 0 0 0.030. 0.118 0.185 0.239 0.284| Bloc. 
B; 3.267 2.568 2.266 2.089 1.970. 1.882 1.815 1.76]. 1.716| Boje, 


0.547 -0.687 d;—3d; 
5.393 5.469 d;--3d, 
0.184 0.223 Did 
1.816 — 1.77] 224: 


1.7989 ^ 1.760| ০ 
3.2978 — 3.299] Hit: 
0.604 0.572) Hid, 
1.104 1.0721 ጃ,+) 
0.914 0.923 

2.970 3.078 

2.915 3.024 

1.0019 1.018 


Note: The constents tabulated in Table 11.2 have been calculated under the assumption 
that the population distribution is normal. The constants in the general formula of the last column 


are defined as follows. 


>-/ይጎነ. — /n—1 »--1 2 నా 
7 s= = | 5 -Գ | , dz = B(R), ds = op, dm = ER), 


es = delen where s, Ք, Ë, ete are as defined in column (2) of Table 11.1. In the tabulated values 


of da HR! in approximated by the median of the distribution of R. 
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TABLE 11.2 (continued). FACTORS FOR COMPUTING CONTROL CHART LINES 
Three sigma limits 


TE rasa IE ED 


SS ey EE Կոպա 


sub-group (semple) sizə 5 


TABLE 113. FACTORS FOR COMPUTING CONTROL CHART LINES 


One-sidéd upper probability limits 


sub-group (sample) size n 


bility factor 


level - 


2 3 4 5 6 7 թ. 9 10 


.070 


2.146 2.017 1.992 1.849 1:791 1.744 1.704 1 
2.906 2.528 2.286 2.129 2.016 1.932 1.865 1.810 
5.06 5.31 5.48 5.62 5.73 5.82 5.99 6.97 
2.99 2.58 236 2.92 2.12 204 1.99 1.94 
3.19 2.68 243 2.27. 217 209 2.02 1.97 
0.5% 1.879 1.792 ^ 1.724 1.671 1.628 1.592 1.562 1.536 
2.597 2.246 2.051 1.924 1.833 1.764 1.709 1.655 
4.42 4.69 4.89 503 5.15 6.26 5.34 5.42 
2.61 2.28 2.10 1.98 1.90 1:8 1.80 1.76 
2.78 2.37 2147 2.04 195 1.88 1.83 179 
1% 1.752 1.684 1.630 13586 1.550 15920 1494 1.472 
| 2.421 211 1.939 1.826 1745 1684 » 1.635 1505 
412 4.40 460 — 4.76 - 4.88 49 5.08 5.16 
2.43 214 198 1.88 1.80 15 171 168 
2.60 2.22 2.00 1.83 184 159 1574 171 
5% 1.413 1.398 1.378 1355 1.341 1.326 1.313 1.301 
1.953 — 1.752 — 1.639 1.563 1.510 1.469 1437 1.410 
4 
1 
1 


- Note: The values of By; D4 and Ds given in Tablo 11.3 provide only approximate probability 
limits. They have been calculated using the formulao B4 = B2{c2, D, == 723/72, Ds == 12310" 


7 
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TABLE 114. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS : ATTRIBUTES DATA 


sub-group (sample) upper and lower control limits UCL 


f quality central line and LCL (as distances from central line) 
description symbol using given using using given using 
of chart (statistic) standard estimate standard estimate 


I. Attributes Data— General :—number defective or fraction defective chart : 


fraction defective p T ջ | ৪৭ n(1—7) +3 Վ 90629) 
D D 
number defective d nT d +3 nz(1—35) 4-3 Jap(1—3) 
রাত {= np) ! 


9. Attributes Data—double gauging :—(b—a) and (b-- a) charts : (The number below lower gauge is denoted 
by a and the number above upper gauge by ծ. The hypothetical proportion below the lower gauge 
is denoted by z, and above the upper gauge by గ). 


change in location b—a = ያ | #(።3፦-2;) = ny g | ጭ8ጎ/ክ--ጻ7” X 34/np G n) 
change in disper- b+a = እ n(m La = nó h> | +34/nd(1—6) +3/np(I—p) 
sion I 


| (= np) 


Note: 7. denotes the sub-group sample size. 


TABLE 11.5. FORMULAE FOR CENTRAL LINE AND 3-SIGMA LIMITS : COUNT OF 
DEFECTS DATA 


Number of defects or defects per unit charts 


number of defects 


on unit (n = 1) ር Ղ ০ 4588. 4:85. 
number of defects ሮ nA ር +3 nA äng 
on group of n 2 
units (= Zc) (= ne) 
defects per unit సతు. ኋ 5 +34/> - n c 
ዜ n n 


Note: n denotes the sub-group sample size. The method for obtaining probability limits is explained 
in the text. They depend on the tables of individual terms of the binomial and Poisson distribu- 
tions (see Tables 1.2 and 2.1). 
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t 
ኑኃ 
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11.4. CUMULATIVE sum CONTROL CHARTS 


a. Introduction 


- The cumulative sum control chart ( cusum chart ) is used primarily to main- 
tain current control of a process. Its advantage over the ordinary Shewhart chart is 
that it may be equally effective at less expense. This stems from the possibility of the 
cusum control chart picking up a sudden and a persistent change in the process 
average more rapidly than a comparable Shewhart chart, especially if the change is 
not-large. The concept of Average Run Length (ARL) is used in the design of eusum 
charts. ARL is defined as the average number of samples plotted at a specified quality 
level before the chart indicates that the process is off target. 


One sided decision interval scheme 


f Suppose we want to control the process at g, and are interested in detecting 
changes in the process level in the upward direction. A reference value k( յց) and a 
decision interval b are chosen, and the modified cusum is defined as follows. Compute 
successively 


5 | . - %”ም0, Sp = max{0, Se Alps EI e. (1) 


where y, is the r-th observation. The chart indicates corrective action when for the 
first time s, > h. If we want to detect shifts in the lower direction, we use 


56 = 0, sr = 191910, Sp a7 (5--հ) . (2) 
where k < ց. Corrective action is taken when for the first time s; < —A. 


Figure.l is à nómogram which gives the ARL values for the control scheme 
(1) for any given value z of the process level and chosen A, k when the characteristic 
is distributed normally with unit standard deviation. Suppose the process level is 
Jt, process variability is o and averages of samples of size » are plotted on the chart. 


We use La curve when jj < k and the Lr curve when ይ > k. We calculate |፪-- p ue 


and the curve 


and ñ — vi aid locate these points on the line indicated by |= u] yn 
c 


84858 by h ` D respectively and join them by a straight line. The point where 


this line cuts the Le or the Lr curve as the case may be gives the ARL value. 


Ex ample 


দিন Given ES = 10, 2 m$ k= 108 and h Հ 18, find the ARL values for յւ == 100, 
.102 and - 110. E f TAS 


hyn 2.6, 
০ 


|105--100| Yt == 1.0 ARL = 830 (from Le curve), for / == 100. 
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ի 


| 105--102 | Xt 0.6; ARL == 104 (from L, curve), for A == 102 


|| 


|105--110| n 1.0; ARL = 3.5 (from L, curve), for յ == 110 ` 

Suppose we are given two values of the process level, say /tọ acceptable level 
and jl, rejectable level, and also the desired ART, values i.e., of La and L, respectively. 
La will be usually large and L, will be small. There will be a number of combinations 
of n, k and ኔ to meet these requirements. However, there are a number of advan- 
tages to be gained by the use of a central reference value i.e., k = Dieu. We shall 
henceforth choose a reference value which is either central or near central. Table 
11.6 which has been extracted from the nomogram gives the values of 


1/-/4 | vn = |k—jto| v = |o] ւ. 
ve h4/n|c for particular values of La and L, when central reference value is used 

kb-(u-4/2. Then the values of n and A can be computed to Հար à 
Brem eusum control scheme. 


Examples తత జ suitable one sided decision interval scheme such that 
when jy = 4.0, gu, == 4.5 and o = 1, the values of La and Lr are 500 and 8 respectively 


4.00-1-4.50 
2 


k= = 4,95, Ao = 0.25 
2g 


From Table 11.6 we find that 


(4848) = 0.74- and ১878: 
20 
From the first equation, 0.254/n = 0.74 or n = 8.76 with the rounded value 9. Then 


hyn 9 96h = 3.18 or h = 1.07 
౮ 


H -mask Procedure : 


V-mask procedure is used when one is terested i in detecting the shifts kom 
the target level zo in either direction. The procedure is as follows. Compute 


Bo = = 0, Sr = = Stat Cr Aal, r= 1, 2, ።. 


and plot 8, মীর r. A V-mask is super ም (566 gea 2) on the chart 
with the vertex 0 at a distance d in horizontal. plotting intervals ahead of 
the most recent point- P on the chart. If the path of the chart cuts either limb of 
the V-mask, we conclude that the process is off the target. When the lower limb 
is cut, an increase in process levelis indicated-and when the upper limb is cut, a de- 
crease in the process level is indicated. The parameters of the V-mask chart are 
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9 the half angle and d the lead distance. The parameters depend very much on the 
scale of the S, axis and also on the horizontal distance between two successive plots, 
As such we define the scale factor w as the horizontal distance between SUCCESSIVE 
points plotted on the chart measured in terms of unit distance on the vertical scale. 
It has been established that the V-mask procedure is equivalent to simultaneous 
application of two one-sided decision interval schemes. It is also shown that the ARL 
of the V-mask (L) is related to L, and նջ, the ARL’s of two one sided decision interval 
schemes, by the formula 

1 1 1 

1 s 
The relationship of the parameters of the V-mask and the two one sided decision 
interval schemes are given by 


kı == ይሠ tan 0, h, == wd tan ሀ; 
k, == p—w tan 0, —h, = —1w d tan 0. 


Hence either the nomogram or Table 11.6 can be used in the design of V-mask control 
schemes. 


Sr 


UI F . n መ ጆኤ መመ. 
Nox e 
Fig. 2. V-ma&sk Cusum Chart. 


The procedure for finding the sample size, half angle 0 and lead distance 
d is as follows : 


The acceptable process level is #6 and we have two values of j,, the rejectable 
level : x, = go ŁA where A is some positive constant. The values of ARL are specified 
to be Lg at wy and Lr at AoA and z —A. 


(1 Read from Table 11.6 the values of 


ጨመ ve and AVT for 2La and Lr. 


/ու--քօ 


(2) Since 3 


= A/2 is known, the value of n is easily computed. 
(3) |k—ug| = መጋ | = w tan 0 or 6 = tan~ (Բ-ի). 


(4) A = wdtan 0 or aaa. 1/7-/51% 


20 
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Example: Devise a suitable V-mask control scheme, given that նց == 4.0, 
fy = 4.00.5, ሮ == 1 and L, = 500 and T, == 5. 


Entering the Table 11.6 for La = 1000 (== 2x500) and L, = 5, we get 


4/n == 0.80 and ni = 3.41. 


Palo 
2g 


Since 1/1-/5112 = 0.25, ০ = 1, 0.254/7 == 0.80 or n == 10.24 with the rounded off 
value 11. When the scale factor w == 1, we get from Table 17.7. 


2ሠ ap 


) = tan-t (0.25) = 14০, 
ohm. կո-ավո _ 3.41 ; E , 
d= ই మా EF S 4.26 horizontal plotting intervals. 


Cusum charts for attributes 

When we consider number of defects per sample or proportion defective (when 
the proportion is sufficiently small), we can use Poisson distribution for the design of 
cusum control schemes. Table 11.7 (Kemp, Applied Statistics 11, 1962) is useful for 
this purpose. Let ma and mr be the acceptable and rejectable levels of the Poisson 
parameter. Table 11.7 gives for R = m,[mq = 2.50, 3.00, 3.50 and 4.00; L, == 500, 
250 and 125: L, = 5.0, 7.5 and 10.0, the values of ma, k and հ. In case of proportion 
defective গা we note that mg = nm, and m, = nr. 


Example ` 

Given ሸሬ = 0.01, my = 0.04, La = 500 and L, == 7.50 design a suitable 
cusum scheme, 

R = 0.04/0.01 = 4. For R = 4, La = 500, L, = 150 we have ma = 0.24, 
k = 06 and հ = 2.75. ৰ 


NXg = ma = 0.24 == nx0.01 or n == 24. 


Take samples of size 24 and let z, be the number of defectives in the r-th 
sample. Define s, == 0, sr == max(0, s, ,J4-(c,—0.6)). Take corrective action when 
Sp 2 2.75 for the first time, 
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Fig. 1. Nomogram for determining the ARL when the 


quality characteristic jg 
normally distributed, 
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TABLE 11.6. VALUES OF 1751 * AND kn 
<Ç. .7 


FOR PARTICULAR VALUES OF L, AND Ly. 


| m 
Lr 
200 500 1000 
3 0.91 1.03 1.19 
2.07 '2.27 "2:38 
4 0.16 0.85 0.99 
` 2.48 2.75 . 2.93 
5 0.65 0.74 0.80 - 
2.86 3.18 3.41 
6 0.58 0.64 0.72. 
3.23 3.54 3.77 
To 0.52 0.60 0.65 
3.45 3.80 4.08 
8 0.48 0.55 0.60 
f 3.72 4.12 4.36 
9 0.44. 0.51 0.87 
3.89 4.30 4.67 
10 0:42 - 0.48 0.53 
/ 4.05 4.50 4.80 


Lr 
R La . 8.00 . 1.50 10.00 
f ma k h ոտ k A ma k এ 
500 1.18 2.00 65.00 0.64 1.20 3.76 | 0.50 0.90 3.76 
2.60 250 0.93 . 1.50 4.50 -0.52 0.90 3.50 9.42 0.80. 3.00 
125 0.71 1.20 375 ՛ 0.47 0.70 3.25 0.32 0.60 2.25 
500 0.66 1.20 4.00 . 0.6 0.90. 3.50 0.32 0.70 3.00 
9.00 260 0.56. 0.96 3.00 0.40 0.80. 3.00 0.21 0.60 2.50 
125 048 0.80 3.00 0.31 


0.60 3.00 0.15 0.30 2.00 


500 ` 0.84. 1206 3.00 0.35 0.80 3.00 ` 0.24. 0,60 2.75 

3.50 250 “0.41 0.90 2.50 0.27 0.60 2.50 0.18 0.40 2.50 
126 0.34 0.70 2.25 0.18 0.40 3.00 0.13 0.30 1.75 
pmo 
. 800 ' 038 0.80 2.75 0.94 0.60 2.75 0.16 0.40 ' 2.50 

4.00. 250 0.32 0.80 2.25 nä 0.60 2.00 0.12 0.30. 2.00 
125 028 0.70 - 1.75 0.16 0.40 1.76 0.07 0.20 1.50 
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‘12.1 CoNFIDENCE INTERVALS FOR PARAMETERS. 
a. Percentage defective 


In sampling with replacement, the number d of defectives in 8 sample of 
size n from any lot follows a binomial distribution b(n, v) where 7 is the proportion 
of defectives in the lot. . This distribution also holds good, 88 an approximation, in 
sampling without replacement, if the lot size is very large compared to the sample size. 

Confidence intervals for m are tabulated in Table 1.3 for n < 30. Table. 
12.1 provides 95+% and 99+% confidence intervals for 1007 (percentage defective) 
based on ‘the Clopper-Pearson system, for n = 40, 50, 75, 100(100)500, 1000. 

b. Average number of defects 

Under fairly general conditions, the number of defects per unit, in units. of 
identical dimension, follows a Poisson distribution. 

Two sided 95+% and 99+% confidence intervals for the Poisson mean A, the 
average number of defects per unit, are given in Table 2.2. 


c. Average measured value of a characteristic 
-When the measured value of a characteristic is normally distributed as Min, o?) 
confidence limits for its average (ዕዕ) based on a sample of size n are given by 
95% limits: 2 + 1.960/Vn. 
99% limits: 2 + 2.580/Vn 
if 18 known. 
When ౮ is not բ mown, the confidence limits for ይ will be obtained from the 
০ formula 
10001--2)% limits: z+ ፌ#//ሽ--1 
where է, is the two-sided 100০০ point of the ?-distribution with n—1 d.f. given 
in Table 4.1 (refer to the^bottom row of Table 4.1), and s = V/Z(z;—z)'[n. 


When c is not known, instead of the sample standard. deviation, the sample 
range Ror the mean range R from k sub-groups (samples) each of size n, may be used 
along with z, to obtain confidence limits for ր. For computing 95% and 99% confi- 


dence intervals of.the type 2 -Է h R, the factor h has been tabulated in Table 12.2 
for ù = 2 (1)15 and & = 1(1)15. ` 


d; Standard deviation of a measured value 


Hither the sample standard deviation s or the sample range R may be used to 
obtain the confidence interval for the parameter o of the normal distribution. 
Table 12.3 gives factors f, and f, for computing 95% and 99% confidence intervals 
for o, of the type (s, Lal, Table 12.4 provides factors ሀዚ and g, for computing 
95% and 99% confidence intervals for ወ, of the type (g, R, g, R). 

Example. The range of breaking strength as observed in 10 pieses of hard 
drawn copper wire was 50.2 pounds, To obtain 95% confidence limits for a. 


From Table 12.4, the 95% values of g, and g, for n = 10 are read as 0.209 


and 0.597 respectively. Hence. 95% confidence limits for c are 0.209 x 50.2 = 10.5 
ও and 0, 597 x 50. 2 = 30.0 pounds. 
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TABLE 12.3. FACTORS f. AND f; FOR DETERMINING CONFIDENCE LIMITS FOR 
NORMAL PARAMETER s, USING SAMPLE STANDARD DEVIATION 
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TABLE 12.4. FACTORS gı. AND 92 FOR DETERMINING CONFIDENCE. 
LIMITS FOR NORMAL PARAMETER o, USING SAMPLE RANGE 
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0),.02),.03); These values could be in error in the "last digit by the maximum amount of 
£1, +3, +1 respectively. ৰ : ፍጫ nz 
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12.2 TOLERANCE INTERVALS 


a. Introduction 


Tolerance interval is constructed from experimental data such that the 
probability is p that at least a proportion P of the distribution will be enclosed by 
the interval. For the case of the normal population, Tables 12.5, 12.6, 12.7 and 
12.8 give the appropriate factors for constructing tolerance intervals. Table 12.5 
is to be used when s is taken as the estimate of o. The desired limits are then 2-85 
where z is the sample mean. Table 12.5 gives the values of the factor k when z and s 
are computed from a sample of size N for p = 0.75, 0.9, 0.95, 0.99, P = 0.75, 0,90, 
0.95, 0.99, 0.999; N = 2(1)27, 30(5)100(10)200(50) 300(100)1000 and N = oo. ` Table 
12.6 is to be used when a single range is used for estimation of c. Here we use ঠি 
and R where z is the mean and R is the range in a sample of size N. The tolerance 
limits are constructed as z + k,R. Table 12.6 gives the factor հլ for the same values 
of p and P as in Table 12.5 and for N = 2(1)20. Table 12.7 is to be referred when 
we use the average range of samples of size 4. The tolerance interval is given by 
%-Lk,R where টৈ is the grand mean and R is the mean range in N samples of size 4. 
Table 12.7 gives the factor b, for N = 4(1)20(5)30(10)50(25) 125 and N == oo for the - 
same values of p and P as above. Table 12.8 is to be referred when mean range for 
samples of size 5 is used. The tolerance interval is given by «+ k,R where ፳ is the 


grand mean and His mean range in N samples ofsize 5. "Table 12.8 gives the factor 
leq for N == 4(1)20(5)30(10)50(25)100 and N = ০০. 

Table 12.5 is due to Bowker (Techniques of Statistical Analysis, Statistical 
Research Group, Columbia University, McGraw-Hill, New York, 1947). Tables 
12.6, 12.7 and 12.8 are due to Mitra (Journal of American Statistical Association, 
52, 1957). | 


b. Application 

The tolerance intervals are mainly used in quality control work for asserting 
with a given confidence that a certain minimum proportion of the manufactured 
products will have the quality characteristic value between these limits. 


Example 
A sample of 28 tins of hydrogenated oil were taken and net weight was measur red 
(in gms) giving # == 1002 and s = 12. Find tolerance limits having confidence coeffi- 
cient 0.95 for 90% of the population. 


For n == 28, p == 0.95, P = 0.90, we find from the Table 12.5, k = 2.164. 
Hence the tolerance limits are 10024 2.164X12 = 976 to 1028. 
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13. DISTRIBUTION OF RANGE 


13.1 Moment Constants op THE MEAN DEVIATION AND RANGE 


a. Introduction 


| 2 መ... 
Let zu 22, ...,%, denote a random sample of n observations and 2 =— 2 xi. 
i=l 
Let Zap 202), ++) Za denote the same observations in the ascending order of magni- 
tude. The mean deviation m and the sample range R are defined by 


m SC X 12781 and 8 == ant 
T ;=1 

When the population sampled is normal with standard deviation o, Table 13.1 gives 
the expected value, standard deviation and A, and A, for the distribution of m/c. 
This table also gives the expected value (2), standard deviation (03), variance (d$), 
Bi 91017202108 and 0810? for the distribution of the standardised range Bo. 


b. Application 
Table 13.1 is useful for estimating ౮ by mean deviation or range mostly in 
quality control work. For example since E Kiel) = d} R|d, is an unbiased estimate 


of o and the standard error of this estimate is od,/d,. Similarly an unbiased estimate 
of o can be obtained by dividing the mean deviation by its expected value. 


The following table gives the standard errors of different unbiased estimators 
of c, based on sample standard deviation, mean deviation and sample range. 


STANDARD ERRORS OF DIFFERENT UNBIASED ESTIMATORS OF c 
(Expressed in terms of c as unit) 


Range estimate 


Sample size ` S.D. M.D. Range ---------- 
(n) estimate estimate estimate S.D. estimate 
2 0.756 0.756 0.756 1.00 
3 0.523 0.625 ' 0.525 1.00 
4 0.423 0.430 0.427 1.01 
5 0,363 0.373 0.372 1.02 
6 0.323 0.334 0.335 1.04 
7 0.294 0,306 0.308 1.05 
8 0.272 0.283 0.288 1.06 
9 0.254 0.265 0.272 1.07 
10 0.239 0.250 0.259 1.08 
12 0.215 0.227 0.239 1.11 
15 0.191 0.201 0.218 1.14 


20 0.163 0.173 0.195 1.20 
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It is seen that up to n= 10, there is very little to choose between mean deviation 
and range. Beyond this, relative accuracy of the range estimator falls off progressively. 
It is customary to estimate ሮ from the mean range of the observations in a number 
of small groups. If k samples of r observations each are available and wo write the 


mean value of their ranges as Ք, then R/d, is an unbiased estimate of o. The use of 
factors 25102 and d3/d3 is discussed in section 13.3. 


c. Example 


Twenty samples of size 5 were taken of a particular component and diameters 
were measured. The mean range R was 0.01435, find an estimate of c. 
` From Table 13.1, the value of d, for n = 5 is 2.326 (correct to 3 decimal places). 


Hence an estimate of ሮ is 


E E == 0.006169. 


2 23826 


The standard error of thé estimate is estimated by 


6d,[d,./20 = Rd,|d$4/20 = (0.006169)(0.8641)/(4.472136)(2.326) 
GN - = 0.0005. 
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13.2. PERCENTAGE POINTS OF THE DISTRIBUTION OF THE RANGE 


a. Introduction 


For the case of normal population with standard deviation a, Table 13. 2 gives 
for n == 2(1)20, the factor 1142 and some lower and upper percentage points of the 
distribution of the standardized range R/o. This table is useful in setting up a 
control chart for range to check.on the variability of a. product. 


b. Example 


The width of slot of terminal blocks is distributed normally with standard 
deviation 0.001 in. Find 2.5% probability control limit-for ranges of saiuple size 5. 


We have for ዜ = 8, d, = 2.326 and the upper 2.5 percent point is 4.20. Hence 
the central line for the E chart is d, = 0.002326 and the upper control limit 


is 0.0042, 


TABLE 13.2. PERCENTAGE POINTS OF THE DISTRIBUTION OF THE RANGE 


Size of Factor 
sample  1/d; 


n 0.1 0.5 1.0 2.5 5.0 10.0 10.00 5.0 2.5 1.0 0.5 0.1 

2 6.8862 0.00 0.01 0.02 0.04 0.09 0.18 233 2.77 3.17 3.64 3.97 4.65 
3 .5908 0.06 0.13 0.19 0.30 0.43 0.62 2.90 3.31 3.68 4.12 4.42 5.06 
4 .4851 0.20 0.34 0.43 0.59 0.76 0.98 Յ.24 3.65 3.98 4.40 4.69 5.31 
5 .4299 0.37 0.55 0.66 0.85 1.03 1.26 3.48 3.86 4.20 4.60 4.89 5.48 ` 
6 ዐ.3946 0:54 0.15 0.87 1.06 1.26 1.49 3.66 4.03 4.36 4.16 5.03 5.62 
7 .3698 0.69 0.92 1.05 1.25 1.44 1.68 3.81 4.17 4.49 4.88 5.15 5.73 
8 .3512 0.83 1.08 1.20 1.41 1.60 1.83 5.93 4.29 4.61 4.99 5.26 6.82 
9 .3367 0.96 1.21 1.34 1.55 1.74 1.97 4.04 4.39 4.70 5.08 5.34 5.90 
10 0.3249 1.08 1.33 1.47 1.67 1.86 2.09 4.13 4.47 4.79 5.16 5.42 5.07 
11 ,8155 1.20 1.45 1.58 1.78 1.97 2.20 4.21 4.55 4.86 5.23 5:49 6.04 
12 3069 1.30 1.55 1.68 1.88 2.07 2.30 4.29 4.62 4.92 5.29 5.54 6,09 
48 .2998 1.39. 1.64 1.77 1.97 2.16 2.39 4.35 4.08 4.99 5.35 5.60 6.14 ৰু 
14 +2935 1.47 1.72 1.86 2.06 2.24 2.47 4.41 4.74 5.04 5.40 "m 6.15 
15 0.2880 1.55 1.80 1.93 2.14 2.32 2.54 4.47 4.80 5.99 5.45 5.70 6.23. 
16 .2831 1.63 1.88 2.01 92.21 2.39 2.61 4.55 4.85 5.14 5.49 5.74 6.27. 
17 .2787 1.69 1.94 2.07 2.27 2.45 2.61 4.57 4.89 5.18 5.54 5.78 86.31 
18 .2441 1.76 2.01 2.14 2.34 2.51 2.73 4.61 4.93 5.22 5.57 5.82 6.35 
19 .29711 1.82 2.07. 2.20 2.39 9.57 2.19 4.65 4.97 5.26 5.61 5.85 6.38 
20 0.2677 1.87 2.12 2.25 2.45 2.62 2.84 4.69 5.01 5.30 | 5.65 5.89 6.41 


The unit is the. population standard deviation. 


Lower petcentage points 


Upper percentage points 


Estimate of o = range (or mean range) in a sample of n observations x 1102. 
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13.3 VALUES ASSOCIATED WITH THE DISTRIBUTION OF THE AVERAGE RANGE 


a. Introduction 

Suppose we. have k samples each of size n from a normal population with 
standard deviation c. Let Ri Ro :.., Ry be the sample ranges and R their average. 
Patnaik (Biometrika, 1950, 37) showed that v( R]dt)tjo? is approximately. dístribu- 
ted'as y? with > degrees of freedom where the scale factor d; and the equivalent 
_ degrees of freedom v are functions of n and k. ` These functions are given. in Table 
13.3 for n = 1(1)15. 


b Application 

The significance of Patnaik's work is then that in any analysis using s, we 
can replace s by the more readily computed Rid. This provides shortcut tests in- 
volving the use of range or mean ranges instead of mean squares. Some of these 
are: analysis of variance, substitute F tests, substitute ఓ tests etc. 


^c. Example 

“The following are data on weight of antibiotic filled in vials (in some coded 
units). Between the morning and the afternoon production runs, the filling machine 
was reset and there was some question as to whether the average level was same. 
for both the per 1008. There-is no reason, however. to believe that variation in weight 
was different for the morning and. afternoon. runs. 


Morning run sample Afternoon run sample 

22.0 22.5 
22.5 | 19.5 
22.5 . 22.5 
24.0 22.0: 
23.5: 21.0 

d, = 22.9 By == 21.5 

R, = 2.0 : R,=3.0, Ë= 2.8 


From Table 13.3, for k == 2, n = 5, we have մշ = 2.4 and v = 7.5. 


(= Vilas] _ /81298-2151 _ 212 


+/20812) +/2(2.519.4) 
The critical value of £ at. 5% level of significance for 7.5 degrees of freedom (from 
Table 4.1) is about 2.33, indicating that the process level was same for both the runs. 
d. Unequal sample sizes 
In case of k samples based on unequal sample sizes n; Gesi. k), an 

‘estimate of o may be obtained from the mean weighted range 

-k ի 

Sc R,(d,/d3) 

i=} 

a: 2 

z (ጩ/ቹ)+3 

i= 


where the factors d/d} and 0210 are given in ‘Table 13.1. This quantity is approxi- 
mately distributed as the root mean souare estimator s for v = 1 X ৫0810? degrees of 


freedom. 
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13.4. PERCENTAGE POINTS op THE STUDENTIZED RANGE 
a. Introduction 
f The studentäzed range used in tests of means is defined as q = Rls,, 
where s? is an independent mean-square estimate of o? based on v degrees of freedom. 
"Table 13. 4 gives lower and upper 1% and 5% points when the population sampled 


is normal. The entries iñ the table correspond to a given number of degrees of 
freedom for s and the sample size for R. 


b. Application 

The main use of this statistic is in: analysis of variance where it serves 86 . 
an alternative to the F test., In the simplest case when there are k groups each of 
r observations, we compute the value of the statistic d = ጎ/"(፻6)--ፆ6))/5. Where 
26) and Zu are the largest and smallest group méans respectively and sis the 
error mean square iü an analysis of variance table. We get the critical value. of q 
‘by reading the upper percentage point for k(r— 1) degrees of freedom and sample size 
k. However this table in conjunction with Table 13:3 provide short. cut tests in ana- 
lysis of variance through use of range. For this purpose; we substitute Rid; for s 


where. R is the mean of the rangeg of k groups and di is an. appropriate factor obtained 
from, Table. 13.3 for. k samples each of size r. The. equivalent degrees of ` freedom ౪. 
is also read from this table. ‘The critical value of the statistic q = ጎ/፣(ኞዕ)--ኞ(/)( #9 
is obtained by reading the upper percentage point of the studentized range for degrees 
of freedom and. sample size k. 


c. Example 

The melting point of a chemical was detérmined thrice on each of four 
thermometers: . 
| MELTING ‘POINT IN DEGREES CENTIGRADE 


‘Thermometers, : 
Abo fes 3. Վ 
KUY 173.0 171.5 173.5 
173.0 172.0. 171.0 171.0 
f Tus 173.0 .173.0 172.5. 
& Lä 10 29 2.5 ‘B= 1.625 


Do the thermometers read differently 1 | 
"We have from Table 13.3 for 4 samples and each of size 3,d; = 1.75 andy = 7.5 


— V3(173.5~171.83) 


(1.625/1.75). — a 


From Table 13.4, the upper 5% point for studentized range for sample size 4 and for. 
1.5 degrees of freedom (by: linear interpolation) is 4.61. Hence this test does not 
lead +0 a rejection of the null hypotheses. 
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152 14. LAGRANGIAN INTERPOLATION COEFFICIENTS 
Տ. Lagrange’s formula 


. Given the values of a function f(x) at x = z; (i = 1, 2, ..., m), tho interpolated 
value at any value of z is given by formula 


fa) = Š 4/3/መ) 


| ላ... (Ե-յա-յ) ... (79400559778) ››› (৩79৮) 
Mane Aila) (x; ক iu . (z SE 2 +, (ሻቫ2) 


This formula due to Lagrange gives directly the equation to the (m—1)-th dogreo 
polynomial which coincides with f(x) at the chosen points. 


- The coefficients A(z) are tabulated in Tables 14.1 to 14.4 for the special caso 
where the chosen arguments 2; are at equal intervals and for m = 3, 4,5and6. These 
tables will be found very useful for polynomial interpolation since they: avoid the 
computation: of a table of differences (see chapter VI of Part I). | 


b. Application 


Suppose a function f(x) is tabulated at intervals of 10, say at x = 30, 40, 50, 60, 
70, 80, ..., and the value of the function is required at 52. Let us decido on a four 
point interpolation formula (m = 4) and choose the arguments 40, 50, 60, 70. In 
Table 14.2 the four arguments are always written as —1, 0, 1, 2, so that a suitable 
translation and scale transformation is required to apply the for mula. In the present 
case the origin is 50 and the scale is 10, the width of the interval of tabulation. Now 
we compute w= (52—50)/10=0.20, subtracting the value of the origin and dividing by 
the width of interval. Reading from Table 14.2 we find the values of .4..լ, 440) A, 43 
eorresponding to u = 0.20. Then the interpolated value for /(52) is A., f(40)4-A, 
f(50)-- A, J(60)+ A, f(10). We could have chosen any set of four consecutive argu- 


ments. But it is better, if possible, to choose the arguments symmotrivally about the 
interval containing 52. 


Example. The following are the 1% values of chi-square for different degrees of 
freedom. 


af " 


30 ` 14.95 
40 22.16 
50 20.71 
60 ` 8749 
70 45.44 
80 53.54 
90 61.76 


100 70.07 


Find by interpolation the values of x? for (i) 52 d.f. and (ii) 33 d.f. 
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(D EVALUATION ՕԲ THE 1% VALUE OF x? FOR 52 D.F. 
USING 4-POINT INTERPOLATION /TARLE 14.2) 


= 52—50 


u = 0.20 


10 


coefficients ` 


col. (2) x col. (3) 
for u = 0.20 SH 


(4) 
4.,----0.048- | —1.0637 ”። - 
A= 0.864 | 25.6094 
A= 0.216. | 8.0978 
4,=--0.:085- | —1.4541 
1.000 | 31.2494 (Required value) 


(ID EVALUATION OF THE 1% VALUE OF y: FOR 33 D.F. 
USING 4-POINT INTERPOLATION (TABLE 14.2) 


u = 33-40 = 940 


10 
| E [58 Disch om 
: (4) 
A= 0.5355 8.0057. 
46= 0.6885 | 15.2572 
| 4,= --0.2835- | —8.4228 
: 2.2307 


17.0708 (Required value) 


In this case it is not possible to choose tabular values symmetrically on. either side 
ofz. The four tabular arguments closest to z are 30, 40, 50 and 60. 
c. Another table. 


1. NATIONAL BUREAU OF STANDARDS (1944): Tables of Lagrangian Interpolation Coeficients, Columbia 
University Press. ` | 


` Coverage : I হরির 
Formula . Coefficients given to ዝ 

Յ քե. 9 ৫০০. -1(0.0001)1 

4 բե. 10 dec. | --1(0.001) 0(0.0001) 1 (0.001) 2 
5 pt. 10 በ66. . ፦-2(0.001) 2 

6 pt. 10 dec. --2(0.01)0 (0.001)1 (0.01)3 

7 քե. 10 dec. -3(0.1)--1 (0.001)1 (0.1)3 

8 pt. 10 dec. —3(0.1)0 (0.00151 (0.114 

9 pt. 10 dec. —4(0.1)4 

10 pt. 10 dec. :—4(0.1)5 


11 pt. ` ` 10 dec. _'_'5(0.1)5 
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TABLE 14.1. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 


Throe-point formula (Quadratic) 


run 40 A1 


ç — .00000 1.00000 — .12500 .15000 .37500 
.01 | —.00195 .99990 .00505 — .19495 .73990 .38505 
.02| --.00980 .99960 - .01020 - .12480 72960 ' .39520 
.03| -- .01455 ,99910 .01545 —.12455 .71910 10545 
.04| —.01920 .99840 ..02080 - .12420 .10940 41580 
.05| --..02375 ..99750 .02625 —.12315 .68750 .42625 
.06| --.02520 .99640 .03180 —.12320 68640 43680 
.07| —.03255 .99510 .03745 — 15255 .67510 44715 
.08| --.03680 .99360 .04320 — 12180 .66360 40820 
.09| --.04095 .99190 .04905 --. 12095 65190 .16905 
১10] —.04500 .99000 — ,12000 .64000 . 48000 
.11| —.04895 ..98790 .08105 — 111895 69700 -49105 
12| —.05280 .98560 ` .06720 —.11780 61560 .50220 
13 | — -05655 .98310. ,07345 — ,11655 60310 .51345 
.14 | '—.06020 «98040 ,07980 —.11520 .59040 ‘52480 
-15| --.06375 .97150 — 11375 .57750 53625 
‘16 | —.06720 .97440 .09280 — 11290 .56440 .54780 
.17 -- .07055 91110. .09945 — 11055 .55110 .55915 
.18| --.07380 ,96760 -10620 — ,10880 .53760 .51120 
.19]. —.07695 -96390 .11305 - ፦ .10695 ,52300 .58305 
.20| --.08000 .96000 ..12000 — ,10500 .51000 .59500 
21| --.08295 .95590 .12705 — .10295 .49590 . 00705 
22] —.08580 .95160 .13420 — ,10080 .48160 .61920 
.23 —.08855 94719 14145 ፦ ,00855 -46710 .03145 
.84| -- .09120 .94240 .14880 — .09620 45940 .64380 
.95| -- .09375 .93550 15625 — ,09375 ገ5 .65025 
.26| --.09620- .93240 .16380 — .09120 1490 | .66880 
+27 | --.09855 | .92710 ,17145 — .08855 .40710 .08145 
-28 | --.10080 . .92160 .17920 — .08580 39160 .69420 
.29| --. 10295 '_ Վ91590 — ,08205 .31590 ‘10705 
.30| --.10500 .91000 —.08000 ^ .72000 
.31] --.10695 .90390 .20305 — .07695 "3800 .  ,73305 
.32| --.10880 «89760 .21120 —.07380 .32760 . 74020 
-33 | —.11055 .89110 21945 -- , 07055 31110 . 15945 
4] --.11250 “88440 .22780 — 06720 29440 77280 
.35| —.11375 .87150 .23625 — .06375 .78025 
.36| —.11520 81040 94480 = 06036 75000 .'19980 
.97| —.11655 86310 .25345 — .05655 .94310 81345 
.38 | —.11780 .85560 ` .26220 — .05280 .92560 ,82720 
:39 | —.11895 .84790 .27105 ሙ , 04805 ,90790 ,84105 
.40| --,12000 .Ց4000 -.28000 — .045 ! ነ 85500 
.41| —.12095 .83190 .28905 - "04098 “17190 -86905 - 
.42| —.12180 .82360 : .29820 —.03680 .15300 .88320 
.43 -—-.12255  . .81519 . .90745 -- 03255 33510 .89745 
ane -12320 80640 — ,02820 111640 .91180 
.45| = 12875 Kë — ,02375 _ 92625 
-46 | ፦.12450 .78840 -  .33580 — 01920 "07820 .94080 
| —.12455 . T1910 . .94545 — .01455 .05910 .955465 
+43 | — .12480 . 16960 ,98520 — .00980 .03960 -97020 
.49 |. —.12495 . 75990 36505 ፦ ,00495 .01990 ,98505 


Note : ፲፻ the arguments chosen are zx <23 Հաց and interpolation is required at alain m as), compute 
u = (z—2£3)/h, where h = 23 -- 24==23 pn, Read the three entries 4-3, Ao, Ay corresponding to u. Then 


the ‘interpolated value is A. ffe) 1 Ae Feat 41 fie. It z is such that ալՀ-ԹՀ-աօ, then compute 
৮ = (t2—2)/h and use the formula A a /(»օ)-Է Ao Sei. Ay f(y). | 
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0009928" 
00002429" 
0009980" 
. 00009[?" 


00096 IE": 
` 0000776" 
0009671" 
0000980" 
0009850' 


- 0009290` 
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66890 
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0821990900" 
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9፳09290' 
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በ856000 
9916090" — 
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0009950: — 
9895770" — 
0800870" — 
96[ዕ[ፃ0፦ 
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S61F1LCS 


00009 [6 * 
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0796౯61 " 
9966 [8 1" 
069404: 


999691" 
0977971" 
19881 
0998961" 
97809] [" 


0009ኑ01' 
89869660" 
౧7765806" 
98220) 
0669190" 


981190” 
068920}0" 
ር9፪ቅ0ኒበ' 
0961050”' 
S6F0010 ° - 


౧009౯6౬" 
CFOOESL 
0949764 " 
Զ156105' 


0991119”. 


9616079 ' 
0618679" 
9£818£8" 
06698 
9099999 * 


0000708 ` 
9689649 " 
0919099 ° 
9999888 ` 
097796?" 


` SL81F06- 


0568106" 
9861616" 
09926" 
€896t£6* 


0009036" 
29280" 
09989996 " 
91£2096 
0809996" 


28০56" 


02886" 
0౮1) 06" 
౧7006096 
4006766 ° 


` = ty 0510985” = Op ‘0703070 — = ՐՔ ক = 8 30፤ MUL 
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2107. 


000ና69ና0'፦ 


189890 
056ዕፊ90"'፦ 
ር088980"፦ 
౧9౧4౬99౧ — 


9౬901960 
0৮098০0+-- 
98ኝ5590"፦ 
0806090'፦ 
9፪6፻6፻0'፦ 


00008ቅ0'፦ 
988ቅፀቐ0" 
92470 — 
99£0£P0'— 
0916170" — 


SE [06807 
07౮౯6౯0" — 
96፻፪850"፦ 
0880££0' — 
£8£80£0' — 


00099650" ~ 
9110960"-- 
0699Ե620՞-- 
90Ֆ6020"-- 
0962810- 


9/8৮৫10- 
02795610" — 
SF99600'— 
089Ֆ900' — 
9౭96600" — 


156 f FORMULAE AND TABLES FOR STATISTIOAL WORK 
| TABLE 14.3. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 


Five-point formula- (Quadric) 


0.0016493 —0.0130654 0.9995000 0.0135086 —0.0016827 
0.0032614 —0.0255898 0.9980006 0.0277225 - በ, 0በ33946 
0.0048325 —0.0375662 0.9955032 0.0423618 —0.0051315 
0.0063590 —0.0489882 ` , 0.9920102 0.0575078 —0.0068890 
0.0078375 | --0.0598500 0.9875250 0.0731500 —0.0086625 


৩১০৬০৩৬৯০৩০: 


9. - 0.0092646 —0.0701466 0.9820518 0.0892774 --0.0104474 
0. 0.0106373 --0. 0798734 0.9755060 0.1058780 —0.0122387 
0. 0.0119526 --0.0890266 0.9681638 0.1229414 --0.0140314 
0. 0.0132077 —0.0976030 . 0.9597624 0.1404530 --0.0158203 
0, 0.0144000 --0.1056000 0.9504000 0.1584000 --0.0176000 
0. 0.0155269 --0.1130158 0.9400856 0.1767682 —0.0193651 
0. 0.0165862 --0.1198490 0.9288294 0.1955430 --0.0211098 
0. 0.0178757 —0.1260990 0.9166424 0.2147090 —0.0228283 
0. 0.0184934- --0. 1317658 0.9035366 0.2342502 —0.0245146 
0. 0.0193375 . --0.1368500 0.8895250. 0.2541500 —0.0261625 
0. 0.0201062 --0.1413530 0. 8746214 0.2743910 —0.0277658 
0.5 0.0207981 —0.1452766 0.8588408 0.2949554 —0.0293179 
0. 0.0214118. —0.1486234 0.8421990 0.3158246 —0.0308122 
0. 0.0219461 —0. 1513966 0. 8247128 0. 3369794 —0.0322419 
0. 0.0224000 —0. 1536000 0.8064000 0.3584000 —0.0336000 
0. 0.0227725 --0.1552382 0.7872792 0.3800658 --0.0348795 
0. 0.0230630 --0. 1563162 0.7673702 0.4019558 — 0.0360730 
0. 0.0232709 --0:1668398 0.7466936 0.4240482 —0.0371731 
0. 0.0233958 --0. 1568154 0.7252710 0.4463206 .  —0.0381722 
0. 0.0234375 --0.1562500 0.7031950 0.4687500 —0.0390625 
0. 0.0233958 --0.1551514 0.6802790 0.4913126 --0.0398362 
0. 0.0232709 . —0: 1535278 0.6567576 0.5139842 —0.0404851 
0. 0.0230630 > —0.1513882 0. 6325862 0.5367398 --0.0410010 
0. 0.0227725 -.0. 1487422 0.6077912 0.5595538 —0.0413755 
9. 0.0224000 --0. 1456000 0.5824000 0.5824000 --0.0416000 
0. 0:0219401 . --0.1419726 0.8564408 0.6052514 --0.0416659 
0. 0.0214118 —0.1378714 0.5299430 0.6280806 —0.0415642 
0.4 0.0207981 —0.1333086 0.5029368 0.6508594 -.0.0412859 
0. 0.0201062 ` —0.1282970 . 0.4754534 0.6735590` --0.0408218 
0. 0.0193375 —0.1228500 . 0.4475250 0.6961500 --0.0401625 
0. 0.0184034 . —0.1169818 0.4101846 0.7186022 —0.0392986 
0. 0.017575 —0.1107070 0.3904664 0.7408850 —0.0382203 
0. 0.0165862 —0.1040410 0.3614054 0.7629670 --0.0369178 
0. 0.0155269 —0.0969998 ^. 0.3320346 0.7848165 --0.0353811 
0. 0.0144000 —0.0896000 0.3024000 0.8064000 --0.033600Ը 
0. 0.0132077 --0.0818590 0.2125304 0.8276850 —0.0315643 
0. 0.0119526 --0.0737946 o. 2424678 0. 8486374 .—0.0292634 
0. 0.0106373- --0.0654254 0:2122520 0.8692226 --0,0266867 
0. 0.0092646 —0.0567706 0.1819238 0.8894054 —0.0238234 
0.4 0.0078375 —0.0478500 0.1515250 0.9091500 --0.0206625 
0.0063590 --0.0386842 0.1210989- 0.9284198 «--0.0171930 
0.0048325 —0.0292942 . 0.0908872 0:9471778 --0.0134035 
0.0032614 --0.0197018 .0.0603306 0. 90653862 --0.0092826 

- 0.0016493 --0.0099294 0.0300920 '0.9830066 -0. 0048187 


Note: If the arugments chosen sre mi «C23 234 Ae e and interpolation is required at 2(23 «72 «24),. 
compute 8= (2--23)/ቹ6, where հ is the interval of the argument. Read the entries 4 2, A.1, Ao, A1, 42: 
corresponding to u. Then the interpolated value is A. fait A f(z2) + Aof(z3)-- 41 flea) +Arfles). 18» 
is such that ma E s, then compute Trenes and use the formula এ 5f(£5)-- 4.1 Has +ተ49ዐ0/ወ + 
43 fez) + Af). 
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TABLE 144. THE LAGRANGIAN INTERPOLATION COEFFICIENTS 
. Six-point formula (Quintic) 


ያ 4s Aa 40 ` . A, . | A ER 
501 .0004957921 --.0049333767 .9965490858 .0100660817 --.0025038746 .0003332917 .99 
১02 .0009830066 — .0097336932 .9928367064 .0202619736 --.0050143268 .0006663334 .98 
ւ03 .0014614085  —.0144012590 .9888864505 .0305841170 --.0075295925 .0009988752 .97 
ի 04 .0019307725 --. 0189364224 . 9846939648 .0410289152 --.0100478976 .0013306675 .96 
+05 ‘0023908828 --.0233395703 .9802619531 .0515927344 —. 0125674609 .0016614609 .95 
১06 .0028415335  —.0276111976 .9755931752 .0622719048 --.0150864924 .0019910065 .94 
Bud .0032825281 --.0317515567 .9706904458 .0730627217 --.0176031946 ` .0023190557 .93 
.08 .0037136794 --.0357613568 .9655566336  :0839614464 -- .0201157632 .0026453606 .92 
.09 .0041348096 --.0396410640 .9601946604 .0949643071 --.0226223873 .0029696742 .91 
.10 .0045457500 --.0433912500 .9546075000 .1060675000 --.0251212500 .0032917500 .90 
,11 0049463412 -- .0470125223 .9487981771 .1172671904 --.0276105290 :.0036113426 ,89 
.12 50055364326 | —.0505055232 .9427697664 . 1285505136. --.0300883968 .0039282074 .88 
.13 .0057158827  Á—.0538709296 .9365253917 .1399405758 .—.0325530217 .0042421011 .87 
.14 .0060845585 -- .0571094594- .9300682248 ՛.1514064552 --.0350025676 .0045527815 .86 
.15 .0064423359 --.0602218359 .9234014844 ,1620532031. --.0374351953 .0048600078 .85 
,16 .0067890995 -- . 0632088576. .9165284352 .1745768448  —.0398490624 .0051635405 .84 
-17 0071247422 -- .0660713273 .9094523870 .1862733805 --.0422423240 .0054631416 ,83 
.18 .0074491654  —.0688100868 .9021766936 .1980387864 --.0446131332  .0057585746 .82 
.19 .0077622787 --.0714260096 .8947047517 .2098690158, —.0469598417  .0060496051 .81 
.20 .0080640000 --.0739200000 .8870400000 .2217600000 --.0492800000 .0063360000 . .80 
.21 “0083542553 -- .0762929929 .8791859183 .2337076492 -- .0515723583 . 0066175284 .79 
.93 .0086399786 --.0185459532 .8711460264 .2457078536 --.0538348665 .0068939614 .78 
.23 .0089001118  —.0806798752 .8629238830 .2577564845  —.0560656760. .0071650719 TI 
.24 .0091556045  —.0826957824 .8545230848 .2698493952 --.0582629376. .007430€355 .16 
.25 .0093994141 — -0845947266 ১8459472656 .2819824219 --. 0604248047 :.0076904297 .75 
,26 .0096315055 —.0863777876 .8372000952 .2941513848 --.0625494324 .0079442345 .14 
,27 .0098518513 -- 0880460729. , 8282852783 .3063520892 --.0646349783 . 0081918324 .13 
,28 .0100604314 -- 0896007168 .8192065536 .3185803204 --.0666796032 .0084330086 .72 
. 29 .0102572328 --.0910428802 .8099676929 .3308318746 -- .0686814711 .0086675510 71 
.30 .0104422500 -- -0923737500 . 8005725000 .3431025000 --.0106387500 .0088952500 .20 
.31 .0106154844 --.0935945385 .7910248096 .3553879579 --.0725496127 .0091158993 69 
132 .0107769446 —.0947064832 .7813284864 .3676839936 — 01744122368 00923292954 . 68 
.33 .0109266459 --.0951108458 .7714874242 .3799863433 -- .0762248054- .0095352378 .67 
.94 .0110646105 --.0966089124 .7615055448 .3922907352 —.0779855076 .0097335295 ,66 
,35 .0111908672 --..0974019922 .7513867969 .4045928906  —.0796925391 .0099239766 .65 
.36 | .0113054515 --.0980914176 ..7411351552 .4168885248 -- .0813441024 . .0101063885 ' .64 
,97 .0114084054 —.0986785435 .7307546195 .4291733480 -- .0859384077  . 0102805783 .63 
.381 .0114997774 --.0991647468 .7202492136 .4414430664 --.0844736732 . 0104463626 .02 
.39 .0115796219  —.0995514258 .7096229842 -.4536933833 --.0859481254 .0106035618 .61 
.40 .0116480000. --.0998400000 .6988800000 .4659200000 -- .0873600000 .0107520000 ,60 
.41 .0117049786 --.1000319092 .6880243508 .4781186167 --.0887015421  .0108915052 ,59 
, 42 .0117506306 -- .1001256132- . 6770601464 .4902849336 --.0899890068 ..0110219094 | ..58 
.43 .0117850351 --.1001315915 .66599151655 .5024146550 --.0912026598 .0111430487 "DI 
.44 .0118082765 --.1000423424 .6548226048 .5145034152 —.0923467776 .0112547635 .56 
„45 .0118204453 --.0998623828 .6435575781 .5265471094` -- .0934196484 .0113568984 .55 
.46 .0118216375 —.0995932476 .6322006152 .5385412648 -- .0944195724 .0114493025 .54 
.47 .0118119546 --.0992364892 .6207559108 .5Փ504816667 -- .0953448621 ১0115718292 53 
,48 | .0117915034  —.0987936768 16092276736 . 5623640064 ~—.0961938432 .0116043366 52 
49 .0117603961 —.0982663965 .5976201254 .5741840421 --.0969648546 .0116666877 . .51 

50 ,0117187500 -- 


.0976562500 58593750009 .6859375000 '-.0976525000 .0117187500 | .50 


Ai 49 WEE Aa | u 


Note. If the arguments chosen are ue aen ue see and interpolation is required at 2 
such that zwee Su compute u = (z—zs)[h where እ is the interval ot the argument. Then read the 
entries A-z, 4-1, Ao, A, As and A; corresponding to u and use the formula 

| Acs fri) 4-1 /ጆ)ተ40 ያ(53)ት 44 H) tA: f(zs) + As fre). 

For values օք u in the right hand side column of the table, the coefficients are to be read as 
indicated in the bottom row of the table. Thus for u = .59, A.: = .0108915052, 4-1 = —.0887075421, 
An = 4781185167, 41 = 6880213503, A; = --.1000319092, A, = .0117049780, 


158 15. NUMERICAL INTEGRATION COEFFICIENTS 
15.1. CoxrriorENTS FOR EQUISPACED ORDINATES 


a. Introduction 


d 
For evaluating an integral f f(z)dz knowing only the values (ordinates) 
€ 


of f(x) at equidistant values of z tabulated at intervals of h, the formula used is 
Ճ weighted linear combination of the ordinates. Some well known and simplo 
formulae are already given in Chapter VI of Part Լ. For a general formula using ո 
polynomial approximation of the maximum degree for f(z), the compounding 
coeffiients, which (apart from the multiplier հ) depend upon the number and the 
position of the ordinates, are given in Table 15.1. As regards the position of 
ordinates, relative to interval (6, ወ), three types of situations are considered. 


ል. (2m—1) internal and the two terminal ordinates at c and d. 


B.: (2m—1) internal, two terminal and two external ordinates at c—A and 
ፀጉ. 


C. (27৮71) internal, two terminal and four external ordinates at c—2h, 
ch d+:h and d+2h. 


Coefficients ‘are given for m= 1, 2, 3, 4 and 5 in the caso of A and B type of 
formulae and for m = 1, 2, 3, and 4 in the case of C type. 


In Table 15.1, f(a) is the ordinate at the midpoint a of the intorval (c, d), flah) 
are the ordinates at the points ፀ-+.. and a— eto. 


b. Application 
45 1 : 3 
To evaluate f ՄԱՅ) c7 x dx using ordinates tabulated at an interval of 0.5. 
2.5 $ ի . 


Here À == 0.8 and and tlie number of internal and terminal ordinates available 
is 5 so that 2m--1 = 5 or m = 2. The computations aro as follows : 


coefficients from Table 15.1 for m == 2 


| . ‘for type of formula 
-2 f(z) — F  . — — 
bh ; : B 0 
no external two external.  - four external 
ordinate ordinates ordinates 
: 1.5. 0.308360 -r | .'- 13 
2.0 0.215963 . տ — . -—224 
ሀ= 2.5 0.146450 | 14 ` 842 ' 5494 
3.0 0.097304 - 64 . 1294 ` ^ 17035 
a = 3.5 0.063746 294 ' .664 10870 
4.0 0.041335 . | 0804 .. 1224 ` 17632 
ሀ= 4.5 0.026591 |. 14 '_ 342 .. 5494 
శ్‌ 6.0 0.017001 በርን ; 
5.5 


0.010815 య 3 | 224 


Using. A type formula the required integral is given by 
፳[143ረ6,146450 4-64 X 0.0973044-...] - 45 
= 0.5 X12.825374 + 45 = 0.142504. 
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160 FORMULAE AND TABLES FOR STATISTICAL WORK 


If ordinates at 2.0 and 5.0 are used in addition to internal and terminal ordinates 
(Bt type formula) the integral is 
h{(—8) x 0.2159634-342 x 0. 1464501... ] + 945 
—0.5x 269.339118 — 945 = 0.142507. 
If ordinates at 1.5, 2.0, 5.0 and 5.5 are used in addition to internal and terminal 
ordinates, (C typo formula) the integral is 
h[13 x 0.308360-+(—224) x 0.215963--...) - 14175 
= 0.55 4040.054461 — 14175 == 0.142506. 
15.2. AsscissAE AND WEIGHT COEFFICIENTS IN GAUSSIAN 
QUADRATURE FORMULAS 
a. Introduction f 
The quadrature formulae given in Table 15.1 are useful when the values of 
the function to be integrated are known (tabulated).at equispaced values of the 
abscissa. But if such a table is not available and the function itself has to be evaluated 
ab selected values of the abscissa, one can use more precise quadrature formulae due 
to Gauss, which specify an optimuin choice of the abscissa for this purpose. To apply 
the formulae given in Tables.15.2.—15.4, the values of the function are computed 
at the specified values of the abscissa and then 2 linear combination of these values is 
taken using the weight coefficients. 


b. n-point Gauss-Legendre formula 
Lëtze = qfi) af ouf 


This formula is useful for evaluating definite անան of the type ն f(x Va The values 


of z where the function f(x) has to be evaluated and the corresponding coefficients 
ց are given in Table 15.2, for any chosen value of n == 2(1)16. Note that integra- 


tion in any finite range can be reduced 50 integration over the range (—1, 1) by suitable 
ር = of the variable, so that Table 15.2 is useful 


in evaluating integrals 
of the form 7 J(x)da. 


c. n-point Gauss-Laguerre formula 


ያ ০০0৫5 00507154746) 


This formula is useful for evaluating definite integrals of the type ያ e*f(z dz. The 


values of z where the function f(z) has to be evaluated together with tlie corresponding 
coefficients J are given in Table 15.3, for any chosen value of ዜ == 2(1)10. 


d. n-point Gauss-Hermite formula 
.. এ €? flade = fle) + f)4-...- ha fin) 


This formulà is useful fof evaluating definite integrals of the type J e Fields, The 


values of z where the function f(z).has to be evaluated together with the corresponding 
coefficients # are given in Table 15.4, for any chosen value of ዜ = 2(1)10. 
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164 16. ORTHOGONAL POLYNOMIALS 


8. Introduction 


Consider the following polynomials due to Tchebychoff 


P(x) == 1 
p(z) == z 
` .--1) 


"ጥን == qvi 
የ መወ x 19 


| ల్కీ(౫) = 7 সি) 


3..-13)25 , 3(n3—l)(n3—9 
del = భోం ሞም 4 


տ 5(ո--1)23 (15ո4--23072--407)2 
ËCH <= gcc F: — 408 " 


: 5(37%2--31)% 5n1—110n?--329)z? 
die) = ae թոնի» + (ո LIO ane 


| Din E 
T ~ 14784 T 


Observe that - (৮) = (—1y %(-). 
These polynomials have the following orthogonality property 


If x ranges over the n values m Ep t= 1, 2,..,n), n being an integor 
nges oy | এ an 


.= ó,(z) ó;(z) = 0 ৪8 i Z j. 
Let 21#(/፡)]ኞ = A;. Then the first six values of A; are 


240 == 7} 
A, = n(n1—1)12 
A, = ո(ո"--1)(ո5--4)/180 
A, = n(n3— 1)(n2—4)(n*—9)/2800 
A, = n( ու-1)(ո--4)(ոԲ--9)(ոտ---16)(44100 
| A; = n(n— 1)(n1— 4)(n*—8Y3—16)(2—25)/698544 
Ay = n(n3— L(rà— 4)0*—9)*— éi 25)1--36)/1 1099088. 
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Values of (x). with some modification (see, iii below) are given in Table 16.1 
for ¿= 1(1)5 and ሼ == 3(1)30. The following points should be noted. 

ն) The E provides polynomial values only for those n values of x given 
bus Fl ৮,৫-1,2,, wey t). 


00 To save space, howevér, fot values of n> 13, arguments covering the 
half range. corresponding tot == 1, 2, ..., [n only are given; values for the other 
| half are to be obtained from the symmetry (antisymmetry) relation, ¢,(z) =(--1)'#(፦»)› 


(iii) To avoid fractional. values, the polynomials E,(z) == Ai?) instead of 
(৮) have been tabulated and the constants A; are shown in the bottom line of each 
section of Table 16.1. The line just above the bottom line shows values of A74; = Bi. 
"Thus to obtain the value of $i(%), if necessary, the tabulated value &,(x) has to be 
divided by Aj. Such à computation is unnecessary in practice, and one can use the 
values of Edel directly as shown in the illustrative example. | 


(iv) The argument z is not explicitly shown in the table but the ել column, 
“in fact, gives x for odd values of n and 22 for even values of n. 


The tabulated values are useful in fitting polynomials of successive degrees, in 
' stages, if necessary, to observed data. The values of x, the abscissa at which the 
argument y is observed, should, however, be at equal intervals. | 


b. Application 

An experiment was conducted in a randomised block layout to test whether 
subjecting seeds to a. temperature treatment before planting has any effect on 
yield. Data on yield per ` plot at various levels of temperature for seed treatment 
are summarised as follows: | 


temperature (°F) 60 75 90 ` 105 120 
“mean yield ` 60.74 80.00 87.90 89.48 80.00 


ANALYSIS OF VARIANCE 
(for randomised block design) 


source df. . 8.8. m.s. iF 
blocks | 4 877.56 219.39 86.37 
treatments 4 2816.30 - 65.07.  257.51 
error 16 40.00 . 2.54 


Analyse the results to find the optimum temperature for treatment of seeds. 
(i) Fitting u polynomial regression (upto fourth degree) of mean yield per plot on 
temperature 


All the successive four stages of fitting the polynomial giving the regression 
coefficients on the linear, quadratic, cubic and quartic terms are shown below : 
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_ temperature mean yield I from Table 16.1 forn = 5 

j y —  ——_ 
Հլ Es ts f am 
60 60.74 ES 2. ==] 1 
75 80.00 ` -1 -1 2 —4 
90 . 87.90 0 —2 0 6 
105 89.48 . 1 -1 -2 -4 
120 80.60 2 2. 1 1 

| Dyk | 49.20 62.60 ` 0.00 ^ —9.1& 

B 10 14 10 70 

regression coefficient ౨౪/5 4.92 —4 54714 0.09 -0.1311 


sum of squares due to : : 
regression (235)፤/8  .242.004 239.912 — 0.081 1.204 


Thus we have the ANOVA table for testing the significance of the regression 
coefficients. 


Since y is the mean of 5 observations each sum T. Squares given in tho last row of 
the above table i is multiplied by 5 for purpose of analysis of variance test. 


source | (2 df ఈక ms. | ms. 8.8. ^ ቢይ source 
linear 1 1210.32 1210.32 | 468.60 1405.98 3 rosiduall 
quadratic Լ 1399.56 1399.56 | 3.21 6.45 2  residual2 
cubic 1 oun 0.40 | 605 6.02 -1 — rosidunl3 
quartic. 1 6.02 6.02. ` 
total (treatments) լ 4 2616.30 ፡ መፍ a աա 


9.64 40.60 16 error 


፡ - <<< সপে ጨር — 


error . 16 40.60 2.54 


The residual after. fitting the linear.terms is 2616.30--1210.32 == 1405.98 on 3 df. 
Similarly the residual after fitting the linear and quadratic terms is 1405.98 —1399.56 
— 6.42 and so on. _ Each residual is tested against error, successively starting from 
residual 1. Residual 2 is unimportant since the variance ratio 3.21 /2.54 is not large 


01002079070 2 and 16 d.f. We may normally stop at this stage and infer that a quadratic 
በዩ is sufficient. 


The equation to the parabola : is. (using the regression ` coefficients computed 
carlier), 


Y = 79.744-+-4.95፻.---4.4714፻,. | 
Since E = z = (t—90)/ 15, 
[S --9- [(1—90)3/225]—2, 
wé Nave I Y = 88. 6868-L 0. 32800---90)-- 0. 0199 (4-90). 
By equating | the derivative with respect to tto 7610 


. - 0.0398ሀ--90) = 0.3280 
or, tho maximum of Y is attained at Les 90-48, 24 — = 98. 24017, 
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(ii) Standard error of an:estimated yield 
"The estimated meàn SEH at temperature-t == = 80°F (say) is given by: 


79.7444-4.95፪,---4. 41146. = 83.42 


where. E = | ES -- —0.6667 


and E, = ሚመ == —1.5556. 


"The sampling variance of the. estimate is 


LEE Së E BS, S ብ օ:(0.0400-1-0.0444-Է-0.1728) - 


=-0.,2572ዐጻ 
(It may be noted that ilis: variance of an individual regression coefficient b; is ০217). 
and that the b 's are mutually uncorrelated). 
ճա) Confidence interval for temperature 7 at which yield isa maximum 
` "The value of 7 is given by the equation. 


ሽሮ p 2 


+ ggg (7-90) = 0. 


The sampling variance of the . on the left, hand side is 
1  ብ4ፐ-፦ፀ0)፡ 
ab... ረ ላው Be 
| በ888 72558 | 
Consider the inequality 
A. " 2b 


7325 26, (౯-90). 


| < 21205. 
1 4(r— 90)? | 
Տ» Է B225} 
where sà is the estimate of c? (the error m.. in the ANOVA table, with 16 d. f.) and ` 
9.120 is the 5% point of Student's £ with 16 d. ք This leads to a quadratic in (ፐ--90), 


whose roots provide 95% confidence limits for 7. -In this particular example the ` 
"limits are 96.08 and 101.13. 


c. Some other tables 
1. FISHER, R. A. and YATES, F. (1957) : Statistical Tables for Biological, Agricultural and Medical Research, 
. (5৮ edition), Oliver and Boyd, London. (Table XXII), 
[n =° 3(1) 46,. 7-10)5 
n= 46(1) 75, . r= 2(1)5]. 
3. Pearson, H. $. and Harter, ԷԼ O. (1957): Biometrika Tables for Statisticians, Biometrika Trust, 
Cambridge University Press. ` (Table 47), f 
f [n= 3(1)-52, + = 10) 6]. 
8. ANDERSON, R. D. and Housesan, E. E. (1942) : Tables of Orthogonal Polynomial Values Extended to 
` m= 10. Iowa State College, Agricultural Experiment Station, Bulletin 297. 
[ጦ= 3(1) 104, r = ፲(1) 5]. | 
4. DELURY, 9. B. (1950) : Values and Integrals of the Orthogonal Polynomials up to 8 = 26. University 


of Toronto "Press. 
[n == 31) 26. r = 1(1) 251 
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From n = 13, the polynomial values are tabulated for tho first KE values of the argumont. The 


other values are obtained by symmetry for the oven order polynomials and antisymunotry for the odd 


order polynomials. .Note that 646০) = (— ly ፪4(--=)› 


n=5 n= 6 
եւ E: եւ ե» ts ե es էյ 54 էւ Es Es էւ is 
-1 1 | —3 1 ` —1 | 2-2 2 ፦1 ፲ | —5 5 —5 l =] 
0 — | seh . 3| -i ~i 3. cop. "= 7 =3 5 
I 1 1. —1 ፦3 0. —2 0 6 -1 t 4 2 ፦10 
3 1 1 ւ... eh =e Լ si ` 85 2 10 
: 2 2 1 1 35 «Հա: cT dedo 25 
5 5 5 1 1 
B:2 6 | 50 ፊ 20 10 14 10 70 70 84 180 sg 252 
10. լ 5 35 3 5 7 21 
A: 1 3 5 1 ኘ 1 1 $ B 5. Է 3 ds in 
L n = 7 7 = 8 n= 
եւ 52. 53 եւ Es եւ է Տ ధక s եւ E: Es ել Sa 
>3. 5 -1 CS M MET ` qO =] 7 t — 28 14 14. -4 
—2 0 1 লা: 4] — 1 5 --13 23 —3 111 
త =! 1 1 — | — ‹ሙቋ 7 : —3 : —17 -2 =8 43 elt -4 
0' —4 6 o} Se 3 9 --15 sët: 517 9 9 -0 
1.3 2l 1 5 l -5 23. 9 16 0 —20 ‘0 18 0 
2 0 1 +7 -4 3 — -7 -3 1 PE RET 9 0. 
3 5 1 3 լ 5 1 —5 —13 --23 1 4 
ነዳ 7 7 7 7 7 3 7 7 "-21. S11 
4 228 14. 14 4 
"d Ens የር LAE ee | SC 
B: 98 84 6 154 84 | 168 168 204 616 2184 ` 60 2772 990 2005 408 
1 7 7 : 2 7 7 . 5 7 3 
E Bin S p: በጠ. ն. X 1 3 Ts D 
n= 10 n= 11 ለበ n == 12 
ధ్‌ Ee 53 . $ Es Հ ££ 55 էք £s էլ £a ծ 44 š; 
—9 6 —42 18 -6 | -Տ. 15° —30 B. 58 —I 55 —33 33 83 
cd 2. 14 —22 14 | -4- 6 -6 —6 6. — 25 .3 — 57 
—5 -1 88 —17 '-1 | är A 22 .6 -լ. mm. 1 Լ —3 2l 
nS —3 31 త lt [| 42. —6 23 —1 .-ፊ —5 —17 25 —13 —29 
-1 —4 2, 18 -6 | A -9 14 4 A —3 —29 19 12 .-44 
1 -4 —12 18 ՑՎ 0 -10.- 0 6 -.0 =ጌ --35' ° 7 28 -:20 
3 —3 —31 3 11 1.—9 —14 4 4 1 —35 ፦-7 28 20 
8 ፦1 —35 —17 . 1| ፪ '—6 —93 1 4 3 —29 —19 ^12 44 
7 2 --14 —22 --14 8 =i —22 .6 A 28. r5 —13 20 
9 6 42 18 6 4 6 -6 -6 —6 7 Lët —33 --ঠা 
; 5 18 30. 6 3 9 25 —3 =27፡ 5T 
GE J - : Հի - সি ll 55 33 33 33 
B.:330 135 8580 2860 LM 110 858 4290 286 156 572 12012 6148 8008 15912, 
፡ 1 65. 5 լ 5 1.1 | ቤ ግ. 3 
; 2 - Հ I: TA 1 :1 = ና వూ ణీ x 22 
x 2° 8 id? D | i 5 1 ብ | 5 3 1 శం 


B = sum of squáres of ihe n values of the polynomial 
እ = divisor for the coefficients (d(x) = £(2) I) 


6466460 


35 
12 


2288132 


3 
12 
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10581480 
21 
20 


100776 
1 
20 


2660 17556 


4903140 


10 
2 1 3 


22881320 


55 
24 


136136 


169 


235144 
7 
30 


— = 


6953544 


3 
16 


31201800 - 
a 
20 
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS 


n= 22 
Ë, եւ 52 £a Եգ OR 
—10 —21 35 —133 1197 —2201 
—9 —19 25 -ሀ፤ 57 069 
—5 —17 16 0 —510 1038 
—7 --15 8 40 --810 1508 
թ —2 —13 1 65 —T15 ` 603 
—5. --35 170 --406 —563 —303 
—4. -—62. ৷, 166 —130 —258 --1158 
-9 --83 . 142 150 ፲0 — 1554 
-—=2 . —98 ` 103 385 365 --1509 
--1 --107 : 54 540 585 —1079 
0 +-110 - 0 594 705 --390 


B: 770 201894 432630 5720330 


121687020 8748740 40562340 

| .. 5 . 7 21 1 1 7 1 

.Տ BEE xt au కలో 2 oe Ee চি MUR 
E SN - এ 6 1 40 2 3 15 30 


n =-23 
ጄ1 Ea 55 եւ Es 
—11 77 -ፃ7 1463 -209 --4807 
--10 56 —35 133 76 —21 187 —847 33 1463 
—9 37 առ) --627 171 --19 127 —133 —97 3713 
—8 20 20 —950 152 -17 -173 391 -157 3553 
=ሻ ይ 35 — 955 77 --15 25 745 —165 : 2071 
—6 —8 43 —747 —12 —13 --17 949 —137 169 
—5 —19 45 —417 —87 |.-11 —53 1023 — 87 --1551 
—4 --98 42 —42 —132.| ፦9 —83 987 —27 -2721 
መች —35 35 315 --141 ሙ፦፻- —107 861 33 —3171 . 
መመ —40 25 605 --116 -8 --125 665 85 -2803 
—1 —43 13 793 --65 —3 —137 419 123 —2005 
0 —44 0. 858 0 


B : 1013 35490 : 32890 13123110 340860 ` 


4600 394680 17760600 394680 177928920 
Ն. ።፡ ር: 1 | : 10 1 3 
Se: Ի տ Տ B 8|? ও 3 i2 10 
— n nm .... M—À መመመ 
n = 95 n = 26 

Ë: e Es H Es 51 Es Es եզ Es 
—12 " 92 --506 1518 — —1012 | —25 50 --1160 2630 —25 
-1.. 69 --253 253 253 | —23 38 —598 506 308 
—10 48 --55 --817 748 | —21 ౨7 --161 —759 1771 
— 29 93 —897 753 | —19 17 171 —1419 1881 
—8 12 196 --982 488 | --17 8 408 --1614 1326 
-7 -3 259. —857 119. | —15 0 560 --1470 489 

6 --16 287 --887 --236 | —13 --7 637 —1099 —377 
—5 wf 285 —267 -àü) | —11 --13 649 --899 --1067 
-4  —86 258 78 —636 | —9 --18 606 —54. --1482 
—3 -—43 511 393 -631 | — .-95 818 466 --1582 
—9 —48 149 643 —500 | —5  —25 395 905 —1381 
—1 vent 77 803 -গাচ | -3 --87 247 1221 --935 

0 —52 0 858 0 | -1 -28 84 1386 ~330 

B:1300 53820 1480050 14307166 “7803900 5850 16380 7803900 40060020 48384180 
5 5 . 1 1 5 7 

፡ 1 1 2 - T8 = J 

X 6 O B 20 2 2 5 


SS eg ፍድ ምች: 
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TABLE 16.1. (continued). ORTHOGONAL POLYNOMIALS 


n = 21 

a Es Es Ë: Es 

—3 325 --130 ` 2990 ዐ--16445 
--19 250 —10 690 2530 | —25 91 
—1 181 —22 —782 10879 | --23 67 
.>10 - 118 15 —1587 I2144 | —21 48 
—9 61 43 --1872 9174 | --19 25 
-8 ` 10 60 —1770 4188 | -17 1 
—7 —35 . 70 — 1400 —1162 | —15 -9 
>-6 ፦ኛቄ 78 --867 —5798 | —13 --23 
—5 ፦107. - 70 ' —262 ~8803 | —11 --35 
—4 --134: 62 ` 338 — 10058 —9  —45 
—3 —155 50 ` 870 —9479 ፦ኛ ~53 
—9  -ጊገ0 32 1285 -7304 -ሀ —59 
- ፦179 15 1548 --3960 —3 --63 
0 .—182 .8 1638 0 --} --65 
'B:1038 712530 101790 . 56448210 2032135560 | 2308 95004 

: eue qx esque 21 
Դ: 1 3 3 | թ E: 2 1 
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——————— ው ርው: 


19034160 


7 
24 


| | ‘n= 29: n = 30 
էլ Es Es be E: էլ £» Es fa 
—14 196 --819 4095 — 8190 —29 203 --1857 23751 
—18 99 —468 1170 585 -27 161 -1071 1371 
--12 14 --162 --780 4810 --25 122 —450 —3744 
--11 51 44 --1930 8885 | --23 86 46 — 10504 
--10 30 215 — 2441 4958 —21 53 427 — 13749 
—9 11 330 --2460 2946 --19 23 703 -14249 
“= 8 শি 412 --2120 556 -17 --4 884 -12704 
= -21 44৪ --1540 --1694 --15 —28 980 — 9144. 
—6 --34 449 —825 — 3454 —13 —49 1001 — 5929 
--5 —45 420 ` — DÉI —4521 --11 —67 957 —1749 
—4 —54 366 . 660 —4818 --9 --89 858 2376 
—8 --61 292 1290 ፦-4373 -? —94 714 6096 
—2 -66 203 1775 3298 —5 —103 638 9131 
--1 —69 104 2080 —1768 --Ց --109 331 11271 
0 ፦የ0 0 2184 0 -1 —112 112 12376 
ত ——— ——— সপ সস সস 
2030 113274 4207320 ` 107987880 500671080 | 8990 302004 21360240 3671587920 
` . 5 1 ` 7 2 3 ర్‌ 35 
ን ረ వే ከ REN 12. 40 2 3. ፲2 


Հաւ ንት ይች መክ ፍሩ կան নিজ 


—4456 
—1560 


1354757040 
ել 
20 


Es 


. ሙ16905 
585 
9360 
11960 
10535 
6821 
2176 

— 2384 
— 6149 
—8679 
—9768 
—9408 
— 7753 
--5083 
— 1768 


2145733200: 


3 
10 


472 17. MISCELLANEOUS MATHEMATICAL FUNCTIONS 


Table 17.1 gives the squares of natural numbers upto 999. ፒኪፀ samo table can 
be used to find approximate squate roots of numbers, correct upto 3 significant digits, 
by reading in the reverse way. If zis the given number and w, is the approximate 
square root read from Table 17 1, then a second approximation correct, upto 6 signi- 
ficant digits is 


] /; 2 
and a third approximation correct to 12 significant digits is 
ন 1 Հե চে ) 
2 9 14 21 


Example 1. To compute V/83. 


To make an effective use of the Table we find ጎ/ 830000, making a 6 digited number, 
and divide the result by 100. From Table 17.1 we find that 911? — 829921 closest 
to 830000, so that 911 is a first approximation. The second approximation is 


830000 


1 
g (911+ 911 


) = 911.043 


Dividing by 100, 4/83 = 9.11043 correct to six significant digits. 
Example 2. ‘To compute 4/831. 


Since the number of digits is odd, we consider the five digited number 83100 
multiplying the original number by hundred. Now 288? = 82944, so that x)= 288 and 


1 83100 


t = x (288+ oer: 288 ) = 288.144 


Dividing by 10, V 831 =.28.8144 correct to six significant figures. 
Example 3. .To- compute V7134268.17. 
Since 2675 == 71289, we take x) = 2670. The second approximation is 


1 7134268.17 y . 
(26704 — ) = 2671.01 (correct to six digits). 


Example 4. To compute »/71342681.7. 
Since 845? = 714025, we take 26 = 8450. The second approximation is 


1 71342681.7 | 
2 sl 84504 713 Bis — ) — 8446.46 (correct to six digits). 


Table 17.3 is similarly useful: in finding cube roots. Thus if it be required to find 
the cube root of a nuniber 2, we find from Table 17.3 the two digited number z, whose 
cube is closest to z. The second, approximation is z, = y (20+ 2] correct to four 
significant digits: 3 

Some tables in this Chapter are not preceded by notes. Such tables are self- 
explanatory. 
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TABLE 171. SQUARES OF NATURAL NUMBERS 


22801 
152 23104 
153 23409 


154 23716 
24025 


24336 
157 24649 
158 24964 
159 25281 
25600 


25921 
162 26244 
163 26569 
164 26896 
21225 


21556 
167 27889 
168 28224 


169 28561 
28900 | 


29241 | 
172 29584 
173 79929 
1744 30276 
30625 


30976 
177 31329 
178 31694 
179 32041 
180 32400. 


` 


181 32761 
182 33124 

183 33489 | 
184 33856 
34225 


34596 
187 34969 
188 35344 
189 35721 
36100 


36481 
192 36564 
193 37249 
194 57636 
38025 


38416 
197 38809 
198 39204 


199 39601 
40000 
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TABLE 17.1. (continued). SQUARES OF NATURAL NUMBERS 


B క ም ርና 
ይ n: | 


| 


63001 
63504 
64009 
64516 


203401 
504404 
205209 
206116 


90601 S - 123201 160801 
91204 123904 161601 
91809 124609 162409 
.92416 125316 163216 


65025 93025 126025 161025 207025 
j 93636 126736 164830 207936 
E 94249 127449 165649 208819 
` 88564. 94864 , 128164 166464 209764 
67081- 95481 128881 167281 510681 
67600 96100 129600 168100 911600 
68121 96721 130321 168921 212521 
68644. 97344 131044 169744 213444 |, 
. 69169 | 97969 131769 | 170569 214369 |: 
69696, 98506 132496 171396 215296 || 
70225 99225 133225 172225 216225 || 
ի 
70766 09856 133956 173056 917156 
71289 100489 134689 173889 218080 
71824 101124 135424 174724 219024 
75361 101761 136161: 175561 219961 
72900 102400 : 126900 170400 220900 
73441 103041 137641 |. 177241 251841 
73984 103684 138384 178084 222784 
74529 104329 139129 178959 223729 
75076 104976 139876 179776 224070 
76625 105625 140625 ; 180625 225625 
76176 106276 141376 | . 181476 226576 
16129 106929 142129 182329 227529 
77284 107584 142884 183184 228484 
77841- 108241 14364] | ` 184041` 229441 
78400 108900: 144400 184900 230400 
"78961 109561 - 145161 185761 231361 
70524 110224 . 145924 186624 232324' 
80089 110889 146689 187489 233289 
80656 111556 147456 188356 234256 - 


81225 


112225 148225 189225 235225. 


81796 
82369 
82944 
83521 
84100 


112896 ` 148996 190096 
113569- . 149769 190969 
114244 150544 . 191844 
114921 ፡ 151321 192721 
115600 152100 193600 


236196. 
237169 
238144 
239121 
240100 


84681 
85964 
85849 
86436 
87026 


116281 152881 194481. 
116964: 153664 . 195364 
. 117649 154449 196249 
118336 155236 197136 
119025 156025 198025 


241081 

242004 
243049 
244036 
245025 


87616 119716 ` 156316 198916 | 


246016 
88209 120409 157609 199809. 247009 
88804 121104 158404 200704 248004 
রা 121801 150201 201601 249001 
9000 


122500 160000 y 202500 250000 
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TABLE 17.3: (continued. SQUARES OF NATURAL NUMBERS | 


ոշ 5 n2 D ni n n? 
251001 651 303601 601 361201 651 493801 701. 491401 
252004 552 804704 602 362404 62 425104 702 492804 
258009 553 305809 603 363609 653 496409 703 494209 
254016 864 306916 604 364816 654 6 427116 704 495616 
255025 558 308025 605 368025 655 499025 705 497025 
286036 -556 309136 «606 867236 656 43036] . | 706 408456 | 

` 257049 - 557. 310949 607 368449 661 431649 707 499849 
268064 558 311364 6058. 360604 658 432964 108 501264 
289081 559 312481 609 37088] 659 434281 709 502681 
260100 560 . 313600. 610 372100 660 435600 710 504100 
261151 501 314721 611 ౩73321 661 436921 711 505521 
262144 | - | 562 315844 | : | 619. 374644. 662 438244 712 506044 
263169 -563 316969 613 375769 665 430569 .713 508369 
264196 || - | 564. 318006 614 376996. 664 440896 714 500706 
265225 565. 319225 615 378225 666 449295 715 511295 
266256 566 320356 616 379456 666 443556 716 512656 
901289 567 321489 617 380680 667 444889 717 514080 
268324 568 322624 618 381024 668 446224 718 515524 
269361 569 323761. 619 383161 660 44756] 719 516961 
270400 570 324900 620 384400 670 448900 720° 518400 
21141 571 326041 | 621 385641 671 450241 "21 . 519841 
272484 572 827184 622 386884 672 451584 732 521284 
273529 573 328329 623 388129 673 452929 723 892129. 
274576 514. 329476 624 389376 674 454976 724 524176. 
276695 575 330625 625 390625 675 455625 725. 525625 
“276676 576 331776 .026 391876 676 456976 726 527016 
271129 577 332929 627 . 393129 677 458329 727 528529 
278784 |. 578 334084 628 304384 678 459684 728 529984 
279841 579 335941 629 305641 679 461041 729 531441 
280900 580 336400 630 396900 680 462400 230 532900 

. 581 337561 631 398161 681 463761 131 534361 
225034. 582 338724 632 399454 682 465124 732 ` 535824 
284089 583 339880 633 400689 683 466489 193 537289 
288166 584 341056 634 401956 684 467856 | 734 538156 
286226 585 342225 635 403225 685 469225 735 540225 

l 586 343396 636 404496 686 470596 736 641896 
Ges 681 344569 637 405760 687 411969 737 543169 
289444 588 345744 638 407044 688 413344. | T38 544644 
290521 589 346921 639 408321 680 474721 ተ 739. 546121 
291600 590 348100 640 409600 690 476100 140 547600 

91 349281 641 410881 691 477481 141 549081 
293703 592 350464 649 412164 692 478864 742 550564 
294849 593 351649 643 413449 693 480249 743 652049 
295936 594 352836 644 414736 694 481836 744 553536 
297025 595 354095 645 416025 695 483095 745  ճ55025 

բ ի 

596 355216 646 417316 696 484416 746 556516 
290309 597 356409 647 418609 697 485809 747 558009 
300304 598 857604 648 419904 698 487204 748 550504 
301401 599 558801 1 649 421201 699 488601 749 661001 
302500 600 360000 650 422500 700 490000 750 562500 

Ge ta ss 
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TABLE 17.1. (continued). SQUARES OF NATURAL NUMBERS 


75) 564001 
752 565504 
753 567009 
154 568516 
55 570025 


571536 
757 513049 
758 674564 
759 576081 
Ü 577600 


579121 
782 580644 
763 582169 
164 583096 
585225 


586756 
767 588289 
768 589824 
769 591361 
592900 


594441 
712 595984 
713 597520 
774 599076 
600625 


602176 
777 603729 
778 005284 
779 000841 
608400 


009961 
783 011524 
783 613089 
784 614656 
616225. 


017796 
787 619369 
788 620944 
189 022521 
624100 


625681 
702 627264 
193 628849 
704 630436 
632025 


633616 
797 635209 
798 636804 
799 638401 
640000 


641601 
805 043204 
Տ03 614509 
304 046416 
648025 


649636 
807 051249 
808 652864 
809 654481 
656100 


037721 
812 650344 
813 660969 
814 662596 
064225 


665856 
817 667489 
818 660124 
819 670761 
672400 


674011 
822 675684 
823 677329 
824 678976 
680625 


682276 
827 683929 
825 685584 
829 68724] 
688900 


690561 
832 692224 
8ԴԴ 603889 
834 695556 
697226 


698896 
837 700569 
838 702244 
839 703921 
705600 


707281 
842 708964 
843 710649 
844 712336 
714025 


715716 
847 - 717409 
848 119104 

849  .720801 | 
722500 


724201 
852 725904 


55" 727609 
ከ54 729316 
85 731025 


132736 
857 734449 
855 736164 
859 737881 
739600 


741321 
802 743044 
863 744769 
864 140496 
748225 


749956 
807 151689 
808 753424 
869 755161 
756900 


758641 
872 760384 
873 162129 
874 763876 
765625 


767376 
877 769129 
378 770881 
879 772641 
~ 174400 


776161 
882 711924 
883 719689 
884 781456 
783225 


784996 
887 786769 
888 788544 
889 790321 
792100 


793881 
892 795664 
893 791449 
894 799236 
5 801025 


802816 
897 804609 
898 806404 
899 808201 
810000 


901 
905 
003 
904 
905 


906 
907 
905 
909 
910 


911 
912 
913 
914 
915 


916 
917 
918 
919 
920 


051 
022 
በ23 
024 


925 


926 
927 
928 
929 
930 


931 
932 
933 
934 
935 


36 
937 
938 
939 
940 


941 
942 
945 
944 
945 


946 
947 
948 


949 


950 


811501 
813604 


«15409 | 


817215 
819025 


8260536 
822649 
424484 
820281 
s28100 


820921 
831744 
833569 
835306 
837225 


810056 
840880 
812724 
844561 
846400 


848241 
850084 
851929 
853776 
855025 


857476 
859320 
861184 
863041 
864900 


840761 
808624 
870489 
872356 


874225 


878096 


877969 
879844 
881721 
883600 


885481 
887364 
889249 
891136 
893025 


894916 
506800 
898704 
900601 
902590 


951 904401 
652 "06304 
951 Urin Zu 
055 910116 


955 912625 


956 913936 
957 915519 
ts 917764 
በ39 919651 
ann 921600 


461 u23521 


902 925441 
963 027369 
a54 ԱԳԱՎԱՍ 


965 931225 


nf 1833156 
067 935089 
968 037024 
069 038961 
970 940000 


971 042841 
972 344784 
973 946729 
974 948676 
950025 ' 


076 952576 
1077 054529 
UTR 056484 
979 858441 
4ካ0 660400 


981 962361 
952 964324 
IAS 9662890 
984 968256 
985 970225 


986 972106 
987 974169 
988 970144 
980 978121 | 
990 980100 


991 982081 

992 984064 
993 986049 
994 988030 
990025 


996 992016 
997 994009 
998 006004 
998001 
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TABLE 17.2. SQUARE ROOTS AND THEIR RECIPROCALS 


T 


1.0000000 | 3.1622777 |1.0000000 | .3162278 7.1414284 | 22.5831796 | .1400280 | .0442807 
1,4142136 | 4.4721360 | .7071068 | .2236068 7.2111026 | 22.8035085 | .1386750 | .0438529 
1.7320508 | 5.4712256 | .5773503] . .1825742 7.2801099 | 23.0217289 | ..1373606 | .0434372 
2.0000000 | 6.3245553 | .5000000 | .1581139 7.8484692 | 23.2379001 | .1360828 | .0430331 
2.2360680 | 7.0710678 | .4472136 | . 1414214 7.4161985 | 23.4520788 | .1348400 | .0426401 | 


2.4494897 | 7.7459667 | .4082483 | .1290994 11.4833148 | 23.6643191 | .1336306 | .0422577 
2.6457513 | 8.3666003 | .3779645 | .1195229 7.5498344 | 23.8746728 | .1324532 | .0418854 
2.8284271 | 8.9442719 | .3535534 | .1118034 7.6157731 | 24.0831892 |..1313064 | .0415227 
3.0000000 | 9.4868330 | .3333333 | .1054093 7.6811457 | 24.2899156 | .1301889 | .0411693 
3.1622777 | 10.0000000 | .3162278 | .1000000 7.459667 | 24.4948974 | .1290994 | .0408248 


3.3166248 | 10.4880885 | .3015113 | .0953463 | 61 1. 7.8102497 | 24.6981781 | .1280369 | .0404888 
3.4641016 | 10.9544512 | .2886751 | .0912871 1. 7.8740079 | 24.8997992 | .1270001 | .0401610 
3.6055513 | 11.4017543 | .2773501 | .0877058 7.9372539 | 25.0998008 | .1259882 | .0398410 
3.7416574 | 11.8321596 | .2672612 | .0846154 8.0000000 | 25.2982213 | .1250000 | .0395285 
3.8729833 | 12.2474487 | .2581989 | .0816497 8.0622577 | 25.4950976 | .1240347 | .0392232 


4.0000000 | 12.6491106 | .2500000 | .0790569 8.1240384 |. 25.6904652 | .1230915 | .0389249 
4.1231056 | 13-0384048 | .2425356 | .0766965 "8. 1858528 | 25.8843582 | .1221694 | .0386334 
4.2426407 | 13.4164079 | .2357023 | .0745356 8246021138 | 26.0768096 | .1212678 | .0383482 
4.3588989 | 13.7840488 | .2294157 | .0725476 8.3066239 | 26.2678511 | .1203859 | .0380893 
4.4721360 |. 14.1421356 | .2236068 | .0707107 8.3666003 | 26.4575131 | .1195229 | .0377964 


4,6825757 | 14.4913767 | .2182179 -0690066 8.4261498 | 26.6458252 | .1186782 | .0375293 
4.6904158 | 14.8323970 | .2132007 | .0674200 8.4852814 | 26.8328157 | .1178511.| .0372678 
4.1958315 | 15.1657509 | .2085144 | .0659380 | 8.5440037 | 27.0185122 | .1170411 | .0370117 
4.8989795 | 15.4919334 | .2041241 | .0645497 8.6023253 | 27.2029410 | .1162476 | .0367607. 
5.0000000 .8113883 | .2000000 | .0632456 8.6602540 | 27.3861279 | .1154701 | .0365148 


5.0990195 .1245155 | .1961161 | .0620174 8.7177979 | 27.5680975 | .1147079 | .0362738 
5. 1061524 .4316767 | .1924501 | .0608581 8.7749644 | 27.7488739 | .1139606 | .0360375 
5.9915026 | 16.7332005 | . 1889822 .0597614 8.8317609 | 27.9284801 | .1132277 | .0358057 
5.3851648 | 17.0293864 | .1856953 | . 0587220 8.8881944 | 28.1069386 | .1125088 | .0355784. 
5.4772256 .3205081 | .1825742 | .0577350 8.9442719 | 28.2842712 | .1118034 | .0353553 


5.5677644 | 17.6068169 | .1796053 | .0567962 | 81 | 9.0000000 | 25.4604989 | .1111111 | .0351364 
5-6568545 | 17.8885438 | .1767767 | .0559017 | 82 | 9.0553851 | 28.6356421 | .1104315 | .0349215 
5.7445626 | 18.1659021 | .1740777 | .0550482 9.1104336 | 28.8097206 | .1097643 | .0347105 
-$:8309519 | 18.4390889 | .1714986 | -0542326 |-84 | 9.1651514 | 28.9827535 | .1091089 | .0345033 
80160708 | 18.7082869 | .1690809 | .0534522 9.2195445 | 29.1547595 | .1084659 | .0342997 


6 0000000 3.9736660 | . 1666667 | -.0827046 | 9.2736185 | 29.3257566 | .1078328 | .0340997 
6. 0827625 .2353841 | .1643990 | .0519875- 9.3213791 | 29.4957624 | .1072113 | .0339032 
6.1644140 .4935887 | .1622214 | .0512989 | 58 | 9.3808315 | 29.6647939 | .1006004 .0337100 
6.2449980 | 19. 7484177 | .1601282 | ..0506310 9.4339811 | 29.8328678 | .1059998 | .0335201. 
6.3245563 20.0000000 | .1581139 | .0500000 9.4868330 | 30.0000000 | .1054093 | .0333333 


6.4031242 | 20.2484567 | .1501738 | .0493865 9.5393920 | 30.1662063 | .1048985 | .0331497 | 
6:4807407 | 20.4939015 | .1543034 | .0487950 9.5916630 | 30.3315018 | .1042572 | .0329690 
6. 5574385 | 20.7364414 | .1524986 | -0482243 9.6436508 | 30.4959014 | .1036952 | .0327913- 
6,6332496 | 20.9761770 | -1507557 | .0476731- 9.695359? | 30.6594194 | .1031421 | .0326164 
8.7082039 | 21.2132034 | .1490712 | .0471405 9.7467943 | 30.8220700 | .1025978 | 0324443 


; 1893300 | 21.4476106 | .1474420.| .0466252 9.7979590 | 30.9838668 | .1020621 | .0322749 
8. 520246 6794834 | .1458650 | .0461266 :9.8488578 | 31.1448230 | .1015346 | .0321081 
6.850032 | 21 9089023 | .1443376 | .0456435 9.8994949 | 31.3049517 | .1010153 | .0319438 
A 0000000 “1350436 | .1428571 | -0451754 9.9498744 | 31.4642654 | .1005038 | .0317821 
7: 0710675 "3600798 | .1414214 | .0447214 [100 |Լ0.0000000 | 31.6227766 | .1000000 | .0316228 
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TABLE 17.2. (continued). SQUARE ROOTS AND THEIR RECIPROCALS 


Վո |. ኣ 10። 1157৮ | MJ | ո Jn ኣ 108 Mn VA 507 
| ን ր 5 5 788 | .0257343 
NE 31.780497 | .0995037 | .0314658 | 151 | 12.2882057 |.38.858718 | .0813 
10.0995049 | 31.937439 | .0990148 | :031311 | 152 | 12.3288280 | 38.987177 | .0811107 0256195 
101488916 | 32.093613 | .0985329 | .0311588 | 153 | 12.3093109 | 39.115214 | .0808152 | -0255655 
10.1990390 1 32.249531 | 0980581 | “0310087 | 154 | 12.4096736 | 39.222224 | .0805823 | .02545 


10.2469508 | 32.403703 | .0975900 | .0308607 | 155 | 12.4498996 | 39.370039 .0803219 | .0254000 


39.496835 | .0800041 | .0253185 
39.623220 | 10798067 | .0252377 
39.749214 | .0795557 | .0251511 
39.874804 | .0793052 | .0250785 


10.2956301 | 32.557041 | .0971286 | .0307148 | 156- 
10.3440804 | 35,710854 | .0966736 | .0305709 | 157 
10.3923048. | 32.863353 | .0962250 | .0304290 | 158 
10.4403065 | 33.015148 | .0957826 | .0302891 | 159 


12.4899960 
12.5299641 
12.5698051 
12.6095202 


10.4880885 | 33.166248 | .0953463 | .0301511 | 160 |.12.6491106 | 40.000000 | .0790569 .0250000 
10.5356538 | 33,316662 | .0940158 | .0300150 | 161 | 12.6885775 | 40.124805 | .0788110 .0249222 
9 | 10:5830052 | 33.466401 | .0944911 | .0298807 | 162 | 12.7279221 | 40.249224 | .0785674 | .0248452 
.10.6301458 | 33.615473 | .0940721 |..0297482 |^163 | 12.7671453 | 40.373268 | .0783200 | .0247689 
| 10.6770783 | 33.763886 | .0936586 | .0296174 | 164 | 12.8062485 | 40.496913 | .0780809 | .0246932 
10.7238053 | 33.911650 | .0995505 | .0294884 | 165 | 12.8452326 | 40.620192. | .0778199 .0246183 
10.7703296 | 34.058773 |..0928477 | .0293610 | 166 | 12.8840987 | 40.743098 | .0770151 |  .0245440 
10.8166538 | 34.205203 | .0924500 | .0292353 | 167 | 12.9228480 | 40.865033 | .0773823 | .0244704 
10.8627805 | 34.351128 | .0920575 | .0291111 | 168 | 12.9614814 | 10.987803 | .0771517 | .0243975 
10.9087121 | 34.496377 | .0916698 | .0289886 | 169 | 13.0000000 | 41.109610 | .0769231 | .0243252 
10.9544512 | 34.641016 | .0912871 | .0288675 | 170 | 13.0384048 | 41.231056 | .0760966 | .0242536 
11.0000000 | 34.785054 | .0909091 | .0287480 | 171 | 13.0760968: | 41.352146 | .0704719 | .0241825 
11.0453610 | 34.928498 | .0905357 | .0286299 | 172.| 13.1148770 | 41.472883 | .0762493 | .0241121 
11.0905365 | 35.071356 | .0901670 | .0285133 | 173 | 13.1529464 | 41.593269 | .0760286 | .0540424 
11.1355287 | 35.213634 | .0898027 | .0283981 | 174 | 13.1909060 | 41:713307 | .0758098 | .0239732 
11.1803399 | 35.355339 | .0894427 | .0282843 | 175 | 13.2287566 | 41.833001 | .0755929 | .0239046 
11.2249722 | 35.496479 | .0890871 | .0281718 | 176 | 13.2664992 | 41.952354 | .0753178 | .0238366 
11.2694277 | 35.637059 | .0887357 | .0280607 | 177 | 13.3041347 | 42.071368 | .0751046 | .0237691 
11.3137085 | 35.777088 | .0883883 | .0279508 | 178 | 13.3416641 | 42.190046 | .0740532 | .0237023 
11.3578167 | 35.916570 | .0880451 | .0278423 | 179 | 13.3790882 | 42.308392 | .0747435 | .0230360 
11.4017543 | 36.055513 | .0877058 | .0277350 | 180 | 13.4164079 | 42.426407 | .0745356 | .0235702 
11.4455231 | 30.193922 | .0873704 | .0276289 | 181 | 13.4536240 | 42.544095 | .0743294 | .0235050 
11.4891253 | 36.331804 | .0870388 | .0275241 | 182 | 13.4907376 | 42.661458 | .0741249 | .0234404 
11.5325626 | 36.409165 | .0867110 | .0274204 | 183 | 13.5277493 | 42.778499 | .0739221 | .0233762 
. 11.5758369 | 36.606010 |:.0863868 | .0273179 | 184 | 13,5646600 | 42.895221 | .0737210 | .0233126 
31.6189500 | 36.742346 | .0860663 | .0272166 | 185 | 13:6014705 | 43.011626 | .0735215 | .0232495 


. 86.878178 
37.013511 | 
| 37.148351: 
31.282704 
31.416574 


11.6619033 
` 11.7046999 
11.7473401. 
`F 11.7898261 
(eee en 


:.0857493 |..0271163 | 186 
“0854358 | .0270172 | 187° 
.0851257 | .0269191:| 188 
,0848189 | :0268251 | 189 
:0845154 10267261 | 190 


.0231869 
. .0231249 
.0230633 
- 0230022 
.0229416 


13.638181T 
13.6747943 | 
13.7113092 
13.7477271- 
13.7840488 


43.127111 
43.243497 
43.358967 
43.474130 
43.588989. 


.0133236 
.0731272 
.0729325 
.0727393 
.0725476 


. 31.549967 


ax 9743421 ..0848169 -0266312 | 191 | 13.8202750 | 43.703547 | .0723575 | .0228814 
142 | 11.9163753 | 37.682887 | .0839181 | .0265372 |-192 | 13.8564065 | 43.817805 | .0721688 | .0228218- 
143 | 11.9582607 | 37.815341 | .0836242 | .0264443 | 195 | 13:8924440 | 43.931765 | .0719816 | .0227626 
144 | 12.0000000 | 37.947332 | .0833333 | 0263523 | 194 | 13.9283883 | 44.045431 | -.0717958 | .0227038 
145 | 12. O ንቤ [:80- 08800; -0830455 | .0262613 | 195 | 13.9642400 | 44.158804 | .0716115 | .0226456 
146 12.0830460 38; 209946 -0827606 | .0261712 | 196 |. 14.0000000 | 44.271887 | .0714286 | .0225877 
147 | 12.1243557 | 38.340579 | .0824786 | .0260820 | 197 | 14.0356688 | 44.384682 | .0712410 | .0225303 
148 | 12.1655251 | 38.470768 | .0821995 | .0259938 |-198 | 14.0712473 | 44.497191 | ‘0710689 | .0224733 
እ চি 38.800518 | .0819232.| .0259064 | 199 | 14.1067360 | 44.609416 | .0708881 | .0224168 


38.129833 | .0816497 .0258199 | 200. .0223607 


14,1421356 | 44.721360 | .0707107 


MISOELLANEOUS MATHEMATICAL FUNCTIONS 


TABLE 17.2. (continued). SQUARE ROOTS AND THEIR RECIPROCALS 


14.1174469 
14.2126704 
14.2418068 
14.2828569 
14.3178211 


| 14.3527001 
14.3874946 


14.4222051 


14.4568325. 
| 14.4913767 


14.5258390 
14.5602198 


` 14.5945195 
14.6287388. 


14.6628783 


14.6969385 
14.7309199 
14, 7648231 
14.7986486 
14183839570 


. 14:8660687 


14.8996644 


. 14.9331845 
| 14.9666295 
15.0000000 


| 1510332964 


15.0665192 
15.0996689 
15.1327460 


1611657509 


15.1986842 


15.2315462 


| 15.2643375 


16.2970585 


15.3297097 


15.3622915. 


15.3948043 


15.4272486 
.| 15.4596248 
| 15.4919334 | 4 


15,5541747 
15.5563492 
15.5884573 
15.6204994 
15.6524758 


15.6843871 


.15. 7162336 


15.7480157 
15.7797338 


15.8113883 


108 
44.833024 


44.944410 
46.055621 


45.166359 
45.216926 | 


45.387223. 


45.497253 
45.607017 
46.116518 


45.825151 | 


45.934736 
| 46.043458 
. 46.151923 
46.260134 | 

46.368092 


46.475800 


46.583259 | 


46.690470 


46.797436 
46.904158 


41.010637 
41.116876 


47.222816 


41.328038 
41.434165 


47.539457 
41.644517 
41.149346 
47.853944 
47.958315 


48.062459 
. 48. 166378 


48.270074 


48.373546 
48.470799 


48.579831 
48.682646 


-48.185244 


48. 887826 
48.989795 


49.091751 
49.193496 
49.295030 
49.396356 
49.497475 


49.598387 
49.699095 
49.799598 
49.899900 
50.000000 


ዘህ HAT 


.0705346 | .0223050 
.0703598 | .0222497 
.0701862 | .0221948 
“0700140 | .0221404 
.0698430 | .0220863 


-.0696733 | -0220326 
.0695048 | .0219793 
.0693375 | -.0219265 
.0691714 | .0218739 
.0090066 | .0218218 


.0688428 |. .0217700 
.0680803 | ..0917186 
.0685189 | .0216676 
10683586 | .0216169 
,0681994 | .0216666 


:.0880414 | .0215166 
,0078844 | .0214669 
:0677285 | .0214176 
“0675737 | .0213687 
.0674200 | .0213201` 


.0672673 | .0212718 
.0671156 | .0212238 
.0669850 | .0211762 
.0668183 | .0211289 
.0666667 | .0210819 


.0666190 | .0210352 
0663723 | ..0209888 
.0662266 | .0209427 
,0660819 |. .0208969 ` 
.0659380 | .0208514 


,0687955 | .0208063 
.0656532 | .0207614 
.0655122 | .0507168 
:,0853720 | .0206725 
.0652328 | .0206284 


,0650945 | .0505847 
.0649570 | .0205412- 
,0648204 | .0204980 
-0646846 | .0204561 
10645497 | .0204124 | 


.0644157 | ,0203700 
0642824 | .0203279 
,0641500 | .0202860 
..0640184 | .0202444 
,0638877 | -.0202031 


,0637677 | .0201619 
,0636285 | .0201211 
.0635001 |..0200805 
.0633724 | .0200401 
.0632456 | .0200000 


16. 
16. 


16. 
16. 
16. 
16. 
.16. 


.8429795 
.8745079 
.9069737 
-9373775 
.9687194. 


.0000000 
.0312195 
.0623784 
.0934769 
. 1245155 


- 1554944 
.1864141 
.2172747 
. 2480768 
«2788206 


. 3095064 
.3401346 
= 37070055 


4012195 


4310767 


4620776 
4024225 
5227116 
5529454 
5831240 


16.6132477 


16. 
16. 


6433170 
6733320 


. 7032931 
.7332005 


.7630546 
.7928556 
.8226038 
.8522995 
.8819430 


.9115345 
.9410743 
.9705627 
. 0000000 
.0293864 


.0587221 
,0880075 
.1172428 
. 1464282 
.1765640 


.2046505 
.2330879 
. 2626765 
,2910165 
- 3205081 


৯/10% 


50. 099900 
50. 199602 
50. 299105 
50.398413 


50.497525 | 


50.596443 
50.695107 
50.793700 
50.892043 
50.990195 


51.088159 
51.185936 


51.283626. 
51.380930 


51.478151 


51.575188 
51.672043 
51.768716 
51.865210 
51.961524 


52.057680 
52.153619 
52.249402 
52.345009 
52.440442 


52.535702 
52.030789 
52.725705 
52.820451 
52.915026 


53.009433 
53.103872 
53.197744 
53.291650 


-53.385391 


53.478968 
53.572381 
53.665631 
53.758720 
53.851648 


63.944416 
54.037024 
54.129474 
54.221701 


64.313902 | 


54.405882 
54.497708 
54.589376 
54.680892 
54.712256 


Nn 


.0631194 
.0629941 
.0028695 
.0627456 
.0626224 


.0625000 . 
.0623783 
.0622573 
.0621370 
.0620174 


.0618984 
.0617802 
.0616626 
.0615467 
.0614295 


".0613139. 
.0611990 
.0610847 
.0609711 
.0608581 


.0607457 
.0606339 
.0605228 
.0604122- 
:0603023 


.0601929 
.0600842 
.0599760 
. 0598684 
‘0597614 


.0596550* 
.0595491 
.0994438 
.0593391 
.0592349 


.0591312 
.0590281 
0589256 
.0588235 
.0587220 


.0586210 
.0585206 
. 0584206 
.0583212 
.0582223 . 


.0581238 
-0580259 
-0579284 | 
.0578310 
-0577350 
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1 /፲08 


.0199601 | 
.0199205 
.0198811 
.0198419 
07198030. 


:0197642 
.0197267 
.0196875 
.0196494. 
:.0196116 


-0195740 
.0196360 
.0194994 
.0194625 
.0194267 


.0193892 
.0193528 
.0193107 
.0192807 
.0192450 


.0192095 
.0191741 
.0191390 
.0191040 
.0190693 


.0190347 
.0190003 
:0189661 
.0189321 
.0188982 


.0188646 
.0188311 | 
.0187978 

.0187647 
.0187317 


, 0186989 
..0186603 
,0186339 
.0186016 
.0185095 


.0185376 
.0185058 
.0184742 
.0184428 
. 0184115 


.0183804 
.0183494 
.0183186 
.0182879 
.0182574 


iso - FORMULARE AND TABLES FOR STATISTICAL, WORK 


TABLE 17.2. (continued) SQUARE ROOTS AND THEIR RECIPROCALS 


zl o=] սովաթվ| መ 


17.3493516 | 54.863467 | .0576390 | .0182271 | 351 | 18.7349940 | 59.245253 | .0533701 
17.3781472 | 54.954527 | .0575435 | .0181969 18.7616030 | 59.329588 | .0533002 
17.4068952 | 55.045436 | .0574485 | .0181668 18.7882942 | 59.413803 | .0532240 
17.4355958 | 55.136195 | .0573539 | .0181369 18.8148877 | 59.497899 | .0531425 


17.4612492 


55.226805 | .0572598 | .0181071 18.8114437 | 59.581870 | .0530745 


17.4928557 | 55.317207 | .0571662 | .0180775 18.8679623 .665736 | .0529099 
17.5214155 | 55.407581 | .0570730 | .0180481 18.8944436 | 59.749177 | .0529256 
17.5499288 | 55.497748 | .0569803 | .0180187 18:9208879 | 59.833101 | .0528516 
17.5783958 | 55.587768 | .0568880 | .0179896 18.9472953 | 59.916609 | .0527780 
17.0068169 | 55.677644 | .0561962 | .0179605 18. 9736660 .000000 | .0527046 


.0567048 


17.6351921 | 55.767374 .0179316 19.0000000 | 60.083276 | .0526316 
17.6635217 | 55.856960 | .0566130 | .0179029 19.0262976 | 60.166130 | .0525588 
17.6918060 | 55.940403 | .0565233 | .0178743 19.0525589'| 60.249481 | .0524804 
17.7200451 | 56.035703 | .0564333 | .0178458 19.0787840 | 60.332413 | .0524142 
17.7482393 .0563436 | .0178174 19.1049732 ,416230 


56.124861 .0523424 


17.7763888 | 56.213877 


.0562544 | .0177892 19.1311265 .497934 | .0522708 

17.8044938 | 56.302753 | .0561656 | .0177611 19.1572441 | 60.580525 | .0521996 

318 | 17.8325545 | 56.391489 | .0560772 | .0177332 19.1833261 | 60.603004 | .0521286 
319'| 17.8605711 | 56.480085 | .0559893 | .0177054 :19.2093727 | 60.745370 | .0520579 
320 | 17.8885438 | 66.568642 | .0559017 | .0176777 60.827625 | .0519875 


.2353841 


17.9164729 


321 56.656862 | .0558146 | .0176501 .2613003 .909769 | .0519174 
"322 | 17.9443584 | 56.745044 | .0557278 | .0170227 19.2873015 | 60.991803 | .0518476 
323 | 17.9722008 | 56.833089 | .0556415 | .0175954 19.3132079 | 61.073726 | .0517780 
324 | 18.0000000 | 56.920998 | .0555556 | .0175682 19.3390796 | 61.165539 | .0517088 
325 | 18.0277504 .0554700 | .0175412 


19.3649107 | 61.237244 | .0510398 


57.008771 


326 


18:0554701 | 57.096410 | .0553849 | .0175142 .3907194 .318839 | .0516711 
327 | 18.0831413 | 57.183914 | .0553001 | .0174874 19.4164878 | 61.400326 | .0515026 
328 | 18.1107703 | 57.271284 | .0552158 | .0174608 19.442222] | 01.481705 | .0514345 
329 | 18:1383571 | 57.358522 | .0551318 | .0174342 19.4079223 | 01.562976 | .0513065 
330 | 18.1659021 | 57.445026 | .0550482 | .0174078 19.4935887 | 61.044140 | .0512989 


331 | 18.1934054 | 57.532599 | .0549650 | .0173814 .0192213 .72 . 

332 | 18.2208672 | 57.619441 | .0548821 | .0173553 19.5448203 at 806149 -0511645 
333 | 18.2482876 | 57.700152 | .0547997 | .0173292 19.5703858 | 61.886994 | .0510076 
334 | 18.2766669 | 57.792733 | .0547176 | .0173032 19.5959179 | 61.967734 | .0510310 
336 | 18.3030052 | 57.879185 | .0546358 | .0172774 10. 6214169 


62.048368 | .0509647 


18.3303028 


336 57.965507 | .0545545 | .0172516 .6468 62. 

337 | 18.3575598 | 58.051701 | .0544735 | .0172260 19. 6723156 63-203334 10508329 
338 | 18.3847763 | 58.137767 | .0543928 | .0172005 19.6977156 | 62.289646 | .0507873 
339 | 18.4119526 | 58.223707 | .0543125 | .0171751 19.7230829 | 62.369865 | .0507020 
340 | 18.4390889 | 58.309519 | .0542326 | .0171499 | 


39.7484177 .0506370 


62.449980 


341 | 18.4661853 


58 


.395205 | .0541530 | .0171247 7131199 

342 | 18.4932420 | 58.480766 | ‘0540738 | "0170996 19. 7989599 63.009001 1006 
343 | 18.5202592 | 58.566202 | ‘0539949 | "0170747 19.8242276 | 62.689712 | .0504433 
344 | 18.5472370 | 58.651513 | 0539164 | ‘0170499 19.8494332 | 62.769419 | "05031793 
345 | 18.5741756 | 58.736701 | .0538282 | "0270251 | ፡ 


19.8746069 | 62.849026 | .0503155 


18.6010752 


346 58.821765 | .0537603 | .0170005 899৭. ) 
347 18.6279360 | 58.906706 | .0536828 | .0169760 1919245588 63-007953 -0501880 
348.| 18.6547581 | 58.991525 | .0536056 | .0169516 19.9499373 | 63.087241 | .0501255 
349 | 18.6815417 | 59.076222 | .0535288 | .0169273 19.9749844 | 63.160447 | .0500626 
350 | 18.7082869 | 59.160798 | .0534522 | .0169031 - ) 


03. 24656553 


20.0000000 .0500000 


x 


. 0165748 


.0168790 
.0108550 
.0108311 
.0168073 
.0167836 


.0167600 
.0107365 
.0167132 
- 0166899 
.0106067 


.0166430 
.0160206 
.0105977 


.0165621 


.0105295 
-0165070 
0164845 
0164622 
.0104399 


.0164177 
.0163956 
.0163737 
.0103517 
.0103299 


.0103082 
.0162866 
.0162650 
.0102435 
.0162221 


.0162008 
.0161796 
,0161685 
.0161374 
,0161165 


.0160956 
.0160748 
.0160540 
.0160334 
.0160128 


.0159923 
.0159719 
.0159516 
.0159313 
.0159111 


.0158910 
.0168710 
.0158511 
.0158312 
.0158114 
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TABLE 174. HIGHER POWERS OF NATURAL NUMBERS 
a గా. 
n n5 nó | ni ns n9 nto nil 
— a—— Y n 
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17.5. Conversion op NUMBER SYSTEMS 
8. Introduction | | 


| Most of the digital computers carry out the arithmetical operations in 
. number systems such as the binary (radix 2), ternary (radix 3), octal (radix 8) and hexa- 
decimal (radix 16). Decimal numbers (radix. 10). have, therefore, to be converted 
to other systems at the stage of input into the machine and the results at the stage of 
output have to be converted back into the decimal system. Table 17.5 which’ 
furnishes positive and negative powers of 2,3, 8 and 16, is useful for this purpose. 
‘The table also gives three digited binary equivalents for numbers 0 to 7 and four 
digited binary equivalents for numbers 0 to 15. | 


b. Conversion between the decimal and other systems 


Example 1. The number. 
(367.6102), 
in the octal system is. equivalent to 
3XB24-6X8+-7X8°+6X 871--1x 8-2-0 X 8342 x 87* 
= (547,76113281 ...);0 
in the decimal system. To arrive at this valuo, the positivo and negative powers of 
8 have ከ668 used from Table 17.5 (powers of eight). 


Example 2. To convert (247.76113) into octal and hexadecimal systems. The. 
integral part 247 and the decimal part .76113 have to be considered separately. 
To convert the former into the. octal system, it is first divided by 8 and the remainder 
noted,-the quotient is then divided by 8 and the remainder again noted; this is conti- 
nued until the quotient. obtained is zero. Thus, 


quotient remainder 
247.—8 30 7 
30 —8 3 - 6 
3—8 0 3 


Collecting the remainders, 
| | | (247)19 = (367),. 


decimal part-.76113; repeated multiplication by 8, caoh time omitting 
he unit's place, is carried out as follows : 

.76113x 8 = 6.08904 

,08904 X 8 = 0.71232 

71232 x 8 = 5.69856 


| As regards the 
the integer in t 


jelding (76113) = (605...). The final answer is obtained by putting the two 


s together. . Thus, 
(247.16113),, = (367.605, ..). 


al system there aro 16 symbols. The symbols 0, 1, ..., 9 may be used 
w, z, y for 10, 11, 12, 13, 14, 15. The conversion of 


- conversion 


In the hexadecim 
for the digits 0, ..., 9 and է, %১ V, 


16 d | š FORMULAE AND TABLES FOR STATISTICAL WORK 


` (247716113), is done as follows : 


quotient ` remainder 
247 <-16 - 15 7 
+16 0 16 = y 


(247) = (yT) 
.76113 X16 = 12.17808 
11808516 = 2.84928 
84928 x 16 = 13.58848 


(T6113) = (.v 2 ...)), 
(247.76113) = (y7.v 2 బ్య 
ነ - Example 3. To convert (1000111000), in the binary system to decimal system. 
1X 241K 241K 241 x23 = (568),, in the decimal sy stem as obtained by 
using the powers 01.2 given in Table 17.5 (powers of 2). Similarly, 
(1100.1101) 
-5234-224-2-14-2-1-275 = (12.8125)լը 
'The conversion from decimal to binary system is done by successive divisions and 
multiplications by 2 of the integral and decimal parts respectively as in examplo 2. 


b. Conversion between the binary and octal or hexadecimal systems . 

` Example 4. Convert (1000111000), into octal system. This i is dono very easily 
by breaking the given number into. sets of 3 digits and writing down tho octal 
equivalent of each set using Table 17.5 (binary equivalents). Whon an incomplete 


set.is found at the. beginning, zeros are placed to complete it. Thus, 
1,000, 111, 000 - 


is written. - - 001, 000, 111, 000 
with octal equivalents 1 0 7 0. 
giving. ` .' (1,000, 111, 000), — (1070), 


The conversion from octal to binary system consists in simply replacing each octal 
s by the corresponding triplet of the binary system using Table 17.5. Thus, 
| (1 4 6), = (001, 100, 110), = (1100110), 


- Example 5. Convert eee 1011), into octal system. ‘The division ከ56 sets 


is done 88. follows : 
1, 100, 011: 101, 1 ' | 
starting fo the m for digits preceding the binary point ind নি the right for digits 


` following the binary. point. - The ত Sets aré የር and the gotal equi- 
vaients of the sets are written ` 


00, 100, 011. 101, 100 
| | కే $+ 3 5 4 
Thus, - -.  በ100011.1011), =-(143.54), 

- Example | 6. Convert (1100011. 1011), into hexadecinial system.. The procedure 
using. ‘the equivalents given ‘in Table 17.5 APRI EE is. the same ৪৪ 
inexample 5. : 

` Such.simple methods are not generally available for conversion from one system 
Ա another. To convert a number with 28016 to one with radix ca general . 


procedure is to: convert the number with radix b to decimal system and then convert 
déi to radix c. 
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TABLE 176. CONVERSION- OF. NUMBER SYSTEMS 


POWERS OF TWO 


n 2n 
0 1 
፲ 2 
2 4 
Տ 8 
4 16 
త్‌ 32 
. 6 64 
1 128 
8. 256 
9- 612 
10 1 024 
11 2. 048 
12 4 096 
13 8 102 
14 16 384 
కేర్‌ 32 768 
16 65 536 
17 131 072 
18 262 144 

19. 524 28৪. 
20 1 048 576 
91. 2 097 152 
22 4 194 304 
23 8 388 608 
24 16 777 216 
EI 33 554 432 
96 67 108 864 
27 134 217 728 
28 268 436 486 
29 536 870 912 
30 -1 073 741 824 
31 2 147 483 648 
32 4 294 967 296 
33 8 589 934 692 
"oM 17 179 869 184 
35. 34 359 738 368 
26. ‘68 719 476 736 
37 137 438 953 412 
. 38 - 974 877 906 944 


649 756 813 888 


003 906 25 
001 953 126 
000 976 662 5 
000 488 281 25 


000 244 140 625 

000 122 070 312 5 ^ 
000 061 035 156 25 

000 030 517. 578 125 


1 

0 

0 

0 

0 

0 

0 

9. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0.000 016 268 789 062 6 
0.000.007 629.394 531 25 . 
0.000 003 814 697 265 625 

0.000 001 907 348 632 812 5 
0.000 000 953 674 316 406 25 
0.000 000-476 837 158 203 155 
0.000 000 235 418 579 101 ይ62 5 
0.000 000 119 209 289 550 731 25 
০. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 


000 000 059 604 644 775 390 625 

000 000 029 802 322 387 695 312 5 
000 000 014 901 161 193 847 656 25 
000 000 007 450 580 696 923 858 125 


000 000 003 725 200 298 461 914 062 5 
000 000 001 862 645 149 230 957 031 25 
000 000 000 931 322 674 615 478 616 625 
000 000 000 465 661 287 307 739 257 812 5 


000 000 000 232 830 643 653 869 628 906 25 
000 000.000 116 415 321 826 934 814 453 125 
000 000 000 058 207 660 913 467 407 226 562 5 
000 000 000 029 103 830 456 733 703 613 281 25 
0 


00 000 000 014 551 915 228 366 851 806 640 625 
000 000 000 007 275 957 614 183 425 903 320 312 5 
000 000 000 003 637 978 807 091 712 951 660 156 25 
000 000 000 001 818 989 403 645 856 475 830 078 125 


POWERS OF EIGHT 


---- j 8 ` Ba i | : 


| 1 1.0 

ç 8 0.126 

1 64 0.015 625 

5 512 0.001 953 125 
| 40 96 0.000 244 140 625 

M 32 768 0.000 030 517 578 125 

5 262 144 0.000 003 814 697 265 625 
E- 2 097 152 0.000 000 476 837 168 203 125 

7. 

P 16 777 216 0.000 000 059 604 644 775 390 625 

Է: 134 217 728 0.000 000 007 450 580 590 923 828 125 

: 1 073 741 824 0.000 000 000 931 322 574 615 478 615 625 

a) .8 580 934 592 0.000 000 000 116 415 321 826 934 814 453 125 

o 68 719 476 136 0.000 000.000 014 551 915 228 366 851 806 640 625 
12 0.000 000 000 001 818 989 403 545 856 475 830 078 195 


649 755 813 888 
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POWERS OF SIXTEEN 
ছি 16^ . 16-2 
0 1 1.0 
1 16. 0.062 5 
2 256 0.003 906 25 
3 4 096 0.000 244 140 625 
4 65 536 ` 0.000 025 258 789 062 5 
5 1 048 576 0.000 000 953 614 316 406 25 
6 16 777 216 ` 0.000 000 059 604 644 775 390 625 
7 268 435 456 0.000 000 003 725 290 298 461 914 062 5 
8 4 204 967 296. 0:000 000 000 232 830 643'653 869 628 906 25 
9 68 719 476 736 0.000 000 000 014 551 915 228 366 851 806 040 025 
- | | POWERS OF THREE 
` Փ . D . 37^ 
0. | 1. 1.0 
1 g“ 0.333 › 
2 9 9.111 11 
3 27 0.037 037 
4 81 0.012 345 
5 243 0.004 115 2* 
6 729 0.001.371 7* 
ገ 5 187 0.000 457 24* 
8 6 561 0.000-152 45* 
9. 19 683 0.000 050 806* 
10 59- 049 0.000 016 935» 
n 177 147 0.000 005 644.9" 
19 531 441 0.000 001 831 6* 
13 1 694 323 0.000 000 627 21* 
14 4 782 969 0.000 000 209 074 
15 14 348 907 . 0.000 000 069 6954 
16 43 046 721 0.000 000 023 232* 
17 129 140 163 0.000 000 007 743 8» 
18 ' 387 420-489 0.000 000 002 581 3» 
19 1 162 261 467 0.000 000 000 860 44* 
20. 3 486 784 401 


0.000 000 000 286 81* 


*Note ፥ The last figure may be in dowbt and is for rounding-off purposes only. ন 


THREE AND: FOUR DIGIT BINARY 


“EQUIVALENTS 
number three digit four digit ` 
^ binary binary . 
0 000 0000 
1- 001 0001 
2 010 0010 
5 011 0011 
4 100 0100 
E 101 0101 
6 110 0110. 
7 nr 0111 . 
“8. | 10007 
9. | | 1001 
10. 1010 
11. . ፡ . 1011 
12 . . 1100 
13 1101 
14 : 1110 
15 1111 - 
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TABLE 17.6. PBIME FACTORS OF NATURAL NUMBERS 


^. factors factors , factors 


m Prime numbers are in bold face. . 


factors 


22.35.71 
11.23 
2.127 
3.5.17 


FORMULAE AND TABLES FOR STATISTICAL WORK | 
TABLE 176. (continued). PRIME FACTORS OF NATURAL NUMBERS 


n factors 


30r 
302 


303 — 
. 804 


305 


306 
307 


308 — 


309 


310^. 


"311 
312 
313 
314 


515 . 


316 


` 817 


318 


- 319 


320 


- 391. 
EB 
323 | 


324 


325 


326 
327 


` 328 


329 


. 330 


381 


332. 


333 


. 994 
. 935 


336 
387 


. 938 


339 
340 


341 
342 


343 


344 


. 345 


346 
347 
348 
Յ49 


350 


22.3.41 
17.29 ` 
2.13.19 
32.5.11 


24.31 
7.71 
2.3.83 


22.58 
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TABLE 17.6. (continued) PRIME FACTORS OF NATURAL NUMBERS 


factors fáctors | - factors - factors . factors 


3.167 ፤ ||' 

2.251 : 23.3.23 || - : 23.163 || 2.38.13 
: : | ՀԱՆՈՒՆ»: 19.37 

25.32.71 || . ւ 2. 53 : EI 26.11 

5.101 3.5. E 1 3.5.47 


- 2.353 
7.101 
22,939.59 


ERD 


32.79 
23.89 
23.31 
2.3.1.17 
5.11.13 


22,179 
3.239 .| 
2.959. 


24.32.5 


7.103 | 
2.195 
3.941 ` 
22.181 


ET - ` / FORMULAE AND TABLES FOR STATISTICAL WORK. 


TABLE 17.6. (continued.) PRIME FACTORS OF NATURAL NUMBERS 


factors | factors 


"28.31 901 17.53 951 3.317 
22.911 902 2.11.41 95.1. 
903 3.7.45 
2.7.61 904 23.113 - 
35.5.19 905 6.181 
23.107 906  2.3.151 


907 | 
908 95.927. 

909  35.101.,- 
910 


911 ' 
919 - 94.3.19 
913. -11.83 
914 9.457 
915 


2.433 916 
867 3.172 917. 7.131 
8658. 22.7.31 918 2.33.17 
869 11.79 ` 919 : š 
870 2.3.5.29 .920 
871 13.07 921 


922 2.461 


873 85.97 993 . 13.71 
814" .5.19.93|| 924 2»:3.7.11 
875 — 53.7 .995 52 


956 


- 877 927 32.103 
878 2.439 . 928 25.29 
879 3.293 929 


930 


Im 72.19 981 32.109 
882 2.32.72 932.. 22.233 . 2.491 
883 Իջ: 933 : 3.311. | 
884 22.13.17 934 2.467 25,3. 41 


San 3.5.50 935. 5.11.17 


23.13 ,886 2 19} 886 2.43 


930 25.85.13 
| 33,31 887 937 
35,197 || 838 2.4 .388.. 253.90 || 935. 2.7.87. 
న í || 889 7.127 939 3.313 
890  .9.5:89 940 22.5.47 


$91 34.11 
892 2.298 
893 19.47 
894 2. 3. Wi 
895 .179 ` 


% ` 
94% 2.3.1571 
943 23:41. 
“రకత. 24.69 
945 35.5.7 


Տ96 31.7. 
8ፀ7 3.13.23 
898 2.449 
899 29:31 
900. 22.82.52 | 


946 2.11.43 
947 - ; 
948 — 22.8.19 
949 13.73 

930 ës 19⁄7 


193 
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196 ; FÓRMULAE AND TABLES FOR STATISTICAL WORK 
17.8. BERNOULLI AND EULER NUMBERS 


The Bernoulli numbers B, and Euler numbers E, of order 1, of Table 17.8 are. 
defined by ` տ 2A 


4 ° 
Ժ-1 = & B ռի 


Արար যাক ም 
Ki Se = Seoh t= È E, পা 


Note that for odd values of n both B, and E, are equal to zero, excluding of course 
B, which is equal to —1. The values of the first few numbers are 


5 691 
30 66 2730 


1385 --50891. 270965 


Computing the sum of integral powers of integers. The Տառ SAN) = 1" 
12571778528 frequently needed in statistical work. For example consider a random 
sample of size n drawn with replacement from a finite population of N units and let 
V denote the number of distinct units appearing in the sample. The. expected value 
of 1/7 can be expressed as E(1/V) = 8, (N)/N-^: In terms of Bernoulli numbers, 


S,(N) = 3 | Kë ) BAN Weg 10711) We have thus 


IN(N --19 ሩ 4 

N(N+ 1)8፳+1)68*+ ar AA 30 

N*(N -+1)42N249N—1) = 19 | 
N(W+3)(2N-+1)(3N44 as AN 1) +42 
NYN--YNSN*-L6N* N2— এম 4.2) 24 


NINIAN -ISNS -15N5--5N4  15N3— N*--9N—3) = 90 
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TABLE 17.8. BERNOULLI AND EULER NUMBERS AND THEIR LOGARITHMS 


logio| Bas | 18:4|* 1981913841 |ጆ፡።] 
^ — ౨77815 12504. - ,16666. 0607  . Ծ.0000 0000 0000 1 
—1.47712 12547 .03333 3333 0.8989 7000 4336 5 

3 —1.62324 92904 .02380 9524 1.7853 2983. 6011. 61 

4 --1,4771 12547 -03333 3333 . 3.1414 4977 3400 . 1385 

ሀ —1.12057 39312 .07875 7576 4.7034. 7103 8284 . ,5 0621 

6 — .59668 45997 228311 3553 6.4918 0828 6805 270 2765 

7 0.06694 67896 "1.1666 6667 8.2996 4016 2027 19936 0981 

8 0.85077 83357 . 7.0921 6686 10.2876 1167 6568 1939151 2145 
ነ 1.74013 50435 - 54.971 1779 | 12.3810 9335 1978 2404879 676(3) 

0 2.12355 76597 ` 629.12 4242 14.5686 3719 4867 — 3703711 882(5) 
11 3.79183 95878 6192.1 2319 16.8410 3941 0368 6934887 439(7) . 
12 4.93141 88511 86580. 2531 19.1907 3874 0073 — 1551453 416(10) . 
13 6.15397 24516 14255 17.17 21.6114 1234 2656 — 4087072 509(12) 
Mj. 7.43613 45056 .27298 231.1 24.0976 9438 4097 — 1252259 64105) ` 
15] 8.77929 40203 60158 0874 26.6449 7388 2655  4415438 932(17) 

156 |. 10.17944 59554 ` 16116 31582) | 29.2492 4580 0749 1775193 916(20) 

17 11.63307 90755 49961 4643(3) 31.9069: 9890.3609 8072320 924(22) 
18 13.13708 98839 - 1371] 6552(5) 34.6151 2969 4666 4129206 034(25) 
19 14.68871 54679 48833 2319(6) 37.3708 7526 1289 — 2348958 053(28) 
20 16.28548 03295 19296 5793(8) 40.1717 6010 5584 1485115 072(31) 
21 | — 17.926015 31399 84169 3048(9) 43.0155 5349 8641  1036462 273(34) 
22 19.60571 51352 - 40338 0719(11) 45.9002 3487 6646 17947579 423(36) 
23 21.32532 57440 .. 51150 7486(13) 48.8239 6546 8043 66675371 517(39) 
24 23.08230 51026 12086 6265(15) 51.7850 6480 9291 6096278 646(42) 
25 24.871611 14502 15008 6675(16) 54.7819 9113 9598 6053285 248(45) 
26 '26.70232 52332 ` 50387 7810(18) 57.8133 2490 5271 — 6500162 487(48) 
21 28.56263 61260 . 36528 7765(20) .60.8777 5478 0634 17546659. 939(51) 
28 30.45482 61057 28498 7693(22) 63.9740 6574 3074  9420321 896(54) 
29 39.37776- 92183 28865 4975(24) | 07.1011 2883 8249 — 1262201 925(58) 
30 34.33041 27436. ` 21399 9493(26) 70.2578 9234 6215 — 1810891 150(61) 
31 36.31177 45314 ` 20500 9757(28) 73.4493 7411 6664 2775710 170(64) 
32 38:32093 53181 -. - 20938 0059(30) 76.6566 5488 6041 4535810 333(67) 
33 40.35703 28735 22152 6965(32) 79.8968 7242 4165 7886284 207(70) 
34 42.41925 68522. . 26257 7103(34) | 83.1632 1638.5512 1456184 438(74) 
35 44.50684 42463 32125 0821(36) |. 86.4549 2376 2203 2850617 832(77) 
36 46.61907 53547 41598 2782(38) 89.7712 7485 3293 5905747 208(80) 
37 . 48.75527 01978 .56920 .6955(40) 93.1115.8967.9184  .1292973. 664(84) 
38 | 50.91478 53168 92183 6294(42) | . 96.4752 2478 0696 2986928 183(87) 
39 -83.09701 09079 12602 9043(45) 99,8615 7035 4499 7270601 714(90) 
40 55.30136 82495 20015, 5832(47) 103 :2700 4767 8721. 1862291 576(94) 
41 | "57.52780 73841 33674 9829(49) 106.7001 0679 5923 ` 5013104 941(97) 
49 59.77430 60258 59470 9105(51) | 110.1512 2442 0201 — 1416525 576(101) 
43 62.04186 26660 11011 9103(54) 113.6229 0204 3198 4196643 164(104)- 
44 64.32950 48541 - 21355 2595(56) | 117.1146 6421 3908 1302159 591(108) 
45 66 63677 70334 . 43328 8970(58)| | 120.6260 5697 5931 4227240 656(111) 
46 68.96324 71164 91885 5282(60) 124.1566 4644 1537 1434321 279(115) 
47 71.30849 81818 20346 8968(63) | 127.7060 1748 9631 5081799 072018 
48 13.67213 32834 . . 47003 8340(05) 131.2737 7257 3899 1875335 9361122) 
49 76.05377 13567 11318 0434(68) 134.8595 3062 9797 — 7230534 381(125) 


50 78.45304 68146 28382 2496(70) 138.4629.2607 0334 2903528 347(129) 


Note: ` For larger values of n, values of 18281 and | Ban | are given correct to 9 and [0 significant 
digits respectively. ` The number in parenthesis following | B:n] and | 2չո| is the power of 10 by which 
the given tabular quantity must be multiplied. 


* 83 is positive if n is odd and negative if n is even while Hon is positive if 6 ia even and negative 
if n ia odd, 
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‘TABLE 17.9, COMMON LOGARITHMS ` 
; (six-figure) 


00 0000 

8600 451 9876 0300 0724 1147 1570 1993 2415 

8600 9026 9 | E 2 

| 0] 2837 9269 3680 4100 4521 4940 5360 5759 6197 6616 
7033 7451 7868 8284 8700 9116 9532 9947 . *0361 0775 


| 02 1189 1603 2016 2428 2841 3252 3664 4075 4486 4896 
| 5306 5715 6125 6555 6942 7350 7757 8164 8571 8978 
9384 9789. 50195 0600 1004 1408 1812 2216 2619 8021 
| 03 3424 3826 ` 4227 4628 5029 5430 5830 6230 6629 7028 
| 1426 1825 8223 8620 9017 9414 9811 *0207 0602 0998 


1 04 1395 1787 2182 2576 2969. 3362. 3755 4148 4540 


4932 

5323 8714 6105 6495 6885 7215 766 4805 8442 8830 

. 9218 9606 9995 40380 0766 1153 1538 1924 2309 2694 

| 05 3078 3463 3846 :4230 4613 4996 5378 5760 6145 6524 


6905 7286 7666 8046 8426 8805 9185 9563 9942 «0320 


1 06 0698 1075 1452 1829 2206 2585 52955. 3333 3709 4083 
4468 4832 5206 5580 6953 6326 6699 7071 7443 7816 

ի 8186 8557 8928 9298 9668 50036 0407 0116. 1145 1614 
07 1882 2250 2617 2985 3362 3718 4085 4451 


. 4816 5182 
6547 5912 626 6640 — 7004 1355 — 7731 8094 3457 8819 


. 9181 9543 9004 «0266 0626 0987 1547 1707 2067 2426 
08 2785 3144 3503 3861 4219 4576 4934 


6 - 5291 5647 6004 
6360 6716 7071 7426 7781 8136 8490 8845 9198 9552 

Š $9905 40258 0611 0963 1315 1667 2018 2370 2721 8071 
09 34 


6910 


10 0371 0715 1059 1403 1747 2091 2434 2777 5119 3462 

' 8804 4146 4487 4858 5169 5510 8881 6191 6531 6871 
_ 7210 7549 7888 8227 8565 8903 9241 9579 9916  *0253 
11 0590 0920  ..1203 1599 1934 2270 2605 ` 2940 3275 


3943 4277 4611 4944 5278 5611 5943 §276 6608 8940 
7271 7603 7934 8265 8595 8926 9256 9586 9915 10245 
12 0574 0903 1231 1560 1888 2216 2544 ౨871 2198 8525 
_ 8682 4178 4504 4830 5156 5481 5806 6131 6466 6781 
7105 7429 7753 8076 8399 8755 9045 9368 9690 


13 0334 065, 0977 1298 1619 1939 2260 2580 
3539 38585 4117 4496 4814 5133 7451 5769 0099 8463 
9721 1031 1854 ፲671 7987 8305 8618 - 8934 - 9249 9561 
9879 «0194 0508 0822 1136 1450 — 1763 - 2076 - 2389 2702 ` 
14 3016 . 3327 3639 395. 4203 4574 4885 5196 5507 582 


5128 6455 6748 7058 7367 7676 7985 8294 8603 . 
_ ১9219 9527. 9835 «0142 0449 0756 1068 1370 1676 1982 
15 2288 , 2594 2900 8205 8510 3816. 4120. 4424 4728 5032 
5336` ' 5640 5943 6246 6549 6852 7154 1457 7759 8061 
.8302 866৫ 8066. 8266 9567 9868 +0168 0469 0769 1068 
Sy ই ነ - : 


16 1368' - 1667 1967 2266 2664 2863 3161 3 
4853 . 4050 4947 5241 5841 5838 6134 6430 6720 7022 
7317 - 7613 4908 820 8497 8792 9086 9380 9674 9982 
17 0262 0555 0848. 1141 1434 1726 209 2311 2603 
3186 3418 3769 4060 4351 


2895 
4641 4932. 5292 6512 5802 290 . 

gAn asterisk and a bold figure indicate that a change has occured in the first + of. 
tissa, shown separately in the first column immediately following the number. Thus log. 1414 ঘট 
To obtain natural logarithm (to base e) multiply by 23026851: < 
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TABLE 17.9. (continued). COMMON LOGARITHMS 


(siz-Sgure) 

num- |. 

ber 0 1 2 3 4^ 5 6 7 8 9. 
150 | 17 6091 6381 6070 . 6959 724. 7536 7825 . 8113 .8401 ` 8689 
151 8977 9264 9552 9889 +0126 0415 0699. 0086 1272 16558 | 
152 | 18 1844 2129 2415 2700 2985 ৬৩210 355 3839 4125 4407 
153 4691 4975 5259 -6542 5825 6108 6391 6674 6956 7239 . 
154 1621 7803 8084 8366 8647 8928 9209 9490 9771 «0051 


165 | 19 0332 0612 0892 ` 1171 1451 1730 2010 2289 2567 2846 


156 3125 3403 3681 3959 4237 4514 4792 5069 7346 5623 
157 5900 በ116 0453 61529 7005 7281 7656 - 7832 38107 338 
158 | 8657 8932. 9206 9481 9755 ።0029 0303 ` 0577 0850 1124 | 
169 | 20 1397 1670 1943 2216 2488 2761 3033. 3305 3577 3848 
160 4120 4392 4663 4936 8204 54715 5746 6016 6286 6556 
161 6826 7096 7365. 7624 7904 813 8441 8710 8979 9247 
162 9515 9783 9031 0319 0586 085 1121 1388 1654 1921 
163 | 21 2185 2454 -2720 2986 3252 3518 3783 4049 .4314. 4679 
164 4844 5109 5373 6635 5902" 6166 6430 6694 6887 1221 
165 7484. 7747 80100 8273 8536 8798 90600 9323 9885 9846 
‘166 | 22 0108 0310 0631 0892 1153 144 1675 1936 2196 2456 
167 2716 9976 3236 3496 375 4015 424 4533 4792 5051 
108 ‘5309 5568 5826 6084 6342 6600 685 7115 7372 7030 
169 7887 8144 8400 8057 8913 9170 9426 9685 9938 +0193 
170 | 23 0449 0704 090. 15215 140 1724 1979 2284 2488 2742 
171 2996 3250 3504 3157 4011 4264 4517 4770 5023 5276 
172 5598 8781 6033 — 6285 6537 6789 - 7041 7292 1544 7795 
| 173 8046 8297 8548 8799 9049. 9299 950 9800 «0050 .0300 
174 | 24 0549 0199 — 1048 1997 1546 1796 2044 2293. 2641. 2790 
175 3038 3286 3534 3782 4030 4977 4525 4772 5019 — 5266 
176. 5513 5750 6006 6252 6499 0745- 6991 1237 1482 7720 
177 7973 8219 8464 8709 8954 9198 9443 9687 9932 «0176 
178 | 26 0420 0664 0908 1151 1395 1638 1881 2125 2368 2610 
179 2853 3096 33385 ` 3580 3825 4064 4306 4548 4790 5031 
514 5755 5996 65237 oi 6718 695 471985 - 7439 | 
; 181 7879 201... 8158. 8398 8637 8877 9116 9355 - 9294 8833 
"185 | 36 0071 0310 0548 0787 1095. 1263 1601 — 1739 196 — 2214 
183 245] 98088 2925 3165 3399 - 3636 — 3873 41090 4346 4582 


184 4818 6054 5290 ` 5525 5161 6996 6232 6467 .6702 0947 


পাও 406 47641 7875 8110 48344 4858, 8812 9046 9279 


በ 9746 9980 #0213 0346 0679 0912 1144 1377 1609 


157 | 27 1203. Sora 9906 29835 2770 3001 393 3464 2606 3927 
188 415 4389 4620 48590 508]. 531 5542 5772 6002 6232 
189 6462. 6692 692, 7151 - 7380 169 14835 48067 8296 8525 
; | 8 ə «0211 9439 9607 9895 20123 0351 0518 0806 
: 91 28 1035 1261 1288 1715 1042 2169 2396 2622 .2849 3075 
'182 3301 3527 ` 3753 399 4206 4431 146566 1885 5107 5332 
198 | 65577 3185 6007 6955 6456 — 6081 6905 1730 124354 7578 
104 7802 8096 8249 843 8696 8920 9148 9866 9589 9812 


56 0035 0480 0705 095 1137 - 1369 . 1591 1813. 2084 
E a 2250 2878 2609 2820 3131 93363. 3584 93804 4025 ` 4246 
197 3466. 14687 49017 5197 5347 5567 5187 06007 6226 6346 
198 9605 68846 7104 7323 7645 7761 7070. 8198. 346 8638 
199 8853 9011 9285 9507 9725 9955. «9161 0378 0595 0813 


| *See footnote oz page 178. 
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TABLE 17.9. (contimied). COMMON LOGARITHMS 


(six-figure) ` 


1 2 -3 Or త్‌ যা Ս 


— ፒ S | բ 
30-1030 1404. . 1898 2114 
3196 3112 3628 . 3844 4059 4275 4491 4706 . 
‘5951 5566 - 5781 5996. 621 6425 6039 6854 7068 7282 
-7496 7710 ^ 7924 ^ 8137 8351 ^ 8564 8778 8991. 9204 9417 
9630 9843 «0056. 0268 0481  .0693 0906 . 1118 1330 1542 


31 17504 196 2177 2389 2600 2812. 3023 3234 3445. 3656 
i 3867 4018 4289 4499 4710: ; 4920 5130 .5340 5551. 5760 
5970 67180 . 6390. 6599 Geng 7018 7227 4436 1646 7854 
$063 8272 8481 8689 8898 9106 9314 9522 9730 9938 
32 0146 0354 0562 0769 - 0977 1184 1391 1598 1805. 2012 


2219 2426 '2633 2839 3046 3252 3468 3665 . 3871 40177: 
4282 4488 4694 - 4899 8105 - 5310 5816 - 5721 .5926 6131 

6336 6541 6745. ` 6950 7155 7359 7568 7767 7072 8176 
8380 8583 8187 8991 9194 9398 9601 9805 50008 0211. 
33 0414 0617 0819 1022 1225 1421 1630 1832 2034. 2236 


2438 ` 2640 2842 3044 3246 -3447 3049 3850 4051 1253 
4454 4655. 4856 5087. 5257 5458 5658 5859 6059. 6260 ` 
6460 6000 - 6860 7060 7260 | 7459 1659 7853 8058 8257 
8458 ৪656 -8855 9054 -9253 9451 9650 9849 0047 0246 
34 0444 0649 0841 1039 1237 1435 1632 1830 2028 2225 


2423. 2620  .2817. 3014 3212 3409 3606 3802 3999 4196. 

4392 4580: 4785 4981 5178 5374. 5570 5766 5962 6157 

6353 6549 6744 6939 1136 .7330 7525 7720 7915 8110 
` .8305 S500 8694 8889 -9083 9278 9472 9666 9860 «0054 
35 0248 0442 0036 0829 1023 . 1216 1410. 1605 1796 1989 


"2183. 2375 2568 2761 2954 3147 3339. 3632 3124 3916 
4108 4301 4493 4085 ` 4876 5068 5260 5452 5648 5834 
6026 6217 . 6408 6599 6790 6981 1112 7363 1854 1144 
7935 .. 8125 8316 8506 8696 -8886 - 9076 9266 .9456 9646 
9885. 0025 0216 0404 0593 0783 . 0972 1181 - 1350 1539 


36.1728 1917 2105 - 2294 2485 207. 2859 3045 3236 


: 3424 
3613 3800 3988 ` 4116 4365 4551 4739 4926 5113 5801 
5488 56075 5862 6049. 0236 6423 ‘6610 61496 6983 1169 
7356 7542 7፲29 ois 8101 8287 . 8473 8659 8845 9030 


, 9216 9401 9587 9772 9958 ৯0143 0328 9513 0698. 0883 


235 | 37 1068 1253 1431 1622 1806 1991 2175 236 2544 27 
236 | . 2912 3096 3280 3464 3647 3831 . 4015 4198 4382 ` 4565 : 
237 4748 4932 5115 5298 5481 5604 5846. 6029 6212 ` 6394 
238. 6577 6759 6945 17124 7006 7488 7670 7852 | 


) 8034 
239 | 8398. 8880. 8761 8943 0124 9808 9487 9068 9840 «1030 : 


240 | 38 0211 0392 0573 0754 0934 1115 1996 1476 | ded 
241 .2017 2197 2377 2507 2131 2917 3097 3277 3456 3636 
242 3815 3385 174 3353 453 4112 4891 8070 5249 5428 | 
243 «6606 75285 85964 6142 6021 6499 ong 6856 7034. 721 ` 
244 3 .7390 - 7568. 7746 7923 81001 8279 8456. 8634 8811 8989. 


245 9160 9343 9520 9698, 9875 «0051 eg ` 
246 | 39 0035 115 1985 144 1641 ez 0995 2169 2948 SUE 
i 2697 2873 3048 , 3224 3400 Aen 3781 3956 4101 4277 
248 | 4452 4627 4802 ` 4917 ከ152 5326 5501 5676 5850 025 | 1 
249 | ^ 6199 634 6548 9722 6896 1071 15246 1419- 7693. ገዝ6 | 
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FORMULAE AND TABLES FOR STATISTICAL WORK ' 201 
TABLE 17.9. (continued). COMMON LOGARITHMS | 
(six-figure) 


9 1 2 3 4 5 . 6 7 8 
7040 8114 8287 8461 8636 8808 8981 9174 9228 
9674 9847 «0020 0192 0365 0835 011 0888 1056 

1401 1873 1745 1917 2089 2201 2435 2605 5 2777 

31291 3292 3464 3635 3807 3978 4149 4320 4492 

4834 5005 6176 5346 8517 5688 5858 6029 6199 


6540 6710 6581 7081 7221 7391 7661 7131 7901 
8240 8410 8579 8149 8918. 9087 9257 9426 9595 
9033. »0102 0271 0440 0609 0777 0946 314 1283 
1620 1788 .1956 2124 2295 2461 ` 2629 2796 2954 
3300 3467 3635 3803 3970 4127 4306 4472 4039 


4973 6140 .6307 5414 5641 5805 6974 9141 6308 
8641 6807 6973 7139 7306 7412 7038 7804 7970 
8301 8467. 8635 8798 8964. 9129 9295 9460 0625 
9966 *0121 0586 0451 0616. '0781 0948 1110 ፲275 
1604 1768 1933 299? 2261 2426 2590 2754 2918 


loss | 3249. 346 3574 3131 3901 4065 4228 4397 4585 4715 | 164 


| 266 | 4982 . 8045 5203. 5371 5534 6697 §860 6023 6186 6349 | 163 | 
| 267 i 621፤ 6614 0836. 6999 7161 7324 1486 1064, 7811 7973 | 192 | 
268 | 8135 8297 8469 8021 8183 8944 9106 9268. 9429 9591 | 162 | 
|260 | $9752 9914 *০০7% 0236 0395 0589 0720 - 0881 1042 i208 | 101 | 
| ৷ 1695 1685 . 1846 2007 2167 2325 2488 2049 2809 | 160 | 
271 Se 2989 3130 3290 3460 8610 3770 3930 4090 4249 4409 | 160 | 
| 272 4500 4729 3888 5048 5207 :536 5526 6685 5844 6004 | 159 
|273 ae 6322. 6481 46640 . 6799 ‘6957 7110 125 7433 7592 | 159 | 
|274 | 111 1909 5067 8226 38384 8545 8701. 8859 9017 8175 | 198 | 
| 275 | 1 ৪648 9806 9964  *0122 0279 0437» 0594 0752 | 155 1 
| 276 «4 0909 1086 1924 1381 1538 1695 1852 2009 2166 2323 | 157 | 
| 277 | 2480 28371 2793. 2950 3106 3263 3413 3576 9732 9889 | 186 | 
[278 1046 4901 4357 4613 4689 4825 4981 5137 5293 5449 | 166 | 
| 279 5604 5760 ৪০18 607. 6226 6382 46537 6692 6848. 47003 | 155 | 
| 260 | | 7468 7623 7778 1933 8088 8242 8397 8559 | 155 | 
E | 2706 8861 9015 9170 9324 9478 9833 . 9787 9941 50095 | 154 | 
| 282 | 45 0249 0403 0557 -071 0866 . 1018 1172 1325 1479 1635 | 16৫ | 
(aen |. 1786 1940. 2093 2247 2400 2855 2706 2859 3012 3165 | 153 | 
| 284 3318 3471 3824 3771. 3930 4082 -4235 4387 — 4540 692 | 153 | 
: 56 6302. 5454 5606 . 8758. 5910 6062 62144 | 152 ፻፲ 
-286 6366 6518 SCH - 6891 6973 1195 - 7276 7428 7579 7731 | 155 ከ 
287 7382 8033 8184 8336 . 8487 8638. 8789 8940 9091 9242 | 151 | 
288 9392 08543 96904 9845 9995 *0146 0296 0447 — 0597 በ748 | 151 | 
289 | 46 0898 1048 1198 . 1848. 1499 7649. 1799 1948 2098. 2248 | 150 | 
1290 as 2697 2847 2997 3146. 3296 - 3445 3594 3744 | 150 | 
21 || sees 255. 4191 om 4490 46390 4788 4965 7085 2234 | 149 | 
[ea | 5383 5532 p680 2829. 2977 6125. 6274 6423 651 6119 | 148 | 
| 293 aen 1706 1164 7312. 7480 "op .. 7756 7904 8055 8200 | 148 | 
291 | 8347. 8495 8643 8790 8935 9085 9233 9380- 485827 9675 | 148 ፲ 
| f * 0263. 0410 -0557 3794 0851 - 0998 1145 վ 147 8 
Bu s pm ՑԱՏ 1732 1878 - 2025 2171 — 2318 244 — 2010 | 146 
Looe |. 9756 32903 3049 3195 mu 3487 303. 3719 . 3926 4071 | 146 | 
[299 | zen 5816 6985 0107 6285 6397 65:42 «0887 0885 6946 | 145 
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202 S MISOELLANEOUS MATHEMATICAL FUNCTIONS 
"TABLE 17.9: (continued COMMON LOGARITHMS 
| | (six-figure) 


| nunt. 
| ber " 0 1 


| 300 |47 7121 7266 - 7700 
| 301 8586 — 8711 9143 
| 302 | 48 0007 . ౧151 0582 
| 303 | 1443 1586 2016 
| 304 2874 3016 3445 


| 306 | - 4300 4442 . 4869 
| 306 8721 6863 . ` 6289 

507 7138 7280 ' 7704 
| 308 8551 8692 - . 8114 
] 909 9958 +0099 E . 0520 


310 |49 1362 1502 : 1922 
311 2760 9900 `` . 3319 
| 312 | 4155 4294 - 4711 
| 513 5544 6683 6892. 6099 
314 6030 108. 7483 


‘316 | 8311. 8448 8862 
316 9687 9824 0236 
Latz 150 1059 1106 1607 
318 2427 2664 2973 
319 | 3791. 3927 | 4335 


320 | 8150 8986. 8693 
321 | 6505. 6040 7046 
322 7856 7991 8395 
323 9203 - 9387. 6740 
324 | 51 0545 © omg 1081 


555 1885 2017 . 2418 
326 3218 9581 `. * 3150 
327 4548 4681 ' 5079 
228 5874 8006 6403 

7196 :7355- TI24 


8514 8646 9040 
9828 9959 ` 0353 
| 52 1138 1260 . 1661 
2444 2576 `. 2066 
3746 3876 4266 


.6046 . 5174 566 
6339 - 6469 60 

` 7630 7759 8145 
8917 9045 3 


. 943 
53 0200. 0328 ` 0719 


1479 1607 

2754 2882 3 He 
4026 4153 4534 
5294 6421 : ሰ 


6558 6685 7064 


7819 7945 
9076 9202 
54 0329 0455 
| 1579 1704 . 1983. ` 
2825 2950 ' -- 3199. - 
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FORMULAE AND TABLES FOR STATISTICAL WORK . 203 
TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) nrw 


| 64 4068 4192 4316 4540 1562 4688 4812 4936 
վ 5307 5431 5555 5678 6802 5925 6049 6172 
| 6543 6666 6780 6913 7036 7159 7282 1405 
կ 7775 7898 8021 8145. 8207 9389 8512 8635 
9003 9126 9249 9371 9494 9616 9759 9561 


| 55 0228 0351 0575 0595 0717 0840 0962 1084 
ի 1450 1572 1694 1816 1938 2060 2181 2303 
2668 , 2790 2912 3033 3155 . 3276 3398 3619 
3883 4004 4126 4247 4368 4488 4610 4731 
5094 6515 5336 5457 5578 6699 5820 6946 


6303 0423 6544 6684 6785 6905 7026 7146 
, 7807 7627 1148 7868 7983 8108 8228 8349 
8709 8829 8948 9068 9188 9308 9428 9548 
d 9907 «0026 0146 0285 0385 0504 0624 0743 
| 66 1101 1221 1340 1459 1578 1698 1817 1939 


እ 2293 2412 2531 2050 2769 2887 $006 3125 
ի 3481 3600 5715 3827 3955 4074 4192 4311 
| 4666 4784 4903 5021 .5139 6257 5876 5494 
5848 5966 6084 8202 6829 6437 8655 6673 
7056 7144 7295 7579 7497 7614 7752 7549 


8202 8319 48436 8554 8871 8788 8905 9023 
i 9374 9491 9608 9725 ৪9842 open +0076 0198 
67 0543 0860 026 08955 1010 1126 1243 1359 
| 1709 1825 1942 2058 2174 2291 12407 2523 
2872 9988 3104 3220 3336 34655 3568 3684 


4031. 4147 4263 4879 4494 4610 4726 4841 
5188 5303. 5410 5834 5650 5765 5880 6996 
6341 6457 6572 6687 6802 6917 7082 7147 
7492 7607 122 7836 7951 8066 8181 8295 
8639 8764 8868 8983 9097 9212 9326 9441 


| ৪9784 9898 +0012 .0126 0241 0365 0469 0593 
| 58 0926. 1039 1153 1267 1381 1495 1608 1722 
2063 21171 2291 2404 2518 2631. 2745 2858 
3199 3312 3426 3539 8652 3765 3879 3899 
4331 4444 4557 4010 4783 48986 6099 5192 


4 6686 6799 5912 6024. 6137 6280 
በ687 6700 6812 6925 1037 1149 7262 - 7374 
7711 7893 7938 8047 8160 8272 8384 ৪496 
8832 8944 9056 9167 9279 9397 9503 9016 
9950 «006i 0173 0286 0396 0507 0619 0730 


| 6 1287 1399 1510 1621 1732 7843 
NEC 2288 2399 2510 2621. 2732 2843 2954 
8986 3397 3508 3618 3729 3840 3950 3061 
4393 4503 4014 4724 4834 4945 760656 5165 
5406 5606 67117 56897 5931] 6047 om 8267 


6597 6701 6817 692. 10931 7146 1256 286 
7695 7805 19144 80246 8134 8243 98355 8462 
8791 8900 9009 919 9228 9937 9446 9556 
9883 8992. +0101 0210 0319 0425 0537 0046 
160 0972. 1082 1181 1299 1408 1517 1625 1734 
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204 . . - MISCELLANEOUS MATHEMATICAL FUNCTIONS 
| TABLE 17.9, (continued). COMMON LOGARITHMS 


` (sim-figuzeə): 


| 60 2060 
Í 5144 
| 4226 
6305 
6581 


7455 
8626 
9894. 
0660 
1723 


. 2784 
3842 
4897 
5960 
7000 


8048 
| ` 9093 
| 62 0136 
1176 
2214 


3249 
4282 
5312 
6340 
1396 


8389 
9410 
0428 
1444 
2457 


9468 
4477 
6484 
6488 
7490 


8489 
9486 
0481 
1474 
2465 


3453 ` 
4439 
5422 
6404 
7383 


8360 
9336 
0308 
1278 
2246 
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FORMULAS AND TABLES FOR GA, WORK 


205 


TABLE 17.9. {continucd). OGMMCN LOGARISAMS 


(six-Ggare} 


6 1 8. 9 
2781 3989. 3984 2080 
4184 860 4946 — 5042 
5715 5810 69306 3002 
3073 6760 6864. 8960 
7689 - 7725 17896 7918 


վ 
| 496 | 32729. 2322. 2947 504. 34135 3880 3224. 3419. 312. 3007 
481 | 3701 3796 3889 398 4078 4172 4284 4360 4452 4046 
432 | 4645 8 4830 4944 6018 8215 55066 - 5290 4805 — 8487 
463 | 5581 5675 6799 5862 8986 46066 S143 937 4831 8484 
j 491 | 0518 602 ou 479 8392 4995 7079 Պա 1244 1800 
m | 9:83 - 7536 — 9640 1738 1826 — 7925 eo 9108 2129 8393 
| 46৮ | 3383 8479 aen 8835 8789 5852. 50468. 8038 925: 923 
| isy | 9317. 9410 79805 98598 8859 9752 9875 9967 ap 0182 
| aga | ও 0243 0399 9431 6554. 0817 0406 oo 0895. 2988 1980 
| 468. 1. 1173 1225. 1388 1481 1845 1985 2938 1891 1933. $005 
| 470 | 3008 82190 2883 2375 2467 2520 2662 S744 2890 WP 
431 | 3081  31i3 3905 3997 3390 3485» 3574 5820 2788 3225 
| aun | 3045 403. 4196 4218. 4310 4402 4494 4885 3857 4185 
| Ay» | 4861 4983 045 95137 5995 0320 6412. 7805 2555. 5687 
lava | 6778 5870 8082 78085 በ145. 6238 473255 4845 48011 993 
| ,28 | een 8785 688 .6988 7069 7151 7242 12835 — 7434 7519 
418 | ৭907 7008 2789 7881 192 30603 - 8154 3945 - 8320 ৪4৫7 
|477 | 3613. 8609 8700 8791 3885 8973 9084 31855 8248 9337 
| 478 | ৪436 శం Gen 9700 9791 49885 9974 «0093 0184 0225 
Lag | gg 0355. 0426 -0517 0607 0886 0789 0879 099 1086 1183 
lado | 1941 1332 1422 1613 1603 1995 117841 1874 194 2088 
(ae | 2145 2235. 2359. 2446 2606 2596 2686 2711 2807 987 
lage | 3047 3137 3227 3917 8507. 3497 3587 38727 3297 3857 
| da3 | 3917 4037 — 4127 4217 4307 4396 486 4046 — 4006 శరం 
lass | 4945 4935 2025 A4 6904 ձն894 6393. 4413 Soen 5552 
lass | eu 581 6921] oun om 0189 em 798 տտ ա | 39 | 
| 4ua | 6039. 626 8815 6904 65934 7885 TITZ 1981 - 7851 140 | 89 
| 557 | 2229. 4768 1707 12496 1486 1974, 8004 81835 842 333] | 89 | 
lass | e420 859 ৬৪898 8087 487766 8885 4893 mä 89131 9320 | ఇ, 
1255 | 9300. 9396 9486 9875 90004 9763 841 8630. «088 0197 | 99 | 
| 660 | 090196 0255 mm osez osso om om osig 0905 6903 | 88 ! 
or | 9 oe 1170 1258 1347 145 1224 1012 1700 14489 1847 | 38 | 
Las | 1965 2053 2142 2230 2318 2406 2494 2583 2671 2:59 | 88 | 
os | 2847 2036 3023 3111 3199 3287 3375. 2403. 35561 3539 | 88 | 
494 | 327 385 3903 3991 4048 416. 4254 4342 — 4490 — 4017 | 88 
Lu | 606 4693 4781 4865 4950 7044 6131 — 6210 6387 - 2394 | 88 | 
1485 | 7899 5569 2657 5744 6832 "om 6007 — 8094 ‘6182 429 81 
[4oy 96 6444 0531 0618 6706 6793 8880 0965 47086 145 | 87 
1498 | 7229. 131 7404 7491 12858 — T7665 142 789 1495 8014 | 8፲ 
Í 499 410] 8168 8275 oe 8449 - 8525 - 8022 8709. 8706 8883 | 87 
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206 MISCELLANEOUS MATHEMATIOAL FUNCTIONS 
306. 


TABLE 17.9. (continued). COMMON LOGARITHMS 


(siz-Agure) 


|500 169 8970. 9057 0144 9231 9317 9404 9491 9578 9664 


9751 
| 0838 9924 *0011 0098 0184 0271 0858 0444 0831 0617 
0 10076 0790 0871 9963. 1050 1136 1222 1509 1395 1482 
1 503 | 1508 1654 1741 1827 1913 1999 2086 2172 2258 2344 
| 504 | 2451 2517 '2605 2689 2776 2861 2947 8033 3119 3205 
505 | 3291 3377 . 3403 3549 8635 3721 5807 3893 3979 4065 
1 506 | 4151 4236 4322 4408 4494 4579 4865 4751 4837 4922 
| 507. | 5008 5024 5179 5265 ৪380 5436 6552 5607 5693 5778 
| 608 | 5864 5949 6035 8129 6206 6291 6376 6462 6547 6632 
| 509. | ` 6718 6803 6585 6914 7059 - 7144 7259 7515 7400 7485 
| 610 | 7570 7685. 7፲40 7826 7011 1996 8081 8186 8251 8336 
| 511 8421 8508 8691 8616 8701 8846 8931 5015 9100 9185 
512 | 9270 9255 9440 9524 9609. 9694 9779 9863 9948 30033 
| 513 [71 0117 0202 0287 0371 0485 0549 0625 0719 0794 0879 
514 0963 1048 1132 1217 1301 1385 1470 1664 1689 1723 
| 515 | 1807 1892 1976 2060 2144 2529 2313 2397 2481 2566 
| 516 | 2660 2734 2518 2902 2986 3070 3154 3238 3323 3407 
517 | 3491 3515 3659 . 3742 3826 3910 3994 4078 4162 4246 
518 ` 4330 4414 4497 4581 4665 4749. 4833 4916 5000 Ե084 
1 519 ፪ 6167 6251 5335 5418 5502 5586 5669 5753 5836 5920 
520 6003 6087 6170 6254 6337 6421 6504 6588 6671 6754 
521 6838. 6921 7004 7088 "7171 7254 7538 . 7421 7504 7887 
522 7671 7754 7837 7020 8003 8086 8169 


Ë | 8253 8336 8419 
893 8502 8585 8668 ৪75} 8834 8917 9000 9083 9165 9948 


524 9331 9414 9497 . 9580 9663 9745 9828 9911 9994 »0077 
525 [79 0159 0242 0325 om 0490 0573 0855 0738 0821 0903 
526 | 0986 1068 1151 1233 1316 1398 1481 1663 1646 17498 
527 1811 1893 1975 20585 2140 2292. 2305 2387 2469 2552 

| 528 2634 2716 2798 2881 2963 3045 3127 3209 3291 3374 

| 529 | .3456 3538 3620 3702 3784 . 3886 3948 - 4030 4112 4194 

| 530 | 4276 . 4358 4440 4522 4604 4685 4767 4 

| 531 5005 6176 5258 ann 5422 5503 5585 5667 5748 5830 
532 5912 5993 6075 6156 6238 6320 6401 6485 6564 6646 
833 6727 : 6809 6890 69፲3 - 7053 7134 126 7297 1319 7469 
534 764] - . 7623 1704 7785 7866 1048 ৪099 8110 - 8191 8273 

| 535 | 8354. 8435 8516 8597 8078 8759 92 
538 9165 9246 9327 9408 9489 . 9570 9651 9732 9813 9893 
537 9974 50055 0136 0217 0295 0378 0459 0540 0621 0702 
538 [75 0782 0803 0944 102. 1105 1186 126 1347 . 1428 1508 
539 1589 1665 1750 1830 191 1998. 202 2152 2233 2318 

| 540 | 2394 2474 2555 2635 275 2706 595 3 

| 541 | 3197 3278 3358 3435 3518 3598 3679 3759 3839 3919 
542 3999 4079 4160 4240 4320 1400 - 4480 3560 1610 - $720 

| 543 4800 4880 4960 4500 5120 5200 5279 5359 5139. 5310 

| 544 5599 6679. 51590 aam 5918 5998 0018 6157 6237 6317 
545 6391 6476 6556 6635 6115 6795 d 5 
546 | 7193 7272 7352 7431 "7511 750. մ 774) 1829 - 1908 
541 7987 8007 8140 8935 8303 48384 8463 364 8622 ` 870] 

| 545 8781 48866 8939. 9018 90907 9177 9256 ` 9335 9114 ነሩ 

| 549 9572 9651 9731 9310 9889" 6 S^ ad 


9965 40047 0198 0205 


0284 
COUP աւ շատա աւա 
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9 


74 0363 
1152 
1939 
2725 
3510 


4293 
5075 
5855 
6634 
7412 


ብ188 
8983 
9136 
75 0508 


1279 


2048 
2816 
3883 
4348 
5112 


58768 
6636 
7328 
. 9155 
8912 


9088 
76 0422 
1176 
1928 
2679 


5428 
4176 
4928 
5609 
6415 


7156 
7898 
8638 
9377 


77 0116 ` 


0852 
. 1587 
2322 
3055 
3786 


4517 
5246 
6974 
6701. 
7427 
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FORMULAE AND TABLES FOR STATISTICAL WORE 


TABLE 17.9. (continued). COMMON LOGARITHMS 


1 


0442 
3230 
2018 
2504 
3588 


4371 
5153 
5933 
6712 
7489 


3266 
9040 
9814 
0688 
1366 


2126 
2893 
3659 
4426 
8189 


585] 
ens 
7472 
8550 
8683 


9743 
0408 
1251 
2003 
2754 


3503 
4261 
4998 
5745 
6487 


7220 
7975 
8112 
9451 
0189 


0926 
1661 
2395 
3128 
3860 


4690 
6319 
8047 
6774 


7499. 


2 


0581 
1509 
2096 
2882 
3667 


4449 
5231 
601፤ 
6790 
7587 


8345 
9118 
9891 
0603 
1433 


2502 
2970 
8756 
4601 
6235 


4987 
8788 
7548 
8306 
9063 


0819 
0572 
1396 
2078 
2829 


3678 
5356 
8072 
5818 
6562 


- 7504 


8046 
8786 


-9525 


0263 


0999 
1734 
2468 
3201 
3933 


4663 
5392 
6120 
6846 
1812 


(six-figure) = 


5 


0787 


1548 
2322 
3118 
3909 


4684 
5465 
6245 
7023 
7800 


8576 
9360 
0123 
0894 
1664 


2425 
3200 
3966 
4130 
5494 


6256 
7016 
7775 
8533 
9290 


0045 
0799 
1582 
2303 
3053 


3802 
4550 
5296 
6041 
6785 


76521 
8268 
9008 
9746 
0484 


1220 
1955 
2688 
3451 
4152 


4882 
5610 
6338 
7064 


. 77809 


8 


0838 


1624 


2411- 


Յ198 
3980 


4765 
$843 
6323 
7101 
7378 


8655 
9427 
0200 
0971 
1741 


2509 
3277 
4042 
4807 
6570 


6332 
1092 
7851 
8909 
9366 


0121 
0875 
1627 
2378 
3128 


8877 
4824 
5370 
6115 
6859 


7601 
8342 


9082 


9820 
0587 


1293 
2028 
2782 
3494 
4225 


4985- 


8683 
6411 
7137 
7862 


5 
L FUNCTION 
OELLANZEOGOUS MATHEMATICAL 
MISUELL E | 
208 


OGARITHMS 
eet, COMMON L 
TABLE 1759. (continued) 


রি 


(six-figure) 
EE 
ত 3. 3 5 6 T 8 ር. 
-3 2 8 ኝ K তোপ 8658 8730 
ছাৰ ము ው 9363. 8441 8513 Se 9380 ৪9452 
coo T a7 alol 8225 3200 209) 9163 9236 50029. 0101 0173 
600 1 715101 8324 Si SATA - 6865 9967 ప een 0893 
Gos | 9506 9999 Oiol en 0805 1890 1468 — 1540 1613 
603 8 77 9889 ve 12523. 1324 f 
Wr 17 1 1253 5 
88 11 1637 1109. տ | արամ 
" E A pu స iaiT d 
i 052 2974 1 
৷ 1971 204 51 2902 7601 3832 
৷ by. রর: 308 3080 3451 9832 | ፲5 
605 2155 3645 ` 20:0 310» 31415 . 3546 339 ոց 485 «88 | 1 
809 | 3190 37900 3352 Jis 4183 - 4261 5045 — 116. ae 5 
607 $001 3975 ieo 3331. 485 «4 3 
609 7 459 4 e 5970 | 71 
Ա d 589 5899 | n 
S 5513 5015 0959 er 6598 rcd. TI 
842 5549 25 0396 - 646 5 739 7290 || m 
610 bol ৪12 6153 - 425, 7035 - 7106 TIT 7956 8027 8098 | a 
611 6751 882 689 TOG Աա: պոն 5505. op 60. 8804 ৷ 
612 0100 7631 7802 Se 8451 8525. 859 š 
Ge 8168 8239 8910 ü 9440 9510 | 71 
69 గ ፪ 70 
T5 894 9792 88 701 0775 620 | 70 
910 95 1 8651 9722 496 0667 0637 0 0 1480 1550 1 | 70 
616 [ua 1285 Գեն 0426 1199. 1293 - 1340. 1ብ 2191. 2252 2322 ] | 
617 | 793 085 1059 1129 10 1971 2041 211 | 
Sio foot 1161. 188] | క mol 
ՓԱ. ՖՆ. |... 
62° 2582 1. 3441. 381 79 4349 4418 | 
620 2392 ins 3221. 3301 pe 4139 4209 4279 5046 — 5115 | 70 
sal 3790 3860 8930 4007 — 4767 486 1908 տ 5341. Zei ॥ 70 
622 dags 408 4627 $993 aa Ze 6503 ৷ 
ን $185 694 7354 ` 53 ME ԶԿ 
( 366 6 4 
— fer S 8 R | & 
625 208 0719 072 682 2414 1885 1788 5535 D 9 
NEC E መር: ae wa Géi 3354 $144 88 981 69 
|... 7860 8029 8098 SCH 8927 8996 9065 9: ի 
659 5651 8120 8789 . S ብጸ ፪ 69 
; € 9823 989 | 69 
9616 9685 975 . 0580 0648 | 
ገ Bese ee ee mg 
| eee 1009 18. IMT 18} 2508 - 2637 2৮1 65 
los || աա 1622 նք 2295 233 — 3453 2500 25 | 
FM 2089 2158. 2226 a ՛ 3859 | 63 
: | 3252 3321 | 68 
3047 3116 8184 4003 4071 | 
3625 - 3094 - 3602 370 395. 33659. 322 4985 4753 | 68 
655 5774 3526. 3594 3602 — 4412 4480 4548 4616 2965 5433 կ 68 
636 se) 4908 4276 Ee 8095 5161 5228 a 6044. 62] 68 
Gas | 4891 ee 4957 865 ատ. nd 23 82 ৷ 
EES 5501 5569 5687 | | NE EN 
i 0656 6723 | 
6451 6519 6587 7400 7467 | 
640 8180. SOM. ME 7129 n "d aes 8076 HE. | t 
92 । ; 818 | 
oo 6858, 1 2603. TOTO 7001 ա 3 8616 8684 0488 XM | e 
742 3911 - 8270 8346 Ges 9156. 9223 92909 9358 | 
64 | aa 8963 901 9 տ 
տ 31 0098 በ165 | 
694 9762 9829 9896 9954 Zo 0770 0837 67 
645 books స |! թար EOE om ተተቹ WU 
. 1 
৪ | (904. 0971. 1035 - 1163 199. 185 1977 Wü Ib մակ 2 
68 | 1578 ag 19 178 2512 2579 2646 9118. 2 
648 DI cha. 2308" 3 
649 
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TABLE 17.9. (continued). COMMON LOGARITHMS 
(six-figure) 


f 0 i 2 3 4 5 6 7 8 9 


| 8} 2913 2080 8047 3114 5181 3247. 3314 3581 3448 3514 
ի 8681 3648 3714 8781 3848 3914 5981 4048 4114 4181 
4248 4314 4381 4447 4814 4581 4647 4714 4780 4847 
4913 4980 5046 5113 5179 5246 5312 6378 6445 6611 
6578 6044 6711 6777 5843. 5910 5976 6042 6109 6175 


6241 6308 6374 6440 6606 6575 9639 6105 6771 6838 
6904 6970 7036 1102 7169 7235 7301 7367 7433 7499 
7565 7631 7698 7764 7830 7896 7962 -8028 8094 8160 
8226 6592 8358 8424 8490 8586 8622 8688 8754 8850 
8885 8951 9017 9083 9149 9215 9281 9346 9412 9478 


| 9544 9610 9676 9741 9807 9873 9939 «0004 0070 0136 
82 0201 0267 0333 0399 0464 0530 0595 0661 0727 0792 

~ 0888 0924 0989 1055 1120 1186 12601 1517 1382 1448 
1614 1579 1645 1710 3775 - 1841 1906 1972 2037 - 2103 
2168 2253 2299 2364 2430 2495 . 2560 2626 2091 2756 


2822 2887 2982 3018 3083 3148 3213 3279 3344 3409 
3474 3539 3605 3670 5736 3800 3866 . 3936 3996 4001 
4126 4191 4256 4321 4386 4451 4516 4681 4046 4711 
4776 4841 4906 4971 5036 5101 5166 5231 5296 5361 
5426 5491 5556 5821 5686 5751 5815 5880 5945 6010 


6075 0140 6204 6269 6334 6399 6464 8525 6593 6658 
6125 6787 6852 oo 6981 7046 711 . 7175 7940. 7305 
7369 7434 7490 7563 7628 17895 775 1821 7886 7051 
8015 8080 8144 ৪209 823 8338 $402 - 8467 - 8531 8595 
8660 8724 8789 885 8918 8082 9046 9111. 9175 9239 


9304 038 9492 9497 9561 9625 9690 9154 9818 9889 
9947 «0011 0015 0139 0204 0268 0332 0396 0460 0525 
83 0589 0653 011 0781 0845 099 0973 1087 1102 1166 
1930 1994 1355 1422 1486 1560 1614 1678 1745 1806 
180 1934 1998 2062 2126 2189 2253 - 2317 2381 2445 


2837 8700 2764 28255 2892 2956 3020 3083 | 
3147 3211. 3275. 3355 3402 31466 - 3830 - 3593 3657 1 
3784 3848 3912 3975 4039 4103 4166 4280 4204 
4491] 4484 4548 4611 4675 4739 4802 4866 4929 4993 
5056 6120 8183 5247 63100 - 5313 - 5437 8500 6564 5627 


5817 5881 5944 - 6007 6071. 6134 6197 66261 
0324 6387 6451 6514 6577 6641 6704 6767 6830 6894 
6957 7020 7083 7146 7210 7273 7336 7399 5. 7462 7525 
7588 7662 17715 7778 7841 7904. 7967 8030 8093 8156 
8219 8282 8346. 8408 8411 8534 8597 8660 8723 8786 


975 8038 om 9164 9227 9289 9352 9415 
| sive 9841 8602 8667 9729 - 9792 9855 9918 9981 0043 
| 84 0106 0167 0232 0294 0357 0420. oa 0545 0808. (671 
| ^ 0733 0766 0859 0021 0986 1046 ፲109 . 1172 1234. [297 | 
1359 1425 1186 1847 1610 1672 1735 ` 1797 1860 1922 | 


21100 2172 2236 - 2997. 2360 2422 32484 2647 | 
2609 2012 2734. 2796 2859 2021. 2983 3046. 3108 3170 
4233 3295. - 3357 3420 3485» 3544 2605 - 3669 3431 3793 
3855 3918 3980 4042 4104 -4166 - 4220 4201 4353 4415 
4471 4539 4601 4864 4726 4185. 4850 4912. 4 - 5036 
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TABLE 17.9. (continued) COMMON LOGARITHMS 
_(six-figure) 


5160 . 
R780 
639 .: 
7017. 
7634 


. 8251 
8866 ' 
948] | 

. 0095 

: 0707 


1520. 
1931 

. 9541 
3150 
3759 . 


4367. 
` 4974 
5580 
6185 
6789 


7393 
7995 
8597 
3198 . 
9199 


0398 
0996 
1594 
2191 
2787 


8389 
3977 
4570 
5163 
6755 


6346 
6937 
7526 . 
8115 
8703 ` 


- 9290 
9877 
0462 
1047 
1631 


2215 
2797 
3379 
3980 
4640 
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` TABLE 17.9. (continued). COMMON LOGARITHMS 


TIER 
1 
|መ| 
ber 0 i 2 5 & 5 
750 87 5061 5119 5177 5235 5298 5351 
"781 | 5040 5698 5756 5818 5871 5929 
752 6218 6276 6333 6391 6449 6507 
ԴԵՏ | 6795 6853 6910 6968 7026 7083 
764 | 7371 | 7425 7487 7544 7502 7659 . 
755 | 947 8002 8065 8119 8177 8234 
756 8522 8519 8637 8604 8752 8805 
757 0098 0153 9211 9268 9326 9858 
1758 9669 9728 9784 9841 9898 98568 


759 | 88 0242 0299 0356 . 0413 0471 0528 


760 0514. 0871 09288 0985 1042 1099 
761 1385. 1442 13149 1556 1813 1870 
765 1955 2012 2069 8156 2185 2240 
768 9525 258}? 9638 2695 2752 9809 
784 2003 315700 3207 3284 3891. 93577 
| f | 
lags | 3661 3415 3775 3832 3888 3945 
766 4290 485 4345 43995 4455 4512 
787 4708 4852 4909 4985 5022 8078 
765 5501 6418 5474 8581 5587 5644 
769 5998 5983 6030 6096 6152 6209 
770 0491 8547 6604 6660 8716 6773 
77) 7054 7111 — 7167 722 7280 7936 
772 7617 7574 7730 7783 7842 7898 ৷ 
773 | 8170 9236 8292 S348 8404 3460 2 | 
774 8741 8797 8853 8909 8965 9021 9077 9334 9390 9246 55 | 
నే i 
3 
09 ' 9358 . 9414 9470 798926 9682 9888 9694 8750 9808 56 | 
ገፀ 9፡63 9018 9974 +0039 0086 0141 0197 0253 - 0309 0385 | 65 ) 
777 | 89 0491 0477 0833 0589 0655 010 0756 0812 0858 0924 , 66 | 
778 0980 1035 1091 1147 1203 1259 1134 1370 1426 1452 56 1 
779 |. 1531 1693. 1649 1705 1760 186 182 1928. 1983 2039 66 | 
2200 2965 2317 2373 2420 2484 2540 2895 58 | 
781 pen 8707 2765. 2818. ቹ873 2020 2985 8040 3096. 3153 56 | 
"282 3207 3262 3218 3373 3420 3486 36406 3595 3651 3706 58 | 
3762 3817 3873 3928 8984 4039. 4094 4150 4205 4201 55 | 
4316 4371 4427 4482 4538 4693 4648 . 4704 4719 4814 65 | 
49: 49080 8056 5091 [146 . 5201 5257 0312 8567 65 | 
Mos 5675 $593 85888 ৪644 8699 65754 5809 5864 6920 55 | 
6915 6030 6088 6140 6195 6251 6306 0361 6416 6471 55 | 
6526 6581. 6636 6692 6747 6802 6857 6915 6967 7022 85 
4017 ^ T1322 187 7242 7297 1355 ፲407 7462 1517 7572 56 
87 7702 17847 17902 7957 8012. 8067 8122 55 ! 
5170 SE ከ286 8341 8396 8451 8606 8561 48615 8670 55 | 
3725 8780. 5835 8890 8944 8999 9054 9109 9164 9218 58 
9973 9328 9388 9437. 9495 9541 98602 . 9656 9711 9769 55 
9821 9876 ৪9930 9986 *০০39 0094. 0149 0203. 0258. 0312 |. 85 
} i 0476 0531 0686 0640. 0695 - 0749 0804 0859 | 55 
ር niu 0963 1025 1077 1131 1186 1240 -1295 1349 1404 54 
1458 1513. 1507 1622 1676 . 1731 1785 1840 1894 1948 54 
2003 2057 2112 2166 2221 2275 2320 - 2384 2438 2492 54 


2547 2601 2655 2710. 2764 2818 2873 2927 2981 3036 54 Fr 
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t3 
রি 


TABLE 17.9. (continued). COMMON LOGARITHMS 
(eiz-figare) 


| 99 3090 
3633 
4174 
4716 
5256 


5796 
6335 
8874 
7411 
7849 


8485 
9021 
9556 
0091 
-0824 


1168 
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213 
TABLE 17.9, (confined). COMMON LOGARITHNS 
(2x-Egaro) 

E 2 E 4 5 8 3 8 

95231 327: en 2274 9795 9778 aen 8 

59932 — 0033 01581 0185 0232 0227 0838 

0543 0593 0088 68891 07458 43796 Չ847 

1051 1102 1155 1904 1254 1205 1358 

1509 1560 1910 1001 1713 տոտ տտ 1568 


2017 2028 2113 2165 2229 2271 2822 2372 
2624 2575 2556 2877 2727 8775 2829 2819 
5031 2082 3133 3183 3234 3285 5355 5286 
2558 5589 565 3690 8740 3791 5841 3382 
4044 4094 4145 4195. 4248 4236 4387 2587 


3849 4599 4650 5700 4151 4801 4882 8502 
5054 8104 5184 6205 5255 5508 5358 2408 
5558 $608 5555 8708 5758 5809 5860 5910 
$061 ፀ133 6182 6532 6552 6313 8363 $413 
6564 6614 6635 6715 8785 6815 $865 4916 


4016. «06 TUT oe 7317 127 7317 41397 7418 
7515 7888 1415 7868 1778 179 1819 72889 7939 
5015 ৪069 8315 8189 8219 8269 8320 8370. 8420 
5590 8570 8020 882909 8720 340 8820 9886 8320 
9020 9010 9120 9170 9220 $270 9829 9369 9419 


1970 3 9519 9569 9819 9669 9719 9799 9819 9889 39918 


1871 3 94 0018 0068 ous 0168 09235 0287 03177 0367 0417 
1879 1 0018. 056 0616 0666 015 0765 0815 086. 0915 
1373 3 wid 194 ui 165 195 1268 133 1302 1412 
1874 Í 161 1561. 1611. 1660 1710 5140 1809 1489 .1909 
875 | 92008. 9058 8107 2167 2907 2256 2306 23656 2405 
1976 | 2604 2654 2603 2785 2702 2752 2801 285] 2901 
1077 | 3000 . 3040 3099 3148 3198 3247 3297 3346 33061 
1878 | 9495 3544 2693 3643 3095 3742 3791 3841 3890 


3080 4038 4088 4137 4186 4236 4985 4335 4384 


4483 4532 4681 4631 4680 4729 4773 4828 4877 
4976 8028 5074 5124 5173 6222 6272 5321 8370 
| 5489 5518 5587 5618 5665 5715. 5764 5813 6862 
| 5991 8010 4059 6108 8157 6207 6255 6305 0304 . 
| 6462 6501 6551 6600 6649 6098 ` 6747 6796 6845 


lass | 945 6992. 7041 1090 1440 71890 1955 1287 7356 


| ৷ ' 7532 7581 7830 169 7728 72777 7826 

ԷՋ 7924 ës 8022. 8040 8119 818 ^ 8217 856 8315 

1888. | 34113. 9465 8511 48560 8809. 8057 - 8705 8766 8804 

1889. | 8905 5951 8999 9048 9097 . 8146 9195 924 9292 

1800 | | 0488 ১9838 9585 9834 9685 9731 9780 

ԷՋ ONS Soss 9976 +0024 0073 01241 0170 0219 0267 

loo» | 95 0365 0414 0462 0211 0500 0605 0857 0406 0754 

1893 | ^ 0851 0000 0949 0997 1046 1095. 1143. 1192 1240 

[304 | 1338 1386 1436 1483 1532 1580 1629. 1077 1726 

৷ | : 1920 1969 2017 2086 2114 2103 221 

|859 | 2308 IBIZ 2405 2455 2202 2560. 2699 2647 2696 : 
197 | 2702 2841 2889 2938 2980 3034. 3085 313} 3180 3228 | 48 
99) | 3278 3395 333 3421 3470 3518 3506 os 3085 34111 | 48 
1888 | 3740 3308 3806 3965 3983 4001 4048 — 4098 4146 — 4194 | 48 


'_$ See footnote on page 198 


NS 
$>, 


FORMUL 


AB AND TABI 


TABLE (continued). 


3321 
ւ 4922 


ET In 
ացմ 


2845 


$318 


3783 
2250 


3781 


8483 
3950 
9413 
2882 

87 0347 


Ka 
Lä 


=4 
బు 
x2 

ይ55 
as 
OG 
ኗ 


ዴባ ዕኔ 
-ጅ: <. 


১ C 525 te 
502 <> = 
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jas 


=ጃ ኔ22.«.155 | 
ሠሪ ২৩ Q? ሙዝ OD 


Հո Qu uta փո 
ርፎ Om ԵՋ rei 


2829 
5352 


ESL 


45০২০ 


330” 


4778 
5219 
5719 


6378 
5931 
5399 
68534 - 


7312- 


DEEST 
€fo Ի» eb «Հ 
Ci Օշ Co &৩ He 


ርጋ ሥ= C3 Ha 


X 


3 
2 


0440 


0904 
1569 


1882. 


#562 
A390 


2358 


3220 
3682 
4143 
4904 
5094 


5534 
6083 
6442 
6800 
1393 


65 Ge En 
5 ር፻፤ 6 


5457 


3929 
4401 
4873 


5343 
5813 


326 
3728 
4188 
4630 
5110 


6570 
5029 
$188 
9949 
7403 


HOR STAT 


TPOAL 


‘Fd 


Wem 


COMMON LOGABUITHMS 


Qe =ን ን 2১ 
$2 Go CD CO. 


4 
9 
43 
P 


c2 <ኃ ዩጋ çO OO 
Oh rm 22 লা শৱ 
<3 দীপ be GO en 
QD We. CO աշ (22 


1044 
1508 
1971 
2454 
2897 


3358 
3820 
4281 
4742. 


6202 


` 6665 
6121 
6579 
7037 
7495 


. 8405 


3868 
4927 
4738 
5248 


6707 - 
6167 
6625. 
7083 
7541 


535: 


T 


৩ ԲԿ ጮ 
ሥ (52 ভিত 
* GO এ লব 


4420 
4380 
6340 


5199 


6258 
8717 


. 7175 


1632 


ቃ› በሙ ነነው టల the 


oo OG ca 57 G5 


EN 


We ৮৯ 


fe 
= 


deor መ js 3f 
Dy লহ =2- 


1৮৮ ሸኤ [మా দত నమా 
aan oe లొ 


| 97 
| 951 

952 
| 953 
! 954 


ዘ 
৷ 055 | 98 
1950 
1 957 
1958 


] 958 


960 _ 
. j 961 
982 
983 
1 964 


| 965 
1:006 
.1 967 
3 968 
989 


"970 
911 
972 
913 

074 


! 975 


"99 
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0 


7724 
8181 
8637 
9093 
9548 


0003 
9458 


0912 . 


1386 
1819 


2271 


2723 


. 8176 
. 8028 


4077 


4527 
4977 
5426 


5875 . 


6324 


6772 


7219 . 


7666 


8113- 
2659 


900৮ 
9460 
9895 
0339 


0783 


1226 
1669 
2Ա1 


"2564. 
2995 


3436 
3877 
4317 


. 4151 
5196 


6635 


6074 


8512. 


6949 


7386. 


7823 


8259 
8696 
9131 
9565 


TABLE 17.9. (coninucd) COMMON LOGARITHMS | 


7661 
8317 
8774 


` . 9230 


9685 
0140 


0594 
1048 


: 1601 


1954 


2407 ' 


2859 
3316 
3762 
4212 


' 4662 


$112 
8861 


6010. 


6458 


6906 
7363 
7800 
8247 
8693 


9138- 


9583 


50028 


0472 


. 0916 


1359 _ 
1802 . 


2244 
2686 


9127. 


5568 
4009 
4449 
4889 


5328 . 


- 5707. 


6205 


6643 ` 


7080 


7517. 


8390 
8826 
9261 


0999. 


(583) 


7906 
8303 
8819 
9275 
9730 


0185: 
:0640 


1093. 
1547 


2000 


482 - 
904 - 


3856 
3807 
4257 


4707: 


5157. 


- 6608 


6058 
6503 


3951 


7398 ` 


7845 


- 8291 
8737 


9183 
9828 
0072 


0516 ' 
0960 . 


1403 


1846 
2288 


2730 


3172 — 


3613 ` 


4053 
4493 
4933 
8372 


5811 ` 


6249 


6687 - 
- 124 
7561 


7998 
8434 


8869. 


9305 


` 9739 


-7952 


8409 
8865 ` 


- 0321. 


9778 


0231 ` 
0685 ` 
1139 ' 
1692 
2045 ' 


2497 


2949 
3401 
3852 
4802 


-47523 


5202 
5651 
6100 


` 6548 


6996 
7443 
7890 
8336 


8782- - 


9227 
9672 
0117 
0561. 
1004 


1448. 


1890 
2333 
2114 


. 9216 - 


"3651 


4097 
4537 


` 4977 
5416. 


5854 


6593 
6731 


7168 . 
. 7605 


8477 


8913. 


9348 


9783 ` 


7998 


8454 
8911 


9366. 


9821 


0278 
0230 


1184 


1957 


.2090. 


2543 


. 2094 


3446 


` 3897 


4347 


4797 


5241 
6096 
6144 


6593. 


7040 


7488 


1934 
8381 


8826. 


9279 


` 9717. 
0161 


0605 
1049 
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8043 


8500 


8950 
9412 
9867 


0322 
0778 
1229 
1685 


' 2135 


2588 
3040 
3491 
3942 


4392. 


4842 
5299 
5741 


DI) 
6637. 


. 7085 
. 7682 


7079 
8425 


aen ` 


` 0316 


9761 


0206 ' 


0650 
1093 


8089 


8546 
9002 
9457 
9912 


0367 
0821 
1275 
1728 
2181 


2633 
3085 
3536 ፡ 
3987 


4457 


4887 


` .5837 
| 6786 
., 6234 


6683 


7130 
7571 


8024 
8470 ` 


8916 


` 9361. 


9806. 


.- 0250 
0694 - 
` 1137 


GEM 


ւ 


| 46. LATIN SQUARES 
TABLE 18.1. LIST OF SQUARES UPTO ORDER. 8x6 


‘sanere 85 random: . 


Suppose a 6X6 Latin square is 
key number recorded under the leat Square. 
number IV, since 3486 ig in tho range of key 


To select a latin 


number from 1 to 9408 the largos 


KEE 
FEF 
ghee 
8ጂ2ዊ 
নব 
8. ፪፳ 
$ ወ মেত 
555 
^ e 0 
EP 
$897 
KC 
መው 2: 

+ ‘টু 
ԼԵ 
558፪2 
8 3 జ চা 

TEE 

S B. 

8 8 Š g 

«Bi 

eae 

Qe m 

& Ջ 
።1 

բ: 

=) 

g 


the rows and all the'columns of tho selected Latin square at P 


in: 


Գ. 


6015 13.2 and 


using the key numbers recórde 


‘one could use one of the orthogonal squares given in T 
roatment numbers independently ab random. 
Tho 8 X8 Latin Squares . 


Latin squares of sizes 4x4 and 55:5, 


+ 
[2 


at random. For obteining ఉ rendom permutation consult 


note. The procedure is similar for 


For squares of higher dimension 


permute its rows, columns and 
The 4x4 Latin Squares 


onts gl 


ARAM ఈ 
ammaoo 
চে টি dm 
AJADA 
«Lo QE 


_ The 6X6 Latin Squares 


En OR ai PI 

মনি mas 
ña f omis 
Adm nos 
< ta o Q ras SĂ 


fa FA FAO A ad 


መዉጫዉ 269 
ECTS 
mota তে এন 
«t o Qmm S 


পা 


ዉል ጸጋዉ 
ልመት O s 


Off «am. 


motas 
«oO 
ԻՎ . 


c 

F 

B 

E 

Ճ 
FEDCA 
3241-4320 


4m onm 


H 


BAHOGA 


“OD AR By 


፡ 


B ofa dm. 


kq 
ԷՎ 
> 


fa keck Om 


mh non. 
ন835ৰ্4স8লশিণ 


ORA da 
fA «m OO: 
ALARA 


e 


STT ENEE E 


eo 


PISIS EE: 
Qm or 
O fà 4 লিন তা 


օօ 


ዉ d E AO SY 


መል ጸመ 25 
nak mno 
Of m <! 91314 
mao 798 
ወጠ 2 ও, 


5:9 መጩጫመ2 নিও SBA 
BABOONS BOMEdAS 
Qmuma4oS QmHsome 
ኃሟ፲ጋመ መ CACHE 
fmodmami m«mmHOo 
AAR DAR 


2 M 


ban. BORMA ` 


Է 


መይልይሟዉጋ2፪ mesto 
Բառ AS ammamoe 


ԶՃԾՎաաթ ՁԹ«ԲԵՇԾԹՅ 
“ደጋዉ” «mom 


Ë pd 
H | 

መበመ ወጣ. ROBO. 
maa one প্রিদনিখণেত 
Adamko. ARMADA 
ORMEdQA «ղարա 
fi ofa লি সহ Mody Abc 
MOAR AMORA 


= 
፡"ኛ ፪፻ 


AHOJ ዉመመወጩመ 
mon mas mnamdotnm:s 
নানান namaos 
2ኃ8ቋዉዉልጩ Omm 
MARRODAN mnodanao0m- 
a4mofmm? «4monmÓm? 
Է i E 
ৰ e 
ን ኦና 
RAAMID, መመመ 
ዉልዉሯዉሟመ FFAS 
Qom«mmgES Qmnmm«a«oe 
o&m4RHAama օՀՅՂԿԶՅԹա 
mak On ዉልወጣጸጸልቿ 
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218 19. RANDOM NUMBERS AND PERMUTATIONS 


a. Description of the table 


Each row of digits in Table 19.1 contains 8, serial number of row, and a random 
permutation of numers 0, 1,...,9 followed by 40 random digits in 40 columns 
arranged in sets of 4. The serial numbers of the columns of random digits are 
indicated in the bottom line of each page so that each random digit can be 
identified by a row numbe: and a column number. There are altogether 5,000 four 
digited random numbers (equivalent to 10,000 two. digited or 20,000 one digited 
random numbers) They have been compiled from a number of existing random 
number tables. The random numbers so compiled have been examined through 
‘standard tests of randomness. No serious lack of randomness was revealed. . 


In using Table 19.1 we need a starting point identified by a row and a column. 
There are no set rules for the choice of a starting point except that no preference is 
shown to particular page, row or column and the choice is made without prior 
inspection of the numbers themselves. Some random mechanism may be adopted for 
locating the starting point, specially when the random number table is repeatedly 
used for the selection of numbers (see sub-section f of this Chapter in this connection). 

Some of the uses of Table 19.1 are given below. | 


b. Simpie random sampling from a list 


(i) A straightforward method. Suppose we have to sample 5 households from 
a list of 23, serially numbered 0; 1, ..., 22. 5 | i | 


Locate & starting point of random digits and consider two adjacent columns. 
Read two digited numbers either upwards or downwards or diagonally and record the 
fist five numbers that lie in 0-22. If sampling is without replacement continue 
. reading till five distinct numbers are obtained. Suppose we start from row 135 and ` 

read downwards the two digited numbers in columns 3 and 4 š the seleoted households I 
are 20, 3, 1, 20, 3 if repetition is allowed and 20, 3, 1, 12, 18 without repetition. | 


^i) The method of inflated range. In the above method we have to reject 
all numbers greater than 22, which on an average amounts to 7 1% of the numbers 
. read. To reduce the number of rejections, consider the ran: 3 fro; 


| ge of numbers from 0 to 
23k—1 where k is chosen such that 23k is nearest to, but does not 680660. a power of 


10. Jn the present example k = 4 gives the range 0 to 91. Choosing two columns 
as before select the first five two digited numbers in the rauge 0-91. . Each number 
- chosen is replaced by the remainder after dividing by 23 to obtain ዜ number in tho 


range 0-22. Thus, using the same starting point as in (i) above the numbers are 
80, 62, 63, 25, 53 which give the sample 11, 16, 17, 2, 7. | 


Alternatively when kis small as in the present example the number chosen 
could be divided by & and the quotient taken as the number finally selected. "Thus 
inthe example considered above, the numbers 80, 62, 63, 25 and 53 on división by 
k = 4, lead to the sample 20, 15, 15, 6 and 13, id 7 
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(iii) Independent choice of the first digit. The method of inflated range reduces 
the rejection of random numbers at the expense of a tedious operation of repeated 
division by a given number. An alternative method due to Matthai is as follows. 


To select five numbers at random from 0 to 383, locate a starting point and 
record two digited numbers (one less than the number of digits in the given number)... 
‘To each of these numbers prefix a digit at random from 0 to 3.. "This could be done, | 
for example, by considering the first number from among 0 to 3 in the random permu- 
tation that appears in the same row. A three digited. number, so obtained, is 
rejected if 15 exceeds 383. Thus with the columns 9 and 10 from row 271 as the ը 
starting point and reading downwords the numbers selected are 86 follows ` - 
053, 295, 000, 195, 334 where in, the digits underlined are prefixed as indicated.. : | 


This method js also useful when for example one has to select numbers in the 2 


range 3845-8902, Here. one selects a three digited number at random to which is 


prefixed a digit chosen in the range 3-8. . The random permutation in the row. could | 
ከ6 used to select 2 random number in the range 8-8. The number finally obtained ` 
is accepted if it falls in the range 3845-8962. Otherwise it is rejected and another: — 


number is drawn in the same way. - 


ET Sampling with probabilities proportional to size (pps) 


(i) The method of cumulated totals. Select five villages from a list of 23 with | 
probabilities proportional to size of the village. . . .- ঢ় 


89718] 00. sie... cumuláted 


ժո - .: ` totals 64) 
1 | 719 ^| ጩ 
ሮሆ ከ 907. 226 
3 72 298 
mo .' 8፡.86 
93. . 1590 1003 


Select five random numbers from 1 to 1003 (the last c.t.). If a chosen number 
18 greater than the ot, for village $ and less thàn or equal to the 6.0. for village 
(i--1) then the village selected is (LD. Thus if tho first random number chosen is 
227, the village selected is 3. Similarly the villages corresponding to the second 


and subsequent random numbers are determined. | 
(ii) A two stage selection method. This is useful particularly when the sizes . 
are not numerically specified nor is it intended to determine all of them beforehand, 
for example, in selecting crop plots with probability proportional to area etc. The 
method, however, requires the prior knowledge of a number S which equals or exceeds 


the largest of the sizes. Let 210 be that number in the above example. The proco- 
dure due to Hajek and Lahiri is as follows. 
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ERE a number: z at random from 1 to 23 and another number y নু 1 10- 


ՍԵՒ» : 210. ፲፻ the size of village 2 is « y then village 2 is chosen; otherwise, $he pair 


of selected. numbers (2 y) is rejected and another pair is considered. If a sample of 
5 is required the above procedure 1 is continued till 5 villages get selected. This method 
‘involves rejection of a large number ‘of selected pairs if the sizes of the villages are 
very disproportionate. In such cases a large village may have to be split into . 
- smaller units with smaller sizes (adding upto the size of the village). Each such unit 
is given a separate serial number. The original village is selected if my one of its: 


A M constituent units gets selected'in the process. 


(i) Oluster sainpling. Draw a cluster 0፻፡ four villages with probability 


ብዜ টির to sum of the sizes. 


: One method i is to list all the (ቺ) = 8855 possible clusters T their sizes. The size 
`of any cluster is equal to the sum of the sizes of the four villages in it. Now choose 
`a cluster with probability: proportional to size by the method described in (i) or 
U ` Gi) ofi9c.. A simpler technique i is, however, to draw one village from 1 to 23 with 


E probability próportional to size and three villages at random with equal probability 


P. : a without replacement from the remaining 22. 


| Gei Simple random sampling from separate lists.. Select a household from six 
| streets containing 17, 32, 28, 47, 56 and 12 houses respectively. 


AT One method is to make a serial listing of all the 192 households and iert the 
. required number in the usual way. An alternative method is to select a number 
` from 1 ío 6 specifying à street, and another number from 1 to 56 (56 being the maximum 

number of households in a street) specifying a household on the street. If there 
is no household corresponding to the second number in the seleoted street the pair 
of selected numbers is rejected and another pair is considered. 


4. Model sampling 


(i) Uniform distribution over the interval (0, 1) : ፳(0, 1). To draw a random 
observation from the uniform distribution over (0, 1), start with a decimal point and 
record the digits in the sequence read from the random number table. The number 
of digits to be retained is determined by the accuracy needed in the observation. 
Thus selecting the 30th row and 4th column as the starting point and reading the 


digits horizontally, the observation is 0.04100526. The observation correct 6. 4 
places is 0. 0410. 


(ii) Discrete. distribution. This 18 8. special 0886 օք E with varying 
probabilities (see 19c) where the number of elements may be finite or infinite. 
Let the discreto variable X take the values 0, 1, 2; ... with probabilities Po Py Po «+» - 
Piret draw an observation ሄ from the uniform distribution R (0, 1) as indicated in 

(i) above. Then determine x such that 


Pot Pate. Per < u < € #6ተ፻;ተ-. Hp, 


The Mdb. « constitutes a random observation on X. 
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(iii) Continuous distributions with cumulative distribution function (ար, F(x). x E 


Let u be a random observation from the uniform distribution R(0, 1). The- value of ` a 


z for which F(x) = ఆ provides a random observation from the continuous distribution ա տ 
with cdf F(x). In the absence of a table of the inverse function p, this will FUR DS Dh 
inverse interpolation i in a table of ያ 9»... 


Thus, suppose a random observation is to be drawn from the Cauchy, distri- A vits 
bution with cdf | Du 


pe) = = মান = ent uw) E ብ 


Given u, xis determined by the equation. C= 15-10 tan 0 where ፀ= ጠሄ--0. 5) : 5 | 
radians == (180ա--90) degrees. If ሄ = 0. 2537 the corresponding £. 66 obtained Rom | 
Table 17.7 is given by 15--10x 0. 0770 = = 24. 77.- | 


(iv) Bivariate distribution of.. ጩጨ variables: X, Y with cif F(x, y. Lei: dh "E 
caf of the marginal distribution of X be denoted. by Pie) and of the conditional- distri- Fa 
bution of Y given X = z by Fáy|2). ` ‘A random observation of X; Y is. given by z, E Է 
y where ౫ : and y are. independent : observations from Tr (z) and. KC SES e 
chosen in the. manner described. in. (i) to. ii) above. 


Thus, suppose a. random observation. (z, D is to be drawn from the bivariate 
normal ‘distribution with. the specifications : mean X — 50, mean Y = 75, variance 
X = 100 = (౧0. variance . y — 225 = (15) and correlation coefficient = 0.6. 
Note that. marginally X is: normal s with mean 50 and. variance : 100 and: eonditionally. 
given X = 2) Y is normal with . - t 


mean: - l ৰব i ከር ም = 30--0. 02 
and variance : we ET NO 95- = m= = cay, 


‘The problem £ 61065 to that of drawing an Y observation ‹ 2 Ben. N (50, 10) and , | 

then an observation. # from N. (80+0. 9%, 12) whith can: be done by the procedure ` 

- explained in. (iii) above. To get a, take an observation. 4 ` from : R(0, 1) asi 

explained i in (i), : If& `= 0. 3135, the corresponding standard 1 normal. deviate: উঠিল 
from Table 3. b by i inverse interpolation, is is —0. 4860. ` Hence: 


ሩጫ SÉ = =0. 4800. or ase d 140 


Similarly 1 it ህ= 0. 5912 is an pum 0558989106 from , RO, 1) with the ‘corres- 
. ponding standard norma al. ‘deviate 0. 2306, then | ապա. A E 


=. = an as 02306 or y = 78499 


| SCH 
: The procedure can 9911 to the multivariate normal case with dispersion matrix 
= and mean vector gt. x 
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An alternative and simpler: procedure in the special case of the multivariate 
normal distribution is as follows. First find a matrix A such that Z == AA’. If 
Y! = (৫, Yas ... Yy) are p independent observations drawn from N(0, 1) as illustrated 
in Gii) then the observations for the specified multivariate distribution is 


| aids 


‘To obtain a random permutation of n digits (elements) 
Լ) For GES 10 by using the random permutations given in Table 19.1. 


568025: To obtain a random permutation of numbers 1-8 or ভা 
SCH of. f eight letters (symbols) a, b, m EE 


" Choose a enti number at random from 1 tto 500 (rows) and select from Table 19.1 
: the permutation corresponding to the selected row number. Thus if the serial number. 


“chosen at random is 232, tho permutation to be selected is 5071389264. From this-we 


E “obtain the permutation: of any subset .of numbers by omitting the others. In the 


E present problem geed 0 and ^ 9 we obtain: the - হি 81138284. օէ 
ና numbers 1-8. i de 


Լ) For n> 10 using random permutations մ: Table Ek | 


e ` መክ 1: To permite — 0-12 at. ር A random permutation of I 
69 is: &eléoted as in (i) above. -The positions of numbers 0, 1, ..., 9 are determined ` 
` by: such. 1 selection. . We then: determine the positions of 10, 1, 12 ‘successively 


23 choosing. one number at a time. For 10, there are 11 possible positions. It could ocour . 


either at the extremities of the seleoted permutation or in any one of the 9 gaps in 
between’ wo smaller. numbers. . The eleven positions could be serially numbered 


So War and the position of number 10 decided by: selecting a- number at random from 


. 1-11. Number 11 could then be fitted in an exactly similar manner in one óf the 
12. “possible ‘positions | and 80 08. 


০6 2: To permute numbers 0-17 at random.. One possibility i is to repeat 
the process explained in Example 1, several times, ‘and adding the numbers 10, 11, 

, 17 in any succession. - A variation of this method is suggested below. The eighteen 
রা 816 divided at random into two sets of nearly equal numbers. This can be 
easily done by matching the given numbers with the digits in any column of the random 
number table and taking all the numbers matched with even digits as belonging to 
the left set and the rest to the right set. If the number in any set exceeds ten, this 

‘may be further divided into two sets, the left and right subsets being জা 88 
apove. We thus have a number of sets which are already randomly ordered and each - 
of which contains less than 10 numbers. The relative positions of the numbers within 


each. 865 are determined by permuting these EE using the methods in (i) 
above, independently for each set, ; 
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The division of the given numbers into sets may not be a simple operation. 
. We suggest the following general method which uses the random digits of Table 19.1 
but not the random permutation of numbers listed in the table. 


(ü) For n >> 10 using a table of random numbers 


Example: To permute numbers 1-84 at random. One method is to consider 
two columns of random numbers and note the numbers in the order in which 
they occur omitting repetitions. and the numbers SE 84. | 


ለ variation of this method due to Rao, which does not omit any number read from 
the random number table is 88 follows. 


Locate a starting point ው of 8 row and two columns of random digits 
of Table 19.1 for reading two digited numbers. Each number defines a cell in 8 10x 10 
two way table, corresponding to the values of the first and second digits. We put 1 in 
the cell corresponding to the first number, 2 in the cell of the second number and so 
on upto 84, as we read the two digited random numbers in the sequence as they occur.. 
The numbers in the cells read: out in the order, from left to right in each row and 
then in the next row and 80 on, provide 8 random permutation. If in any particular 
` cell there is more than one number these could be randomly permuted within the Ps | 
The first five numbers corresponding to the random numbers 91, 17, 81, 45, 31.. 
entered 1 in the chart below to illustrate the method. 


second digit: 


first 


digit 


224... FORMULARE AND. TABLES 3 FOR STATISTICAL WORK 
Ae ዜ stands we obtain a permutation of numbers 1-5. 


50, ጨፌ $ 


ን 0, 81 has to be replaced LE a fandom eee of the two numbers 
$ which. can be easily done. Ի»... 


స్‌ f. Generation. of: random numbers LZ coin tossing 


"This: method comes in handy whei à random. number table is not available 
` n. can also be used to locate à random: start i 18 a table. of: random numbers. - 


“The Procedure with an 921651 0018 5 T "dogs: it a. number of times, ahsérve 
‘the : sequence of heads and. tails, and compute a ‘number based: on this | “sequence. మీ 
| number i 80. obtained i isa ‘random’ number i in a certain range, . The number of tosses 
` needed to cover 8 certain range c օք numbers. and: the method of conversion of a “sequence 


E օք ከ6805 or tails to a. numbet.on a decimal scale ; are ‘as. ‘explained below. ‘Suppose: that 


ան) desired, to choose. à random: number. ጨ ‘the’ ‘range 1-500, . First: ‘determine 89 
- smallest - -jnkegrer. Ա such that. ah 2 500... In. this- example k= 9. . Then, ‘toss: an | 
! unbiased coin k times: Let the: observed: sequence of. heads. e and fa BE be በሚ 


001, 011. 110. 


A random. number’ is "en obtained de finding t 86 decimal equivalent of the binary x TN 


sequence and adding 1 to it... 


. The number ইনি to above sequence ie a Hoer በክጠከጩ) is - 
0424-0১ 2-1 x BOX zel ebe X ru Հ Ka Հ 210% ቻ= == 64 
giving the rándom mumbor RS T 


t lic number 80. obtained i is: En օէ. mote, it. KEN 215/54 ud Fresh ` tosses are 


made; ` ` Powers of 2: 66060 for. conversion: SCH sequences, to. numbers have been given 8288: 


f in Table 17. త్‌: (powers of two): - 


"The. ‘random. number: աեր: Hog: 40 Տարա: (on. bini page) and: 500 rows: En ভু 


: is suggested t that a. random: start specified by 8 row: ‘and a column be used i in reading the x " 


“numbers: For ‘this: purpose: we have to find two" numbers one in the. Tange 1>-200 p. 
representing: the rows and: another i ፲8 thé range 1-40 representing. the columns, ` ' S 


`- method of generating a random: number i in ihe: Tange: ፲፦-500 by coin: tossing 1 is. already 
explained. ` "To select. a fandom: number i in ‘the range 1-40, ‘we first: choose a number in 
E the range 1-64, which requires 6 tosses, ‘conversion of a six, digited binary number and 
| addition of 1 as explained above... If the. Humber chos ee within ብጹ Se 1-40 wi 
d is accepted. Xf it exceeds 40, “ib ds rejected ` and the procedure i 
A procedure incidentally leads to about 40% 
in the following way. 18 the number obtained’ ‘exceeds: 


40-- compute. its: diffe E 
from 40. Toss the coin once more and record. the resu ք erence {y) 


| It. of “toss. wh n 
(tail) or 1 (head). The selected: ‘random number 1 5 গুৰ y, ‘The SC । | 


ge will ‘always lie in the range. 1-48; itis rejected. if. it exceeds 40. in. “which: Case à fresh 
"get of 6 tosses are made and the entire ‘Procedure 1 is repeated. - 


s'repeated. Պետ... 
Tejéctions: Rejections could be minimised m 


RANDOM NUMBERS AND PERMUTATIONS Ü ` 225 


TABLE 19.1. RANDOM DIGITS AND DIGIT PERMUTATIONS 


1 | 7513462980 | 9787 3792 5241 0556 7070 0786 7431 7157 8539 4118 
2 | 4310765982] 4479 1397 8435 3542. 8435 6169 7996 3314 1299. 1835 
3 1] 2731469508 | 0191 2800 1056 2753 4816 1979 . 0042 5824 6636 ` 2335 
4 ነ 6014738025 | 8710 6903 1347 9332 6962 - 6786 9875 7665 8683 6400 
5 1 8467523019 | 4056 5960 0812 5144 5355 3335 4784 7673 . 3841 . 4285. 
6 | 0689351274 | 9974 9239 8049 4971 . 7555 3935 9405 8545 . 4320  . 5358 
... | 0978346251 | 8493 7128. 3654 8976 1991 5496 3453 7580 3255. . 6742 
8 1 5637008154 | 6135 6954 3436 3841 . 9009 3768 0256 3631. 9006 - 7153 
9 | 8761492305] 1217 - 2748 3864 4702 . "401 . 9075 6372 .-3308 0000 ` 4734 
10 | 6321850749 


2623 1285 4389 8889 0764. 2328 22140 8843. 4086 4413. 


11 | 9123075684] 1144 5336 4426 9003 6956. 9406 ^ 8464 8827 3143 4784 
12 | 3047921685 | 5854 9981 9079 2908. 4755 4620 6466 6793 - 7539. - 403] 
13 | 9714850236 | 0615 8188 2812 0279 5733 5339 .11765 2019 7343 9417 
14 | 1684205973 | 3624 0853 3128 - 7952 2678 3011 7110 9734 6386 ^ 8400 ` 
15 ] 6132758004 


1185 6532 4918 9236. 3026 5796 0352 1533 4435 ..0306 


0674951832 | 7391 3210 9540 4085. 9324 4895 3962 3883 4538 - 8286 


17 | 1694508372 | 7195 1986 6146 0946 5421 8430 2128 7602 5609 7064 
18 | 3168752094 | 6137 7286 52383. 0609 .0941 4938. 2521 4937 2153 2629 . 
19 | 4750823961 | 1401 8099 1485 2210 . 3662 8253 . 7507 ` 7809 0004 4401 
20 | 2604381975 | 0192 9452 . 7199 9552 1498 -0105 8295 9702 14434 3518 
5361 | 3621 3037 2274 3803 0946 . 9874 4911 0797 1227 38494. 
25 3369761409 2661 0047 6628. 6199. 2526 5631 8334 7668 3994  .7439 
23 | 8345139076 | 8072 5085 3576 1939 - 0352 17386 7690 7108 6668 8240 
24 | 2409873165 | 0839 5224. 0768 3830 8495 1668. 6957 7031 2032 1468 
25 | 2864935170 | 2354 9266 8034 ^ 3813 3648 7825 6156 3605 7796 1645 
op en 6800 . 0490 3261. 7748 3609 1050 0591 3799 2827 
27 9003904371 የ174 7103 1640 8001 6230 0387 9683 17447 0240 -25i 
38 | 2674159083 | 3465 1017 2278 0357 5800 | 1048 8382 8800 7608 4395 
‘29 | 8703616949 | 8805. 1205 5202 6872 3282 5331 5395 1426 2805 2110 
30 | 7410239586 | 0250 4100 5263 8506 9848 . 2451 2031 2026 58661 4163 
; 0 ep 8360 7751 1577 ১9534 2458 1886 1522 4161 81726 
33 7146532965 8833 3449 3499 4223 2854 6855 4042 1594 1728 5494 
33 | 2709538146 | 4675 2835 1915 9783 9754 2790 6856 0355 96258 8342 
3: | 3704196823 | 8996 4993 2922. 8842 9904 8445 0106 3308. 3380 6361 
35 | 7163482059| 1790 8590 5792 0985 3404 0945 4966 3194 9823 2599 


5017249683.) 9276 3967 2486 6242 3216 1886 1847 89855 1356 15281 


08 | 2065. 7991 3777 9303 0536 1517 0570 - 7212 7593 0566 ` 
38 0181926495. 8620 4234 8407 6890 6904 8599 5876 2608 2329 6117. 
39 | 4791636802 | 4706. 8319 6252 3177 9008 3069 0910 8241 . 9842 - 0895 
10 | 6701439825 | 8395 3882 0259. 2092 4885 3434 0879 0000 0790. 0735 


0251784893- 


3901 3406 0151. 2594 om 9924 3393 "em 6116. EE 
4 6763 3512 0139 4119 2122. 3219 0070 3830 799 

7 8360327149 3658 T7813 0207 0357 8955 4497 2435 5121 4276 3611 
44 | 3592076148 | 5728 1885 9120 7893 3503 8579 9020 1952 48390 5517 
45 | 3156091273 | 6221 6366 8192 3429 4387 0484. 7653. 4053 9458 2202 
5 5248 1760 0868 0173 4989 2300 3916 6732 8284 

H 2754319608 1888; 313 5887 84390 0026 1905 4114 3127 5140 0884 
48 | 2207034861 | 86835 9723 2550 8216 1253. 7732 3963. 4014. 2099 3030 
49 | 6274005183 | 3304 3254 3936 8361 977) 8255 4592 8808 3803 4010 


3486157209 


9336 8666 1349 1932 7326 2151 1573 3045 8746 8059 


Sunn ne ee 5-8 918 1316 17-20 2174 25-28 29-32 33-36 37-40 


 TPOBMULAZ AND TABLES TOR STATISTIOAL WORE 


TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 


51 | 0713629548 
-52 | 7543029816 
53 | 3865701942 
54 [ 0739415628 
55 | 5894071236 


26 | 1039856472 


67. | 8174205963 
58. | 6358710429 
$9 | 8520976314 


60. | 5346107892 


o | 7541280936 


62 | 1796835024. 


63. | 5173426890 
. 64 | 4360857291 
66 | 1896320754 


66 1 2136498507 
67 ‘| 4685019732 
68 1 7620184953 
69 | 0598267431 
70 | 5718936042 


74 | 5481027369 
- ፲፪ | 4123096578 
-73 | 2567804319 

74 | 1342060875 
75 1 4689357102 


76 | 4680932671: 


77° 1 5374819026 
78 | 2813450967 
. 99 1 1730685492 
80 | 5103956478 


81. | 3172046058 
85 1 3851964720 
83 ] 0942186357 
84 1 2436782901. 
86 | 6063807241 


.86 1 6728410630 
87 1 6631824079 
88 | 3879215406 
89 1 1498073582 
90 | 6509742318 


91 | 1863705924 
92 | 0289346715 
93 | 4513805967 
94 | 4927608135 
95 | 0491837625 


96 | 9324157608 
97 | 1438169502 
98 | 4705832691 
99 | 6341590278 
100 | 1274890035 


Column no. ; 


৪41. 
3686 


| 1670 


2491 
| 7195 


3260 


.4340 


1862 


8561 


1819 


1834. 


9336 
9860 
7518 


| 4345 


/5225. 


4441 
5216 
2827 


5041. 


2948 


9956. 
1554` 


9645 


6014 


3643. 


8851 
1937 
4635 
3260 


1517 
9909 
7856 
2279 
0942. 


1497 
9860 
4310 
8670 
1770 


8659 
4303 
8161 
3855 
9849 


774] — 


7461 
2713 
0423 
4988 


1-4 


2645 
1248 
9305 
1213 


6578 


4487 
5161 
0486 

9331 


` 6869 


.4802 ` 
8624 


4129 
9376 
7810 


0299 ` 


2870 


0963 ` 
- 0349 


1669 


2259 


9151. 
2454 


4489 


2649 


8985 
6444 
9781 
1227 
9102 


6025. 


8909 
7048 
8671 
9207 


- 3041 


8300 
0004 
8162 
1026 


6844 


2321 
6868 
8354 
3393 


7268 
1679 
4477 
5427 
4154 


5-8 


3642 . 
7771 


4099 
150] 


6065. 


4306 


2203 
1989 
1291 
6926 


: 2884 


1342 


` 5199 
1928 
. 0617 


7208. 


2801 


0021 


3294 


9976 - 


0736 


0445 
7822 
2281 


6577 


CET 


6587 
8511 
8849 


4089 


6376 
. 1086 


4321 
8981 


. 6980 


3923 
9768 
6973 
6768 
6923 


4787 
9487 
2836 
8218 


- 3314 


4874 
2094 
1491 
7771 


6652 


9-12 


random digits 
5656 7080 7555 
8084 3942 1648 
6266 3502 5194 
1277 3840. 1611 
8091 9148 - 9097 
5689 5971. 8809 
1436 7950 9ይፋፋ 
1922. 8232. 8844 
0346 7578 0366 
6812 7721 3881 
6648 6344 8205 
-8268 4123 2800 
9458 7591 9008 
4705 0632 4270 ` 
7287 2879 ` 6235 ` 
5423. 7603 . 7263 
6200 0540. 5216 
1488 8719 . 5583 
6570 4378 6443 
1742 1324 4889 
0154 6117 0113 
1761: 9083 ` 8369 
1940 - 9762 ` 2945 
7386 .4074 . 5252 
"5968 3066 5725 
8112 1981 2269 
1167 6305 ` 8856 
3546 9305 0760 
2147 1829 7829 
2463 - -7465 7254 . 
6447 2813 2927 
3315 5258 0374 
1759 9625 5353 
1034 18616 7009 
5224 .2929 - 2739 
2222 8174 5199 
6234 2674 4496 - 
1508 7504 4133 
4031 8650 7855 
4482 0876. 7792 
8812 3177 1046 
1278 8070 9876 
4105 8413 3104 
2320 4191 8813 
4959 7959 3144 
8733 7880 1268 
5152 3747 2833 
7922 - 9026 - 0902 
0154 0930 5234 
1064 1444 3983 -- 
13-18 17-20 21-24 


2410 
3927 
6177 
7132 


2235 


6141 
7036 
5464 


4275 


6048 


- 3053 


9291 ` 
2598 
7238 


4505 -- 


0437- 
6792 
4018 
3738 
8507. 


.9627 


9343 
9464 
1464 
3989 


1965 


6878 
6760 
2139 
0119 


4839 


1986 


1993 
6252 
8947 


: 4604. 


6908 ' 
5853 


9727. ` 


7539. 


` 2501 


9746 
2906 
5560 
8546 


` 7912 


9513 


. 2155 


7331 


6004 - 


2598 


6041 7470 


7674 1990 
1625 8869 
2546 5957 
7375 7795 
4733 3276 
4297 1338 
9126 9463 
9956 3792 
8236 0144 
3353 2142 
9817 9601 
1591 3681 
3406 6979 
8289. 0582 
0263. 8038 
1816 1746 
745 1731 
8924 2160 
2057 4958 
4820 4419 
8270 5050 
8395 1834 
1682 8154 
3216 1326 
4371 1905 
3239 . Ղ038 
2958 9304 
4845 2693. 
3201 5409 
1871 ` 8905 
2587 75564. 
4504 0291 
8998 9607 
3478 4509 
4486 - 5799 
0168 . 3267 
1615 1079 
2108 0341 
7516 4904 
1973 8365 
1016 ` 4839 
1212 6029 
6610. ৭৭66 
7948 9163 
8844 7989 
0494 . 1703 

.6727. 2186 - 
5410. 4265 
4932. 3099 
29-32 33-36 


0662 
4143 
6783 
8326 
6167 


3419- 
1409 
. 8023 
9918 
7687 


8749 
9472 
9261 
2556 
8800 


5117 
9001 
` 9880 
4839 
5031 


5788 
0400 
2286 
9824 
8459 


9625 
8178 
3982 
0048 
1813 


7553 
3839 
6845 
. 8061 
3816 


8261 
3931 
9404 
0146 
0469 


0420 
.. 8978 
4959 
1880 
3194 - 


1853 - 
0969 
3504 
1487 ` 
1381. 


81፡40 


row | 
num- 


ber 


101 
102 
103 
104. 
108 


106 
107 
108 
109 
110 


111 
112 
113 
114 
115 


116 
117 
118 
. 119 
120 


121 
122 


TABLE 19.1. (continued). 


10-digit 
permuta- 
tions 


4918673205 | 


6739104582 
1670458369 
4538206197 
2306459718 


7413096852 
3740268915 
6412583790 
0198421300 


1530845897 


3175082694 
7910485236 
6670418923 
5817903642 
4761892305 


6351897024 
6869137240 
2467509183 
4321956087 
9501482736 


2860345179 
4605371982 
5214073689 
5217690384 
8026159347 


3704816295 
6850249137 


0321485697 


0471032865 
5736482910 


7450296183 
3948576102 
1297035684 
4817563902 


| | 5321007849 


4302596817 
1243859607 
4701693258 
2309415687 
3497082616 


3675482091 
8205936417 
1534978026 
1235478096 
4260537819 


1938640572 
7865032491 
5183726409 
4908127635 
6359427108 


Column no, ነ | 


RANDOM NUMBERS AND PERMUTATIONS 


RANDOM DIGITS AND DIGIT PERMUTATIONS 


"227 


random digits 

7442 4083 4593. 5931 9844 2315 3229 2885 5364 8719 
5968 3047 0472 9141 . 4220 9038 5181 1297 3073 3897 
9478 9224 8471 0926 0310 9108 1907 0961 5651 8249 
9549 . 5236 2903 7241 8677 6973 3335 0608 4089 6798 
1763 1972 7035 0891 6761 9105 8156 8160 .1915 0154 
8608 3298 1815 1279 0653 0059 6531 4733 3270 3278 
8707 5434 0921 - 9622 9730 9296 7099 4117 7110 3186 
9012 7487 1766 1747 1157 9468 6225 9161 1447 6750 
9791 0087 0161 4483 3227 0788 5580 8934 6084 0462 
5002 8449 8547 1759 8557 5997 0060 3514 0122 7511 
8055 8671 8718 2844. 4898 5540 0545 6249 2134 8517 
8725 9122 8674 5661 1964 7917 8174 লি 1128 5968 
2947 6857 0393 6260 1946 5078 2220 8988 8596 9866:. 
9546 2086 4017 0290 8043 6378 4422 4235 8116 3074 
3113 3195 4195 4096 8901 079 6571. 5607 0119. 2188 
7907 6404 5098 9805 9700 ` 4918 7024 3667 0480 1059 
0660 1290 1481 0170 5976 6817 6761 3709 4728. 5168 
8607 5404 9335 2698 9447 4820 1539 0915 6348 2905 
2102 9406 - 6788 7624 6850 9444 8857 - 2542 3169 5838 
4099. 6406 0210 4018 9752 0865 2948 በ117 9410 3168 
1962 3800 0947 1358. 1499 2923 1870 4410 1107 66502 
8871 5495. 3948. 4556 8917 7564 4456 9381 5480 4201 
9583 4396 .. 3816. 7627 7870 9243 9996 547ፏ - 4545 5176 
6958 6460 6214 4092 7403 4698 0851 7388 -6221. 7600 
7813. 3137 1042 4613 3793 - 1676 7502. 1501 8182 2791 
6202 5081 7437 9792. 7482 2452 4566 0063 2908 8206 
3602. 3802 9585 0233 1125 7718 1685 1663. 9712 1948 
7362 0540 9927 6765 7850 9581 8551 2222 8934 6427 
8594 . 8665 1428 7110 3650 ^ 2606 0038 5831 8923 3804 
8401 38717 6042 3832. 0070. 6295 3976 9414 6561 1848 
65525 2406 34053 4926 7858 3755 6044 0128 4085 9181 
04356 1737 5504 011 9765 6487 2778 8138 6776 0208 
7405 4174 6749 1115 1256 4163 1822 8666. 9019 0138 
25:8 3121 9779. 1225. 3014 8330 4855 5676 5727 0232 
8080 6396 5680: 9512 4867 1879 0353 9864 2673 8744. 
2802 2536 - 6024 2657 4592 0559 8989 0700 8672 9191 
0263 7566 0818 1617 5577 2833 3260 8106 6205 9458 
7025 2207 8947 0037 6266 $351 ^ 1668 6054 4681 6056 
4153 6787 3179 5181 8773 6780 8083 0621 1482 7953 
0189 7207 3942 7479. 7106 0759 ` 3015 ` 8887 3523 1628 
3477 4056. 5529. 2512 5835 1931 9402 5236 2853 9657 ` 
7520 9583 1316 0525 4829 1377 3459 1811 9418 .1109 
0303 4653 1699 9939 7449 2455 2433 8860 45982 1811 
7735 3302 2025 0631 9888 0188 7751 2595 6491 4409 
8153 2885 5772 4839 9714 1706 .9388 9554 1170 3857 
0165 8156 1172 2637 4896 5160 3053 4946 9352 5504 
7849 5240 8311 9400 4421 5264 2153 0571 0809. 0978 
‘6140 20059 7009 5407 8875 4864 8176 2078 7518 3425 
6546 9212 9380 8736 6120 8505 9414 9621 8069 1445 
2471 7972 4106 3986 9176 5669 6598 3196 1572 0455 
1-4 gs 9-12 13-16 14-20 21-24 25-28 99-32 33-36 87-40 


228' FORMULAE AND TABLES FOR STATISTICAL WORK 


TABLE 19.1. (¢ontinued).. RANDOM DIGITS AND DIGIT PERMUTATIONS 


random digits 


isi | 6013925478 | 8094 . 7747 6006 2536 8856 ^ 8171 0291 2603 4075 0779 
152 | 5480571933 | 3745 6766 7221 - 9560 7036 4520 4584 5714 8122 6029 
163. | 2108473596 | 0835. . 364] 1638 3464 1767 1064 -6247 8362 1257 6565 
164 | 1342976608 | 1601 1143 7272 3988 8356 9477 5870 6426 1725 9792 


6471893502 | 7797 4121 9603 5723 4680 5549 0693 5161 7200 7227 


4620 8310 9800 1116 6259 7619 3149 9121 2185 9336 


166 | 9253486017 J 
-167 18754026139] 2096 52716 0793 3950 2722 0925. 5792 104 5806 9636 
158 | 9210846375 | 6803 17016 .1055 6396 7754 3591 2613 . 5325. 7185 2406 
169 |8409166321 | 3566 ‘9310 2604 8807 4765 2237 1225 3947 1228 2708 
160 | 7238406591 | 8428 0086. 6245 3947 5707 18417 0217 0857 - 8229. 5609 
161 | 3760451298 | 9633 2017 9176 9002 4807 1269 0131 8780 3417 7270 
162 | 4502638971 | 6632 8066 1091 9158 1305 4084 9096 404171 0725 087 
163 | 4278392610 | 2612 7936. 1453 4812 1742 7128 3036 056 7522 0359 
164 | 5604298713.| 9436 en 0851. 3488 8815 5301 5403 5456 0501 4511 
165 | 2756498130 | 0418 2487 6885 9085 6807 8554 0346 6251 3577 4146 
166 | 8676041392 | 6853 ‘37167 01741 5943 1145 3434 0188 . 5665 1479 7179 
167 | 7301642895 | 8347 7044 4640 6832 ^ 2445 485 7870 2335 2871 9393 
168 | 6482170935 | 5182 6263 - 1294 986 6751 0084 88927 9479 9342 0053 
169 | 4513890726 | 9215 3985 4874 8085 599 2881 4574 5883 5905 7161 
170 | 5364219078 | 5588 - 3456 - 9602 . 5260 655 8618 0340 3381 579 6359 
171 | 6291038574 | 3996 0415 7015 940 0974 0815 9699 8036 ) 
172 | 6013249578 | 7346 oam . 3292 816 3906 1035 5227 7340 8615 1205 
173 | 3705129486 | 8621 4185 6227 2770 1227 3606. 6496  .4889 9697 3316 
174 | 9840562137 | 9399 — 5575 1562 5821], 9824 4909 0348 8735 3004 9929 
178 | 4927108356 | 4334 ou 4893 - 2025 5590 8126 8571 2832 9355 7663 
176 | 9705642831 | 8091 0526 0655 5409 - 1463 0138 i aio. 
970 ( 0384 լ 
177 3015468627 9627 | 331 2019 2525 3142 9100 ` 2196 ৫076 3710 9815 
8. 6 281 1274 1775 ৪324 9640 
179 | 4157826003 | 3753 0174. 1934 3483 9210 1 te AE 
180 -| 2068475319 | 2740 3239 3054 9991 3778 3198 1046 2022. 3193 9196 
181 -| 1432596087 CR i 
et et . 1310 ..2080 . 4196 3375 6700 7967 
1 ; 7398 7687 8415. 1595 - i 
183 | 8714356902 9099. 4005 
183 এ 3448. 9494 5221 1395 "7317 2- 
8201764593 1786 .2392 2 { SC 
185 | 1760524839 5298 43314 2869 7113 2291 9312 
186 | 1652734089 | Ce | 
18117 981 1424 180 — 4531 — 0133 , 5819 
188. | 6738210954 ԱԹ: 
189 | 5428760139 dim. 2 538 
190. |.1260957438 6007 ৪9668 6670 0097. 888 691] 
త, . et | < 0686 6311 
-191 | 6064871395 om «աալ | Lgs 
192 | 3819240576 ደ 0081 0554 3716 9334 3027. 
193 | 1495706328 1 3858 3225 5022 3602 
194 | 3723095261 6100 5978 1522 . 2090 - 1396 0039 
65 18751 Հաա ES ES ne 
స | | 6038-. 3822 1119 71 1708 5668 
196 |.7825936014՝ e e న ՀԱՅՆ «րճ | 
197 | 4679013525 M . 9521 - 7601. 9435 9257 9276 
doe E . 2060 .1072.. 2205 4730 0984 6813. 
| 5276139408 -9118. 0148: - 0949." :1733 7986 5670 
1 1643875029 S ; | ৷ 


-15 13-18: 17-20. 21-24. 25-98 — 29-32 83-86 37-40 


202 
203 
204 
205 


206 
207 
208 
209 
210 


211 
212 
213 
214 
215 


216 
217 
918 
219 
220 


221 
222 
223 
224 
225 


226 
227 
228 
229 


230. 


231 
532 
233 

- 534 

. 235 


236 
237 
238 
239 
240 


241 
242 
243 
244 
245 


246. 
E 
248 
249. 
220 


` Column nó. : 


| 9067145238 


RANDOM NUMBEES AND PERMUTATIONS 


TABLE 19.1. (contiuned). RANDOM DIGITS AND DIGIT PERMUTATIONS 


8130726495 
3012975468 
9138025467 
9517246830 
9061528437 


4668 
7592 
2012 
7884 


1482139650 
6183572904 
8370154692 
5076931248 
5071428369 


5510 
4440 
8436 
3740 
1174 


8361459270 
9456831072 
2586413790 
9758136042 
5726810943 


8792 
0865 
7141 
7185 


4562183790 
0592167834 
5706184329 
7493825610 
5801347962 


3672 
7753 
9332 
0759 
8493 


5897241630 
4018976235 
2613894507 
9741538026 
7429108305 


6776 
4135 
7714 
9777 
7960 


1714 
7460 
0275 
7735 
8661 


8024386179 
9542160738 
4597312806 
4209317685 
2135690874 


8712500346 
5071389264 
. 0168193425 
3816295407 
0549821736 


7184 
0707 
9894 


3805297164 
2708491635 
3582014796 
2163487590 
1236509487 


3476 
9994 
8308 
7260 
4755 


0228743619 
3421950687 
6901875345 
3956120745 


7156 
1460 
1270 
5485 


8914302756 
7489506132. 
0876354192 
7509348162 
7439518062 


1595 


8494 


1273 


6690 


7125 . 


187 
3021. 
3317 - 

6711 


qu 


1 3592 
3479 4013 
3903 7895 
1096 2958 
8004 7831 
8160 6173 
0095 4067 
4936 3013 
3172 3778 
3869 9995. 
5214 9020 
6689 353] ` 
4556 "4016 
0799 4764 
3986 1047 
$714 8853 
9791 3436 
5082 8900 
2200 4220 
6032 3585 
2659 7323 
7118 4458 
3485 5412 
1915 1183 
4876 - 8841 
4061 6365 
0288 . 1075 
8595 0812. 
0399 3931 
9964 9960 
7133 ^ 45874 . 
9159 6674 

"0067. 6433 
8627 5507 
2181. 1790 

7000. 0690 
1061 7951 
8100 7244 
8057. 8779 
3425 1299 
7190 6054 
1763 1918 
4109 . 9428 - ` 
4802 . 3094 
0850. ^ 6297 

. 4606 - 2470 7. 
1895 6183 ` 

1623 2005. 
874] - 2688 
3947 ` 


5-8 


5004. ' 


9-12 


random digita 


8008 9408 2099 
6941 8286 3374 
1113 7046 9901 
4788 4885 1855 
826৫4 0028" 8118 
5655 - 445 0147 
9078 6205 7488 
6818 1577. 0249 

8781]. 0318 8932 
4443 1127 - 7390 
4568. 3508 1257 
4407 2017 8527 
0082. ` 1239 ` 7058 
5283 4291 4825 
9210 2791 7610 
9825 5869. 6281 
4604 7991. 5222 
49090 417 8644 
2394 4346 8483 
2162 6301 4929 
9619 7727 6460 
1394 0526 - 5121 
0716 6914 8192 
3177 6868 6698 
3538. 4519 ` 0872 
7480 9312 1139 
3483. 1041 5427 
991 4808 8247 
3135 1685 7292 
2444. 6095 2003 
1100 7854. 4596 
3943. 2531 6093 
6058 . 4381 0146. 
2956 6166 17271 
9596 - 6472 ^ 8774 
0043 1357 9568 
3010. - 6997 4759 
4206 -7766 6919 
6368 0601 1872 - 
1990 . 8366 1368 
3489 ৪939 - 9089 
2547 61708 . 1900 
0933 ` 1444 7467 
"249 ` 3901 2827 
549 1416 _ 1837 
7234 4809 5408 
9013. 4399 . 5255 
2009 9831 1274. 
9392 . 0136 . 9293 
9095 .5105 0116. 


17-20 2 


3197 


9842 
3696 7856 
9081 5630 
8190 9726 
5011 5704 
1091 4426 
1851 3537 
5107 5304. 
9220 3784 
1403 85241 
9686 6310 
2230 1851 
1189 3174... 
3735 1393 
7204 4771 
2311 1890 
9280 1584 
8712 7337 
6968 2344- 

7087 . 2907: 
6746 1051. 
2062 - 0977- 
6483 1946 - 
4040. 3899 
8860 8181 
0715 0671. 
0457 0085 
0089 . ገ034 
8362 4006 
9320 2837: 
6787 . 8514 
8906 8855 ` 
1186 — 9913 ` 

9511 . 6069 - 
9058 17915. 
1541 . 3726 
0473 . 2848. 
6866. 4064 
3160 872] 
301 3864. 
2637 0180 
1665 1860 
1771 - 3482 
. 8204 1329 
. 9305 3749 

3266. . 6252. 
6714.. 1839 
9902. 4203 
Ղ815 1781 ' 


1895 


0-28: 20-32 


em" 


- 1404 
8980 . 0359 
1617 _ 1188 
. 016 1384 
9394 70609 
. 2843 . 5578 
7191. 0856. 
3872 . 4157 
- 0501 . 8375 
52275. -4275 
9768 .. 1887 
- 4023. 2258. 
0220. ` 1167 
. 2477 - :6785 
0548 - 5172. 
- 0480 '. 2068. 
1141 -0221 
1689 8793 
1902: 0848 
2690. 5039 
1662: 7613 
7335. 5744-- 
4571 ^" 0995 
` 2691 4413 
"6777 0238 
2575 599৫. 
1657 ৪8142. 
8719 5878 
1184 9676 
4397 60297 
6098 8626 
8614. 2781 
3668 68471. 
1022 9889 
"3647 - 8525 
9223 4385 
1504 6904 
6714 1805 
3646 2789 
1341. 9349 
3991 
3078 
' 1497 ' 


^. 8541. 


5987 
-6132' - 
-8312 :. 
1990 - 

5150 . : 


88586. 


239 


‘TOW 
num. 
her 


251 
252 


10-digit 
permuta- 
tions 


8793562104 
6481273690 
4510726983 
0351986427 
3301247968 


4572368910 


5236974018 


0179326854 


8296540317. 
7541308692 | 


5279640381 
2510874963 
8354201679 


5812609743 


4358107269 


5026917384 
1462853097 
2049831567 
5317986420 
9201463578 


0192564378 
6582703914 
6048971532 
8147395602 
6539182047 


1286349057 
5147683209 
8352469071 
4185239160 
0514638579 


: 4827395016- 


8369215074 


5198642307 


2078369451 
2438791605 


4769218503 
1498652307- 
9572486031 . 
1835910642 
2680534719 


1247680693 
5867390412 
9816246037 
8045610327 
2056978143 


| 5304629718 ` 


5768423901 
8953204701 
4829063715 
6450239871 


Column no. : 


FORMULAE AND TABLES FOR STATISTICAL WORK 


9877 
9899 
4491 
1046 
0668 


1676 
3322 
7913 
8760 
3681 


3261 


8028 
1271 
2957 
0834 


9271 
2564 


1109 


0398 
9615 


1604 


0979 - 


2177 


3193 


7517 


9712 - 


9109 
6630 
6319 


8989 


2394 - 


5100 


1389. 


3826 


1238 


1080 
7137 


0840 `` 
3978. 
6697. . 


2861 


5813 


4281. ` 
| 9041 
'2893 


4527 


2155 
0893 
8716 


0659 : 


1-4 


3443 


: 1462 
"6402 


4241 
5018 


8914 
9745 
3397 
4120 
7110. 


1402 
5433 
2976 


0594 


0997 


7241 
9682 
2612 
8679 
4280 


0876 
5483 


` 1316: 


8126 
5274 


`: 9515 


0961 


. 6764 


6648 


2630 


0140 


4052 
6494 
3510 
9343 - 


4414. 
0030. 
7292 


2534 
8084 


1310 


8664 
0630 


7830 ` 


1155 


7615 
6055 
1652 
1623 
6083 


6-8 


1246 
1924 
1718 
0208 
1539 


6220 


9596 
8713 
5000 
9412 


0579 
8504 
8910 
6194 


5573. 


0360 
0609 
3772 
4741 
5324 


5340 
9569 
0091 
9538 
8499 


4770 
8052 
9685 
4706 


1052 


1210. 


1384 
7415 


-2476 ` 
109 


8662 
3270 
2063 
4216 
8397 


6439 


2493 
5910 
0919 


2539 


8173 
5247 
0641 
7215 
8255 


9-12 


8303 
4346 
6410 
5923 
2281 


0399 - 
9208 - 
9562 


9597 
8239 


3234 
2842 
0356 


7035: 
8671 ' 


7287 
0294 


- 4573 


0834 
9330 


9493 
8397 
9792 
3418 


3961: 


9913 
6694 
2941 
4820 
6555 


8008 
4677 
2106 


7985 - 


9487 


8020 
4046 
4966 
9051 
4451 


3539 
0795 
9071 


4651 - 


2960 


0665 
9461 
3472 


` 6291 


3657 


13-16 


random digits 


6403 
3669 
4123 
4148 
0689 


5738 


7021 - 
6671 - 
` 4501 
+ 2749 


6068 


"5338 


6389 
8345 


1025 . 


` 1971 


8783 
2686 
3643 
6797 


6324 
4491 
2661 
4336 
8029 


5808 
2960 
8903 
1422 


5278 


6250 . 
: 9943 


5428 
.0711 
2400 


2884 
4393 
0385 
6937 
0046 


1042 ` 
9076. 


7568 


- 4484 


4321 


6557 
8187 
4616 
0520 
1215 


17-20 


4920 


4836 


6764 
9843 
4033 


3630 
1663 
1993 
8388 
3100 


7770 
3347 
8537 

4088 

-2419 


2242 
2764 
7523 
1471 


6282 - 


2798 
0777 


` 9132 


9264 
8727 


8769 
9755 
4099 
5725 


1774 ` 


4190 
1907 
4678 
1038 
6970 


7695 
0971 
3357 
8509 
3075 


- 8177 
8985 
8906 
3545 


3832 


9782 
4995 
8097 
7414 
8650 


21-24 


6437 
9199 
5759 
9628 
5222 


1481 


5240 
0239 
6597 
4266 


3082 
2322 
6013 


4932 . 


9457 


2839 
4985 
2620 
6154 
9107 


3666 
0800 
1132 
8381 


0535. 


0877 
5054 
0980 


5686. ` 


5035 


7221 
3168 
0556 
9273 
0625 


8325 
9503 
8639 
2543 
8916 


6019 
4252 
9793 
6344 
2424 


5576 
4248 
1890 
4329 
3049 


25-28 


3957 
8824 
4814 
1909 
0394 


6205 
0627 
6832 
6568 
6170 


5500 
8085 
4733 
1624 
9265 


6233 
0427 
8142 
8734 
1468 


8417 
8645 
4765 
9545 


9501 ' 


4004 


` 3854 


9857 
: 6028 


4569. 


3080 
1277 
4116 
7722 
3044 


9513 
1827 
4840 
0835 
7666 


0439 
7852 
8706 
1245 
1018 


2138 
2740 
1516 
1957 
7781 


29-35 


TABLE 19.1. (continued) RANDOM DIGITS AND DIGIT PERMUTATIONS 


2660. 
6269 
2773 
9109 
4654 


2026 
4177 
0975 
4637 
2118 


9298 
8291 
9121 
2997 
0248 


0244 
7480 
2131 
5630 
3012 


3691 
2094 
6277 
4057 
0700 


4712 
6245 
7134 


- 2061 


-4206 


8689 
7266 
' 6499 
5286 
2437 


4957 
2830 
8063 
9268 


' 5480 


"9395 
2174 
,2865 


1477 


3347 


5580 
0081 
4423 
6609 
9327 


33-36 


7523 
6068 
7641 
9712 
3795 


6702 
8243 
7985 
3542 
6077 


1427 
9086 
2195 
6593 
8799 


8140 
3724 
0626 
6651 
6128 


1194 
9569 
1510 
6320 
2846 


8363 
9032 
6406 


... 2470 
‘এ 7153 


8212 
4585 
3480 


0842. 


5701 


6704: 


3029 
8433 
9150 


7462 . 


7133 


4663 ` 


1230 
-1337 
9543 


0332 
3388 
7168 
1446 
3137 


37-40 


“ደ 


346 
347 
348 
349 
350 


10-digit 
permuta- 
tions 


9257830146 
6473180592 
0295431786 
0564329187 
8976321045 


6245908713 
2956403187 
8275036419 
7934508612 
1290578364 


4328065971 
9537082164 


4369507182 | 


7130824560 
1947658350 


4265801793 
6159078324 
0347192568 
6072148593 
1769802354 


3465701289 
9140852736 
0267394581 
1768942035 
9325401867 


6514803927 
0769524183 
4018637529 
1864793052 
5139064782 


2145798063 
1738294506 
7095432081 
8312670594 
8763104295 


3570694281 
5062471893 
5842173860 
6524319807 
7418620359 


4538927160 
0426371988 
3142598607 
5297804631 
4926530817 


8701645982 
7402913658 
8071843925 
8936710452 
0694137852 


RANDOM NUMBERS AND PERMUTATIONS 231 - 
TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 
random digits 
3436 6833 5809 91690 8081 8655 6567 18793 6830 . "1332 
6133 4464 2676 3558 7624 6736 2184 4557  0496` : 8547- 
9853 3890 5535 3045 9830 6466 8218 9090 7286 4784 - 
5807 5092 6971 6162 6751 5001 5533 2386: 0004 2855 
6291 0924 1298 7386 5856 2167 8599 9314 0335 8803 
4725 9516 8555 0379 1746 9647 2010 . 0979 7115. 6653 
7097 6486 3720 6191 3552 1081 6141 7613 - 5455 3731 
3497 2271 9641 0304 4425 6776 1205 2058 5669 1056 
8940 4765 1641 0606 4970 7582 7991 6480 2946 5190 
1122 6364 5264 1267 4027 4749. 0338 8406 1213. . 6355 
4333 0625 3947 1373 6372 9036 7046. 4325 3491 8989 
7685 1550 0853 4276 1572 ` 9348 6893 2115 8285 9195 
0592 8341  , 4430 0496 9813 2643 6442 0870 5449. 8560 
3506 0774 0447 7461 4459 0866 1698 0184 4975. 5447 . 
6868 2507 8565 4243 6667 8324 3063 8809 4248 1190 
2630 1112 6680 4863 6813 4149 8325 2271 1963 ^" 9569 
3883 3897 1848 8160 8184 1153 6088 3641 6785 0058 
1123 8943 5248 0635. 9265 4052 1509 1280 0958 9107 - 
1167 9827 4101 4496 1254 6814 2479 5024 5071 -1244 . 
7831 0877 3806 9734 3801 1651 7169 3974 1725 9709 
2487 9756 9886 6776 9426 0820 3741 5421 5293 3223 
1945 3875 9816 8400 2938 2530 0158 5267 4639 f 
8809 4806 3176 8397 5758 2503 1567 5740 2677 8899 - 
7109 0702 4179 0498 5834 9480 - 9777 2858 4391 0979 
8716 7177 93386 7045 6555 8665 0768 4409 3647. 9286 
18499 6280 5150 . 2724 6482 6362 1566 2469. 9704 8165 
3125 4552 6044 0222 7520 1521 8205 0599 6167 1654: 
3788 6257 0632 0693 2263 5290 0511 0229 5951 6808 
2242 2143 8724 1212 9485 3985 7280 0130 7791 6272 
0900 4364 6429. 8573 9904 2269 6405 9459 3088 . . 6908 
7909 4528 8772 1876 2113 4781 8678 4873 2061 1835. 
0379 2073 2680 8258 6275 7149 6858 4578 6932 0582 ` 
0780 6661 0277 0998 0432 8941 8946 9784 6693 2491 
8478 8093 6990 2417 0290 ` 5771 1304 3306 ` 8825 5987. 
2519 7869 . 9085 4282 0807 7616 2340 1190 8440 6551 
2472 0823 6188 3303 0490 9486 2896 0821 5999 5687 
3418 541 9245 0857 - 3069 6689 6523 8386 -6674 7081 
8293 5709 4120 5530 8864 0511 _ 6593 1633 4188. 1001 
9260 1416 2171 0525 6016 9430 2828 6877. 2570 4049 
6568 1568 ` 4160 0429 3488 3741 3311 3733 7882 6985 
6694 5994 7517 1339 6812 4139 6938. 8098 6140 2013 
2273 0882 2673 6903 4044 3064 6738 1554 7134 7899 
6364 6762 0322 2592 3452 9002 0264 6009 1311 5873 
6696 1759 0563 8104 8055 . 4078 2516 1631 6859 1351 
3431 2522 2206. 3938 7860 , 1886 . 1229 7734 3283 8487 
4842 3765 3484 2337 0587 - .9885 8868 3162 3028 1091 
[8995 9915 5892 6981 4141 1606 141 3196 . 9428 3300 
4925 4677 8547 6258 7274 2471 4659 6581 8232 - - 1405 
5439 0994 8794 - 844 1043 4629 5975 3340 - 37093 ` 6080 
2031 . 0288 3320 1685 7953: 2695 0399 9795 6114 2091 
1-4 68 9-12 18-16 17-20 21-24 20-28 29-32 33-36 37-40 


Column no: 


5428... 


232 


TORMITLAS AND FABLES FOR STATISTICAL WORK ` 


| TABLE 19.1. (continued). RANDOM DIGITS AND DIGIT PERMUTATIONS 
Ka Š շն ————————————— 


^" _num- | .permuta- 


bèr |: tions 


“351 | 6743059218 
355 | 9614580723 
853 | 8527140695 
854 | 2536719804 
..'855 | 3576492108 | 


855 | 3601874592 
. 857.1 7839402615 
. 858 .| 5780436192 
7859. | 9502813764 
' 360. | 1754268039 


"Aer “| 5873062914 


"i362 | 2087431596 


-.:363 | 6679125084 
1", 364 | 3046957821 
;:565 || 9632851740 


366 | 1237960854 


. 367 | 0921354876 


. 868 | 4198705362 
‘569 .| 5238674910 
` 870 . | 0426531798 


371 [| 8037695214 

- 375 |-9156893407 

. 3973. | 8021453970 

5874 '] 6748152039 
208 | 0712805496 


376 | 6931725084 
.-877 | 0814976352 
378. | 5712069384 
819 | 5204968731 
380 | 2500681734 


381 | 0768253419 
382 | 6397021458 
383 - | 6284613700 
384- | 2471856209 
` 885 | 3765091824 


386. | 2561397840 
- 887 13054823596 
'' 388 | 4957182603 
"ap . | 9146237508: 
390 | 3579641802 


391 | 5106497283 
392 1 5512068740 
393 | 9876251403 
394 | 0526849137 
395 | 4579286031 


396 | 6831592704 
397 1 0652817439 
398 | 7395084126 
399 | 5621834097 
400 | 9372586410 


Column no : 


0883 
4634 
5432 
2317 
6836 


9358 


5986. 


4306 
5951 
2108 


9566 


3981 
8696 


1433 .. 


2141 


5445 
1339 
0948 
4252 
1898 


:4014 


2177 
6625 


89271... 
5745 1. 


6164 


9956 
9811 
7346 
8061 


8425 
6464 
5382 
1933 
6426 


6384. 
9080... 
nn 
-8575- 

3899 


9372 
4747 


"3545 
0836 


9742 


9890 
5960 


9017 


8520 
1436 


1-4 


1363 
8760 
2181 
3861 
0385 


4910 — 


7805 
6438 
3713 
6264 


4546 
6448 
5419 
7332 


3519 


2930 
2508 
9141 
2934. 


sili 


9924 


0681 


: 4812 


2939 
9341 


- 1234 - 
7969 


8786 
7714 
9875 


3180 
4697 


`. 8116 
.9212 
: 8050 


5254 
` 2689. 
4040. 


3723 


0663. 


9462 ' 


4498 
4232 
8303 
1085 


2778 
7079 
4463 
6078 
0072 


9-13 


: random digits 


4219 
3555 
6469 
0210 


. 4924 


0263 . 
- 3690 


6777 
5951 
7483 


8964 
0871 
9481 
0970 
7475 


1322 


0980 
8128 
4966 
9237 


2185 
6548 
5649 
1452 


2202 . 


4065 


9843 
4365 
6558 


` 6705 . 


4949 


4312 - 
5410 ' 
3714. ' 
5391 


. 1512 


8744 


3932 


11693 


3952 . 


7618 
9715 


5956 . 


8917 
4174 
0293 
5146 


13-16 


0189 ' 


0567 
7152 
8610 
0569 


2372 
7413 
4671 
1452 
2407 


` 4473 


2825 
4498 


0159 


5991 


7296 
4184 
5545 
8313 


4511. 


. 0045 


5318 
1408 


3071 ' 


9409 


0816 
: 3265 
: 7833 


- 1103. 
9549 


.9893 . 


8602 
2990 
7075 


0055 


5402 


£ . 2374 
891 5. թ 
8433 ` 
3896 `` 


2860.. 


3396 


2100 ` 


7468 
0955 


9316 - 


9262 


2103 


6128 


2378 - 


8453 


` 0525 -- 
8555 -` 


17-20 


4453 
8815 
0256 
5155 
6486 


6446 
5954 
2360 
1986 


- 8609 - 


- 5657 
-" 7693 
1718 
| 1218 
8210 


4003 
7238 
9938 
0339 
6360 


- 5419 
7449 
3724 


3255 


` 1058 
5024 


0898 ` 


9861 
2156 


8201 
7950 
9157 
1858 
6736 


0137 
3816 


3383 


5373 . 


1867 
. 7540 
5485 


2384 
6868 
5045 
7426 
1584 


Ր. 91-24 


0649 - 


- 6620... 
- 9783 `- 
. 2329 


4130 
0231 
0968 
7449 
8586 


6518 
1845 
8767 
9314 


2456 ` 


6235 
5871 
7915 
5533 
2636 


1295 
8566 
3561 
3113 
8473 


8833 
2420 
8352 


. 6237 


6267 


7346 
5295 
3829 
0915 


5267 © 


5819 
0407 
6926 
0681 
7983 


.9329 


. .1163 
Ը , 5084 
. 7075 

` 8257 


2542 
4811 


1034. 


7172 
2786 


7232 
8609 
1188 
5490 
5848 


33-36 


1998 
5767 
9610 
0449 
9578 


0707 ` 
7686 
6857 
7164 
8169 


9991 
9251 
2534 
8208 
7228 


3782 
9846 
2918 
9747 


` 8258 


7820 
5532 
4305 
5551 ` 
4004 


4123 


2557 
"5529 


3496 


1713 


1862. 
6701 
0790 
5657 
3239 


1218 
7777 
8877 
1126 
9765 


5480 
0379 
0889 
0442 
5815 


6363 
4008 
6990 
4960 
7323 


37-40 


row 
num- 
ber 


401 
402 
403 
404 


406 


406 
407 
408 
409 
410 


411 
412 
413 


414. 


415 


416 
417 
£18 
-419 
420 
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TABLE 19.1. (continued), RANDOM DIGITS AND DIGIT PERMUTATIONS 
permuta- 
tions 


0615289347 
7056289413 
7509612483 
4273198660 
9716038425 


7394256801 


1268834970 


9625780314 


6809374251 
2064398517 


2053147908 
9231647508 


7039825614 | 


7430658129 


6425931807 . 


810467395. 
789236405 
4318095627 
4970618523 


` 0786194326 


7490862153 


9780662413 |. 
8921643705: 
1435862709: 
| 9417608362. 


ገ 4627905813 | 
9102534867 |: 


4397081582 


9874635921 1 
1267450389 


0943251678 
0147256938 
1986537024 
8351624790 
7194582630 


0659381742 


1 6947362180 


8321950164 


2866309471 
` | 7968063142 | 


2865349710 
0694528173 
3216047589 


Վ 9641583072 


0589162734 


7412803560 


| 4213806579 


3296517840 
3197026548 
8764059321 


random digits 


1... በ 
Column no. : 912 18-16 no 21-24 


25-28 


"29-32 


3299 


233 


2936 
6437 5243 
9846 4093 
2839 1920 
6379 0076 
2162 1056 
4908 9433 
6061 63413 
6876 8304 
941] 3119 
1391 0901 
9692. 8303 
9996 . 1460 
6666 2091 
6724 3734 
5699 1631 
0768 2614 
8288 1982. 
1266 3850 
9179 2149 
7447 0049 
7116 1242 
9650 5813 
2930 5691- 
0446 0570 
9794 9938 
5829 9416 
2226 1697 
1059 8368 
6062 8913 
1524 2050 
8848 4973 
5463 6118 
2985 4853 
074 1401 
6560 3638 
1535 2001 
6629 7205" 
1465 4713. 
9872 4939 
7296 9464 
0693 ገ469 
3853 8646 
. 8236 6327 
8344 3024 
0686 . 2767 
..6510 9007 
9761 0779 
/9998 1106 
0050 6309 
33-36 87-40 


TABLE 19.1, (continued). 


ሚሙ ው ው ው  — = 


234 

y -10—digit - 
num- | permute- 
ber tions. 


4561 | 1069872453 
452 | 8714036529 
453 | 0726948531 
454 | 1436258790 
455 | 4130987562 


456 | 9840623761 
457 | 2956813074 
458 | 9768350214 
459 | 4713025809 
400 | 5942718306 


461 | 6219387504 |. 


462 | 2958403710 
463 | 4572836091 
464 | 3791548002 
465 | 6960873241 


466 | 5390648721 


467 | 7168502943 
468 | 1943000872 | 9 
469 | 6750123849 |. 
470 | 9182754603" 


4073918562 


477 | 7641095382 
478 | 7606491283 |-፤ 
479 | 3804196725 
480 | 4608721953 


1840537629 
1387095462 
0263594781 


9630785241 


| 1034296587 
4163827950 


0876459315 


498 | 2614987603. 
499 | 0024851763 
600 


৮ 


4259161308 |: 
6273140598 |. 
. 8034129857: 


2814760593. ዛይ 


| 8105034786. 


| 5265937410 | 5 
4387196025 |": 
3584960172 


3926840517 | 


2065083174 | 
ի 3184726509 | 
| 6520479138 | 


3815496720 | 4 
4891056237 |. 


7080346515. 


46627198103. 
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RANDOM: DIGITS. AND DIGIT PERMUTATIONS 


random digits 
2923 §912 
8588 9920 
9632 1028 
6345 3973 
6759 0544 
9502 2141 
6196 8352 
0288 8205 
5471 3584 
17410 6905 
7101 8379 
8442 -7014 
6256 6061 
3087 8106 
4656. 1469 
6878 2380 
3109 2760 
8838 6317 
0965 6050 
0183 0235 
6950 5255. 
4780 . 4446. 
-5817 3089. 
6486 .6217 
2892 1993. 
0196. 2209 
9198 4926 
0166... 0341. 
0999 2475 
8989- 2002 
. 8168 9846 
62601 4441 
6180 . 2082 
7460 5914 
5949 6201 
3753 6594 
9584 0312 
2112 8949 
1604 0467 
1244 0429 
9555 8084 
8600 0830 
0655 9201 
5438 4366 
7246 6791 
1347 0115 
8412 3412 
8923 0801 
6964 -1310 
0410 5524 
17-20 21-24 


9270 ` 
0122 


6191 
3708 
7178 


2843 


` 3905 


5566 


9388 


9986 


9467. 
1841 
669] 
8612 


4338 


` 4807 


8961 
6621 
4739 
2352 


` 0372 


7085 


. 3208 


9780 
2603 


2617 
1066 


1933... 


0871 


- 2695 


տ Դ 


7983 
1954 
6939 


3640. 


4954 
4402 
8235 
2442 
0771 


8311 
7854 


2302 ` 
4699. 


8441 


5376 
3715 
8030 
4414 
9067 


29-32 
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TABLE 20.1. MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS 


Mathematical Constants 


ጅ = 9.14159 26535 89798 ` N= 1.77245 38509 05516 e = 2.71828 18284 50045 
፳2-= 0.86960 44010 89359 VH = 2.50662 62746 31001 i- 0.36787: 94411 71442 

— = 031830 98861 83791, RES 0.56418 95835 47756 - 16810 = = 2.30258 50929 94046 

=z = 0.10132 11836 42338 JC 0.39804 22804 01433 logioe = 0.43429 44819 03252 

° . ። T 
158.0» = 0.49714 98720 94134. . login = - daa 98858 49400. -ኾ.= 0.57721 56649 01633 
ա: 2 দায় ; : լ ` (Euler's constant) 
NĒ = 14142135623 13095... Nee vi 28፡65 08075 68877 -NIO = 3.16227 76601 68379 


. 1 radian = 57.29577 95130 82321 degrees ` 1 degree = 0,01745. 32925 19943 radians. | . 


Numeration | f 
lida > EEE “UK... USA 
Sata = 102 Koti = 10". Mahspadma = = 10% | Hundred = 10 Hundred = 102 
Sahasra= 10 Arbuda = 10° _ Ssnku’=10' | Thousand = 10’ Thousand = 105 
Ayuta = 104. Abja- 10!  - Jaladhi 104. Million —10* ` Million = 106 
Laksha = 10° Kharva = 100. Antya.= 1015 ‘Billion = 10" Bilion = 10° 
Niyuta = 10" Nikharva = wn - Madhya = 107 | Trilion =10”* Trilion = 10'* 


Parardha = = Za 


Prefixes 


Prefix ው. লি Տա Valo =— "Preüx d Value 
Mivromicro or Pibo 1075 ` Փե. 107? - - Kilo | 105 
Millimioro o? Nano: ed E Dei ա. Mega 105 
"Miero 2 ፡ | E 10 -. ի ‘Deke. | 10 -"Kilomega or Giga 10? 


"Mili ` JE | 19? - ` Beet 102 | Megamega or Tera 1012 


Basic Units of Measurements 
E eid conversion factors are indicated in bold face) 
Length 


"e derbai t metre, dm — decimetre, dkm — dekametro, hm = hectametre 616.) 


NE Unies E "Metric Units _ Conversion Factors 
| . 107 A = 1 mm* : — 
12 inches ==. 1 foot. 10 mri = l'em కే pes Se MET ንን 
3 feet — [yard ` loom te d dm i send 49144 
Ek yards = 1164, pole or perch, - 10 dm 2m i 1 mile 1.609344 km 
chain 10m = 1 1 ilot = 184 km 
4 poles.= Lé 1 10 ቭጩ = 1 hm 1 nautical milet =  -1.853 | 
` 10 chains = 1 furlong 39:370079 in 
8 farlongs աաա 10 hm = 1 km 1 metre - Հ 3.28084 ft 


1.093613 yd ` 


6 በ6 = 1 fathom lkm = 0.6213712 miles 


120 fathoms = 1 cable length ` 


6080 feet = 1 nadticál mie AL. knot. zl nautical 


mile per hour) 


— ilis pole to the equator 
i ` art si of the distance from f 
টাটা d Հե to measure the wave length of light and is equal to 10-1? m 


ተ International- nautical mile « = 1.852 km. 
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TABLE 20.1. (continued). MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS 


Area | ላ ան 
British Units : | Metric Units ` Ke Conversion Factors 
144 sq inches = 1 sq foot 100 sq mm = 1 cm? 1 8ባ yd = 0.836127 m? 
9 sq feet = 1 sq yard 100 sq cm = 1 dm? 1 5165: = 0.092903 m? 
303 sq yards = 1 sq rod, pole or perch ` 100 sq dm = 1 m? 1 sq in = 645.16 mm? 
40 sq rods = 1 rood 100 sq.m = 1 are lsqm= 1.19599 sq yds 
470048 = 1866. 100 ares == 1 hectares ` = 10.76391 sq ft 
640 acres = 1 m mile | 100 hectares = 1 km2 1 8ባ cm = 0.1550003 sq in 
1 sq mile = 2.589988 km? 
(1 hectare = 2.471054 acres) . lsqkm = 0.386102 sq miles 
Volume 
British Units Metric Units Conversion, Factors ո 
1725 cu inches == 1 cu foot 1000 cu mm — 1 օս em lenft = .0983168 m? 
27 cu feet = 1 cu yard | 1000 cu cm = 1 cu dm l cuin = 1.63871 ౫10-౧03 
1000 cu dm = 1 69 m leudm =  0.0353147 cu ft 
leucm — 0.0610237 cu in | 
| Capacity 
(Abbreviations : 1 = litre,** d = decilitre, . dkl = dekalitre etc.) 
British Units . USA Conversion Factors 
` (Liquid) (Liquid) . (Liquid) 
60 minims — 1 drachm 60 minims — 1 dram. 1 pint (Br.) = 0.568261 dm? 
8 drachms — 1 ounce 8 drams — 1 ounce 1 pint (USA) = 0.473176 dm? 


5 ounces = 1 gill 4 ounces = 1 gill 


4 gills = 1 pint 4 gills = 1 pint 
2 pints = 1 quart 


1 gallon (Br.) = 4.54609 dm? 

1 gallon (USA) = 3.78541 dm? 

2 pints =.1 quart 1 gallon (Br.) = 1.20095 gallons (USA)* 

4 quarts == L'gallon | 4 quarts zl gallon 1 gallon (USA) — 0.832674 gallons (Br.)* 
መግ ` .ጩ፡... ` 1 Ounce (Br.) = 0.960760 ounces (USA)t 


„2 gallons = 1 peck i ` 2 pints, =I quart 3 ounce (USA) = 1.04084 ounces. (Br.)f 
4 pecks `= 1 bushel . 8 quatta == } peck ` Ե e 


1.75975 pints (౯) 


8 bushels = 1 quarter ` 4 Gecke = lbushel . - 108 dm = - A 219967 gallons (B. ) 
কির রর 4 0.264172 gallons (USA) 
10 ml = 101 | (Dry) 
mel = 1 dl 1 bushel (Br.) == 36.3687 dm? 
1001 = 11 1 bushel (USA) = 35.2391 dm? 
101 = 1 dkl 1 bushel (Br.) = 1.03206 bushels (USA) 
10 dkl = 1.hl 1 bushel (USA) — 0.968939 bushels (Br.) 
1011= 111 1-69 dm = 0.0274962 busheis (Br.) 
* Also true for quarts, pints and gills ի d == 0.0283776 bushels (USA) 
t Also true for drachms (drams) and minims š 2 


ከብ. টা պաշ 


**At the 12th General Conference on Weights and Measures held in 1964, the 


| earlier definition of litre (which was equal to 1000.028 cu cm) was annulled and it-was 
declared that the word litte may be used as a special name given to cubie decimetre. 
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TABLE 20.1. (continued). MATHEMATICAL, PHYSICAL AND OTHER CONSTANTS 
Weights 


(Abbreviatious : 


kg == kilogram, cg —centigram, dg=decigram, dkg— dekagram, hg=shectagram, cwt=hundred weight) 


British Units Metric Units Conversion Factors 


Avoirdupois (av), General System 


16 drams = 1 ounce 10 mg = leg 1 grain = 0.06479891 8 
16 ounces = 1 pound 10 eg = 1 dg 1 ounce (ap. or t.) = 31.10348 g 
28 pounds = 1 quarter 1909 = 18 1 ounce (av.) = 28.349523 g 
4 quarters = 1 cwt 10 ፪ = 1 958 1 gram = 15.43236 grains 
; = 0:03215075 oz (ap/t) 
20 ewt = lton* | 10 dkg = 1 hg == 0.03527396 oz (av.) 
l4 pounds = 1 stone 10 hg = 1 kg 1 pound (ap. or t.) = 0.3732417 kg | 
Apothecary Units (ap): Drugs 100 kg = 1 quintal 1 pound (av.) = 0.45359237 kg 
20 grains or = 1 seruplo 1000 kg = 1 tonne l kg = 2.679229 Ib (ap./t.) 
minims (metric) ` == 2.2046226 Ib (oe) 
3 scruples = 1 drachm 200 mg = 1 carat 1 owt = 50.80235 kg 
8 drachms = 1 ounce USA ` 1 quintal = 1.968413 owt 
12 ounces = 1 pound Lon ton = 9000 pounds (av.) 1 ton = 1.0100469 m. tonne 
= 5760 grains 1 slug = 14.5939 kg 
Troy Units (t) | 1long ton = 2240 pounds (av.) 1 ton (short)= 0.90718 m. tonne 


Precious metals 
480 grainsf = 1 ounce 1 kip = 1000 pounds (av. 1 m. tonne = 0.9848068 ton 


1.1023113 8. ton 


ի 


12 ounces == 1 pound 


* 1 short ton (USA) = 2000 pounds (av.) = 2 kips 


T The grain is the same whether it is avoirdupois, troy or apothecaries’ weight. 
Physical Constants 
1 knot (international) = 101.269 ft/min. = 1.68781 66656. = 1.15078 miles/hr. 


1 micron = 10-? mm. 
Tonic (electronic) charge (6) = 4.80 x 10-19 E.S.U. Mass of electron (mo) = 9.1085 x 10-78 ք. 


Mass of hydrogen atom = 1.673 3:10-ፆ* g. | | 

Gas constant (R) == 8.3170 x 10" erg/degree/gram mole (physical scale) = 8.315 x 107 (chemical scale). 
Avogadro’s number = 6.02486 x 1023 per gram mole (physical 86816) = 6.02332 x 1033 (chemical scale). 
Planck’s constant (h) = 6.62517 x 107?" erg-sec. Boltzmann constant (k) = 1.38044 x 10-16 erg/degree. 


Density of Mercury at 0°C = 13.5955 g/cu cm. Density of water, maximum at 3.98°C = 0.999973 g/cu em. 


Density of air, 0°C and 760 mm pressure = 1.2929 g/l. 


Velocity of sound in dry air, 0০0 = 331.36 m/sec. = 1087.1 ft/sec. 

Velocity of light in vacuum = 2.997929 x 10” Տատն: 

Heat of fusion of water at 0০0 = 79.71 caljg. Heat of vapourisation of water at 100°C = 539.55 cal.[g. 
i i i = 0.001118 g/sec. international ampere. 

Electrochemical equivalent of silver 0.00 এ f Tr 

Absolute wave length of red eadmium light in air, ৰক C, 760 mm pressure, == 6438.4696 angstrom units. 

Wave length of orange-red line of krypton, 86 = 6057.802 A. 

ound intensity in logarithmic scale. Zero decibel loudness level 

0-16 Watt/sq em or 10-9 erg/em?|sec. An intensity J expressed 


Decibel is a measure of 8 
corresponds to an intensity (90) of 1 
in decibel units is 10 1080 Ha, 
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The Earth 
Polar radius — 6357 km — 3951 miles, Equartorial radius — 6378 km -- 3964 miles 
Mean radius — 0371 km — 3960 miles 
Flattening = 0.003367 | 
Circumference = 24,920-miles. 
1? of latitude at equator = 110.5 km = 68.70 miles 
1° of latitude at poles = 111.7 km = 69.41 miles 
1° of longitude at equator = 111.3 km = 69.17 miles 
Inclination of equator to ecliptic = 23°27’ 
Surface dd տ 5.101 ১৫709 km?, Volume = 1.083 x 1012 km? 
Mass = 5.980 x 1027 g = 6.586 x 1021 tons, Mean density = 5.520 g/cm? 
Ratio of mass of sun to earth = 333,432 :1 
Ratio of mass of earth to moon == 81.46 : 1 


Mean distance to sun = 1.497 x 1013 em = 9.300 x 1017 miles 
Distance of sun ‘at perihelion = 1.47 x 10% cm = 9.136 x 10" miles 
Distance of sun at aphelion = 1.52 x 1013 em = 9.447 x 10" miles 
Mean distance to moon = 3.847 x 1019 em = 2.391 x 105 miles 
Number of satellites = 1 (moon) 


Greatest Height (Mt. Everest) = 29028 ft. 

Greatest depth (Challenger Deep) Mariana trench = 35,800 ft. 

Lowest on land (Dead sea) = 1286 ft. 

Land area = 148.8 x 106 km? = 5.747 x 10" miles?, Ocean area = 361.3 ነረ 109 km? = 13.95 x 107 miles? 

Acceleration of gravity (g) in cm per sec per sec. at latitude A and height (h) (in metres) above gea level 
ց = 980.616 —2.5928 cos-2A 4-0.0069 (cos 2A)?—0.0003 እ. 

Value of ց for A = 45° at sea level == 980.621 cm per sec. per sec. == 32.173 ft. per sec. per sec. 

Solar energy incident on unit area at right angles to sun's rays at the earth's mean distance per unit time 
= 2.00 Calories[cm? [minute. 

Age of the earth = Between 4x 10? and 5x 10? years 

Nearest star (Proxima Centauri) = 4.31 light years 

Revolution = 365.256 days, Rotation = 23 hr. 56 min. 4.09 sec. 

Rotational velocity of earth at equator = 460 m/s. ' . 

Length of seconds pendulum at sea level, latitude 45?, = 99.3577 em = 39.1171 in. 


Population in millions (year in brackets) : 1550 (1900), 1907 (1925), 2497 (1950); projections : 3828 (1975), 
6267 (2000). 


——————————— M ————— M শশী শেপ n 


Astronomical Data on Tíme 
I sidereal day = 86164.0906 mean solar seconds 


1 tropical (civil) year = 365.2422 mean solar days, 1 8116፲68]1 year = 365.2564 mean solar days 
1 anomalistic year = 365.2596 mean solar days 


1 synodical month = 29.53059 mean solar days, 1 tropical month = 27.32158 mean solar days, 1 siderea) 
month = 27.32166 mean solar days. | 


Laur M T as... TENE 
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TABLE 20.3. CONVERSION BETWEEN CENTIGRADE AND FAHRENHEIT 


(for a selected range of temperatures) 


.0 .0 ; 65 18.8 | 90 322 | 15 46.1 
.8 .8 Ñ 66 18.9 | 91 33.8 | 116 46.7 

.6 .6 : 67 19.4 | 92 38.8 | 117 47.2 

4 4 : 68 20.0 | 93 33.9 | 118 47.8 

E .2 8. 69 20.6 | 9. 34.4 | 119 48.3 

-5 23.0 5 113.0] 25 -3.9 | 70 21.1 | 95 35.0 | 120 48.9 
— 4 24.8 46  114.8|] 30 -11 | 71 21.7 | 96 38.6 | 121 49.4 
-3 26.6 47 116.6] 355. 1.7 | 72 22.2 | 97 36.1 | 122 80.0 
-2 28.4 48 118.4 | 40 4.4 | 73 22.8 | 98 36.7 | 123 50.6 
-1 30.2 49 120.2) 45 7.2 | 74 23.3 | 99 37.2 | 124 51.1 
0 32.0 | 50 222.0 | 50 10.0 | 75 23.9 |100 37.8 | 125 51.7 
"1. 33.8 51 123.8] 51 10.6 | 76 24.4 |101 38.3 | 126 52.2 
2 35.6: 52 195.6) 52 11.11 77 25.0 | 102 38.9 | 127 55.8 
3 37.4 53 - 127,4[ 53- . 11.7 | 78 25.6 [103 39.4 | (28 83.3 
4 39.2 84. 12922] 54 12.32 | 79 26.1 1104 40.0 | 199 53.3 
5 ol 55: 131.0| 55 128 | 80 26.7 |105 40.6 | 150 54.4 
.6 42.8] 81 87 56 13.3 | 81 27.2 |106 41.1 | ISI. 56.0 
CT 44.6 | 32 - 89.6 57 13.9 | 82 27.8 | 107 417 | 139 56.6 
‘8 46.4 | 33 - 91.4 58 14.4 | 83 28.3 | 108 42.2 | 133 56.1 
9 4.2| 34 93: 59 15.0 | 84 28.9 |109 33.8 | 134 56.7 
10 50.0] 35: 85.0 60 15.6 | 85 29.4 | 110 . 43.3 | 135 57.2 
11 -51.8| 36- 06.8 61 18.1 | 86 30.0 | 11]. 43.9 | 136 57.8 
12. 53.6] 37. 98.6 62 16.7 | 87 30.6 1112 44.4 | 137 88.3 
13 53.4 | 38 100.4 63 17.2 | 88 81.1 | 113. 45.0 | 138 58.9 
| 64 17.8 | 89 31.7 | 114 45.6 | 139 59.4 


"The fandarnoxital unit of temparature. ig degree Kelvin (°K). For purposes of practical measure- 
ment the. centigrade | scale, (౧0) is internationally adopted. In addition the degree Fahronheit E and 
: the ችው Rankine CR): are ied: The conversions are as shown in the table below. 


R TEMPERATURE "CONVERSION FORMULAE 


Centigrade or 


సస. Kelvin (°E) Celsius (°C) Fahrenheit (F) | Rankine (°R) 
degrees | ; eier E . : տիրի 
Kelvin | ԼԹ | 4273.15 5(y+459.67)/9 | 5፲9 — - 
‘Centigrade 3 2ኔ--573.15 աշ 5(y=32)/9 | 5(T,—491.67)/9 
` Fahrenheit 1 (9T',/5) —459.67 (94/5) +32 0&4 T,—459.61 

| (9515)4-491-67 #+459.67 Um 


‘Rankine 007] OTs 
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rees գազը Jo 90০০ o[qeqs qeour Jo szoqumu ssent 6፲9 Lage? uj 8:94920፪ . 


2-8-05- 


3-8-38- | 2-8-T£- 
55) ዐወ) 


(795) (092) 


i 
Փօլ (672) - os ML Peta Ամի 


,8-8-92- Sen, 5--95- Sa ৮-৮); ፳--85 5-6-554 ፳-6-1ሯ1 5-6-05- Saar 
Noa: ) (195) 880° 552 


i ուղ oN ዌጪ «վ s O, గక. ei? fl maji ax nl, * au 
col | կ wi ge 9684 ër 968+ ge ፃፀር+ £6871 Sep Tort 06 


. £-৪-০৪- | C-8-02-| $-8-82-| 2-0-95- ፳-6-95-| 5-8-92-| 5-8-52-1 2-5-£2-| 5-8-55-| 2-0-02- €-6-6t- 
Dat TO'ELL/ ₹96997 | "95297 |. 086" FOI] 09591] Ֆ26-891| 98 = '96ፔ9]| 95” 091 (Sp, কাকা] 4060 STOPT 


nia aa օվ ա օվ «ጠ au Ps, «պյլ «տ wal թվ ել °D 
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` TABLE 20.5. GEOLOGICAL TIME-SCALE 
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agein geological gystems ; š | examples of 
(maximum 01015 firsb appearance of ‘rock | 
of years? ness in feat} formations 


Quaternary*- 


Men, bread, wheat | 
PLIOCENE 15,099 ft. mr ; | 
7 — |——— s 
MIOCENE 21,000 ft. O| Most mammelian orders | Sivaliks (ia the 
z — —— ই | Himalayas) 
OLIGOCENE 26,000 ይ. | Z| Grass | 
JTBE E 
83.54 | EOCENE. 30,000ft ፳ | 
ALEOCENE, 12,000ft | 
84-68 — —À | 
CRETACEOUS Modern flowering plants j Deccan trap 
51 000 ft. Urodəles, Suskes, 
z Marsupials, Tnsectiverse 
Modern bony fish 
OAS ԲՅՈՒ 2 ^ PAS a 
e: JURASSIC o| Flowering plants, Rajmahal trap 
44.000 քե ` Է| Frogs, Plesiossurs, 
2 x Q| Pt Bird 
&| Pterosaurs, Birds 
190-195 — | ; 
: TRIASSIC E Cycads, 07289235555 
30,000 ft. Modern reptiles (Turtles, 
. Crocodiles, Ichthyosaura, 
225 — Dinosaurs) 
PERMIAN Modern insects (B | Mai ian ei 
ugs ৪০, ain Indian coal seams 
10009 8s ৷ (Bug ) (Gondwana) 
280 — —— 
CARTON TAROS Ջ Conifers, Gingkos, Reptiles, European coal seams 
| 21 Winged insects ` 
Ñ 
ጋ 
845+- —- সস = 
DEVONTAN Morə advanced jawed fish 
১009 ft. &| (e.g. Sharks), Amphibians, 
395 — Wingless insects, Spiders 
SILURIAN 
- $4,000 ft. GR Primitive 
430-440 — 
ORDOVICIAN Corals, Vertebrate 
g ի fragments of jawless 
fish 
500— 
ల ኤክ Most invertebrate phyla ' 
Vindhyans : 
= 
న్‌ 
Unknown thickness 2 յ 
a Algae, Medusae, 
=| Annelids, Pennatulids 
== PRO-CAMBRIAN === 
Origin of a 
Earth's Unknown thickness | Q 
(mb కటట e E> 


Հ Quarternary (Pleistocene and Holocene), 6,000 feet-+ 


+ Radiometric ago determinations (after “The Phanerozoic time-scale” Geol. Soc London, 1964) 

o y 
Adapted from The British Museum (Natural History) series: The Sucession of Life through Geological 
‘Tune, 1962 with some subsequent revisions. 
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PROOF CORRECTION ¢ GUIDE E 2 
Specimen of proof sheet with corrections. ^ e. 
4. THE POISSON : distribution = 
4.1 INDIVIDUAL ‘terms en 


feat, 1. fable 4. 1 gives values, օք pla, j= «Յոթն 2= 6 L2. 
| for A=0.1 (0.1) 1.0, 1.6, 2.0 (1.0) 10.0. 


ማዎች ৬ Շ- The values are correct to eight places of decimal for À ides us. [E 
ETEEN : 
ডাৱৰ ef 2. For purposes of (৯18০) interpolation between the tabula- ` 
eg dk  tedyaluest the A following formula based on Taylor expansion will | 
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PROOFREADER'S MARKS 


jani MEN | . MARK MEANING - MARK MEANING | 
ዐቃ መመ ቅ 5” ሣሻ ”ኪጄጩጨጩ 
| Le. NALE letter 5  0ጩ սք. Մ | Push down qud 
í n i Insert — th Transpose | օգ jt. Equalize ech 
# Fix Bis otter | E : Move left | չեւ Let type stand 
4 . իր us | 3 =o 1 / iis right ሠ f SS? to o right fone 
2 | Invert letter | rt Raise | | ው ` Begin new w paragraph | 
A 817 ৮-1 Lover _ NOR No paragraph, run in 


ል - Delete and close up Հ > Centre =/ Insert hyphen 
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Specimen of proof sheet after correction 


4. THE POISSON DISTRIBUTION 
4.1. INDIVIDUAL TERMS 
1. Table 4.1 gives values of Bäi A) = 50 Յան z == 0, 
1, 2, ... for A = 0.1 (0.1) 1.0, 1.5, 2.0 (1.0) 10.0. The values are 


correct to eight places of decimal for A upto 8.0 and to seven 
places of decimal for A = 6.0 to 10.0. 


2. For purposes of (A-wise) interpolation between the 
tabulated values the following formula based on Taylor expansion 
will be found useful. Let the value of p(x, A) be required for a 
given A and A, stand for the tabular argument closest to A. 
Write d = A—A,. Then, 


Y 5 
205 A) = ple, 39885 ple—1, Ag) +S AZ plo—2, Aj4-... 


d* 
+(--9* Ab $(৮--৮, አንተዉ 


where A, A2,...are the Ist, 2nd,... order differences taken 


Lu 
with respect to z, and R = ի = TD AE" p(z—k—1, 15, Where 


A* 18 sóme value lying between A, and A. It will thus be possible 
by inspeotion of the tabulated values to judge the maximum 
possible magnitude for the error Թ. 

Example À = 5.25, z == 3. i 


PROOFREADER'S MARES (contd.) 


MARK MEANING ' MARK ` MEANING 
@ Insert full stop (in text) 
5.0. Set in small caps Set in caps 


ital. Set in italics 


=== Set in small caps 
— 


hom. Set in roman Set in italics 


==> Straighten line — Set im bold type 

x Superior figurə == Set in bold caps 

ላ Inferior figure ~~~ 86 in bold small caps 
ፒ] Em quad space AAA Betin bold italics 


Cut S.C, Out see copy (be sure manuscript is returned if this is used) 
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ROMAN AND HINDI NUMERALS 


a, Roman numerais 


De 


Tho system invented by the early Romans about 2000 years ago was widely used 
by the people of Europe until about the 16th century. Roman numerals are still 
used on clocks and monuments, io show chapters of a book, and for volume numbers 
of some journals. 


The Roman system is built on the base of ten and uses the symbols : 


I = 1, Y = 5, X = 10, L = 50, 0 = 100, D = 500, M = 1000. The first twonty 
numbers are 88 follows : 


I=1 VI =6 ፳፲ = 11 XVI == 16 
Tl == 5 VII = T XII = 12 XVI = 17 
፲1፲ = 3 VII = 8 XII = 13 XVIII == 18 
IV = 4 [| XIV = 14 XIX — 19 
y=5 x = 10 XV = 15 XX = 20 


There aro two rules of writing numbers. (1) ifa letter or a sei of letters is placed 
before a letter of higher value, it is $ó be subtracted from the latter. Thus IV ይሄ 4, 
XC = 90. (2) Ia letter of smaller value is placed after one of larger value it is to 
56 added. Thus LX = 60, LV = 55. The Romans first read the thousands, then 
the tens, then the ones. To read numbers, sometimes one counts, as in counting 111, 
sometimes subtracts, as in finding the value of IV, sometimes adds as in finding the 


value of XVIII. Thus 
MOM XX  --192, CCOXLVI = 346 


MDC XXXVII = 1,638, MMMM = 4,000 


A lino drawn above ይ group of letters multiplies the number by one thousand. Thus 


Mpc XXX VIH = 1,638,000. 


t. Devanagari (Hindi) numerals 
օ = 9, p 


চু == 5, ኒ= 6, 
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indicated at the top. "Thus the code number of 1616 is V, of 1920 is Iv and so on.) 


PERPETUAL CALENDAR 


Cone NUMBERS OF YEARS : 1600—2000. 


(Code numbers aro in roman ‘numerals and for years only tens atid units are recorded, the hundreds being 


Years 1600-1699 


I Ա ախր V E VE 
o 08 03 04 10 00 06 
07 08 14 09 16 05 12 
18 13 20 15 21 1. 17 
24 19 235 926 27 22 93 
29 30 81 32 38 28 34 
35 36 42 37 44 33 40 
46 41 48 43 49 39 45 
52 47 53 54 55 50 51 
57 58 59 60 66 56 62 
6 64 70 65 72 61 "68 
74 69 76 oi 77 67 73 
80 75 81 82 83 78 79. 
85 86 87 88 94 84 90 
91. 92 98 98 89 96 
97 99 95 
Years 1800-1899. 

1 ա DI 17 V “VI VH 
10 ^05 00 o 05. 03 04 
16 11 04 07 08 14 09. 
91 38 12 18 13 20 15 
97 28 17 24 19 25 26 
38 33 23 29 30 31 32 
44 39 34 35 36 42 87 
49 50 40 46 41 48 43 
55 56 45 82 47 53 54 
66 61 51 57 58 59 60 
72 67 62 63 64 70 65 
oo op 68 ገፋ 69 76 71 
8 84 - 73 80 375 81 82 
94 89 79 85 86 84 88 
95 060 91 92 98 93 

96 97 99 


$$ 


2 


ED 


. Code number of the year 2000 is VI. f 
A leap year is one which is divisible by 4, except that i in the case of a century it should be divisible 


by 400. Thus 1900 is not a leap year but 2000 is. 
The code numbers are based on the Gregorian calendar which waa first adopted i in 1682. 


3. 


4. Leap years are printed 1 in bold face. 


Years 1700-1799 


—— —— r 


E DI IV Մ VI Vi 


I 
03 ES 10 05 00 01 02 
14 09 16 11 06 07 08 
20 16 21 22 12 18 13 
25 26 27 38 17 24 10 
31 32 38 33 23 29 80 
42 87 44 39 34 35 36 
48 43 49 50 40 46 41 
53 54 55 56 45 52 47 
59 60 66 61 51 0657 58 
70 65 72 67 62 03 64 
26 71 77 78 68 74 69 
81 82 83 84 73 80 75 
87 88 94 89 79 85 86 
98 93 99 90 91 92 
99 96 97 
Years 1900-1999 
I IH II IV. V- Vi VII 
00 01 02 03 04 10 05 
06 07 08 14 09.16 11 
12 18 13 20 15 2i 22 
17 24 19 25 26 27. 28 
23 20 30 31 32 38 33 
34 385 36 42 37 44 39 
40 46 41 48 43 49 59 
45 52 47 53 54 55 56 
51 57 58 59 60 66 61 
62 63 64 70 65 72 67 
68 74: 69 76 71 77 78 
73 80 75 81 82 83 84 
79 85 86 87 88 94 89 
90 91 92 98 93 $5 
96 97 99 


PERPETUAL CALENDAR 
(GREGORIAN) 


LEAP 
YEAR 


“CODE NUMBER OF YEAR | 
1 tl Mm iV V VI VII 
Dos of the Week | | 


NON LEAP | 
YEAR . 


| APRJULY. |ա T W Th F  &| 
JAN, OCT |M T W Th F 86. Su | JAN, APR, JULY 
MAY | mn. | ; I 


Տորթ, DEC ` 


—-. 


To find the calendar for ; à given year and month there are three SR 
(1) Find the code number of the given year from the previous page. 


(Gi Ifitis.a Leap year (in bold) use the months on the right; if not, the months 
. on the left of the above Table. Read the day օք the week corresponding to the given 
` month and code number of given year as found in (1). 


- (3) Observo that there are 7 rows ofthe days of the week. Choose that row 
| beginning with the day of the week as determined in (2). This row together with ` 
the bottom portion of the Table containing the dates from 1 to 31 provides the 

calendar for the given month and year. : 


Hold the index fingure of the left hand বিচি the chosen row (of the days of the 
wek) and read the day of the week corresponding to any given date. 


Example : What day of the week was June 29, 1893 4 ' 


Code number of 1893 is VII. Using the months for a nonleap year, the d of the 
week for June and year code VIT is Th (Thursday). Then using the row beginning 
with (Th) we find that 29th was Thursday. է 


"Verify that 10 September 1632 was Friday. 


INDEX 


Alphabets of languages, 250 Control charts 
Analysis of variance (examples) construction, 118 
3 
one-way classification, 75 cumulative sum, 126-131 
3 déi መዲያ” 
regression, 166 formulae for control chart fines, 122, 125 


factors for computing control chart 


Astronomical time data, 238 : 
lines, 128-124 


Average run length, 126 


Conversion factors for units of 


Bernoulli numbers, 197 length, 235 
Bexsel’s interpolation formula, 24 arca, 236 
Beta distribution capacity, 236 
definition, 11 weight, 287 
relation with F-distribution, 83 
relation with R2-distribution, 83 Conversion of number Systems 
critical values for tests, 84-85 decimal] and others, 185 


powers of 2, 3, 8, 16 eto., 187-188 


Bi ary TS 1 Տ 
Ee binary equivalents, 188 


Binomial coefficients, 31 


cian M pH Cornish-Fisher expansion 
definition, 4 ՊԼ. 
ATP; . for ቷጻ 68 
binomial coefficients, 31 for t. 64 
b 
individual terms, 34-37 for P 78 
Ա 


testa of significance, 38 
confidence intervals for proportion, 39-40, Correlation coefficient (total and partial) 
193-134. — significance test, 06 
sin-14/p transformation, 17, 89 critical values, 87 
| f tan h r transformation, 17, 92 
ভি Correlation coefficient (multiple) 


Calories of foodstuffs, 249 ' significance test, 76 
Cauchy distribution, 10, 221 critical values, 84 
Critical values (for tosts) 
t, 67 
F, 77 
chi-square, 71 
correlation coefficient total and partial, 87 
| multiple correlation coefficient, 84 
Conipound distributions, 8-9 hata, 84 
Sharl 582 86 
maximum observation, 98 
extreme Svudentiscd deviate, 99 
Kolmogorov-Smirnov 
69, 70, 132, 136 one-sample, 118 
two-sample, 115 


Chi-square (12) distribution 
definition, 11 
applications, 69-70 
percentage points, 71 
critical values for tests, 71 


Confidence intervals for 
binomial proportion, 39, 132, 183 
Poisson mean, 50, 132 
normal mean, 65, 132, 185 
normal standard deviation, 
ratio of standard deviations, 75 
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Fisher-Yates, 113 ` 
rank correlation, 117 
‘Wilcoxon (Mann-Whitney), 
two sample, 114 
- Wald-Wolfowitz, two sample, 116 
Wilcoxon matched pair, 117 


Cubes, 181-183 
Cube roots, 181-182 
Cubic equation, solution, of, 27 
Cumulants 
| definition, 1 
relation with moments, 2 
Sheppard’s corrections for, 3 


Densities of solids and liquids, 241 
Devanagiri numerals, 249 
Distributions f 
discrete (basic), 4 
discrete (random sum), 5-7 
discrete (compound), 8-9 
distribution functions, 9 
continuous (basic), 10-11 
noncentral, 12-13 


Earth data, 238 

Exponential distribution, 10 
Exponential of numbers, 181-183 
Extreme value, testing for, 103-104 
Euler numbers, 197 


J"-distribuion 
definition, 11 
applications, 74-76 
percentage points, 77.82 . 
critical values for tests, 77-82 ` 


Factorials, 181-183 

Factorial moments ` 
relation with momenis, 1 
generating function, 2 
Sheppard's corrections for, 3 


Fat content of foodstuffs, 243 
Fisher-Y ates test, 108, 113. 


Fourth powers and roots, 181-183 


Fractile graphical analysis ` 


graphical test for normality, 96 ` 


Gamma distribution, 11 
Geological time scale, 242 
Guide to proof correction, 247 


Hypergeometric distribution, 4 


Integration (see numerical integration) 
Interpolation 
Newton’s forward formula, 23 
Newton’s backward formula, 23 
Stirling’s formula, 23 
Bessel’s formula, 24 
Lagrange’s formula; 152 
Lagrangian interpolation 
coefficients, 154-157 


Kolmogorov-Smirnov tests, 107-113 


Lagrangian interpolation coefficients, 154-157 | 


Laplace distribution 11 

Latin squares and orthogonal squares, 216 

Logarithms 
common, 198-215 
natural, 181-183 


Lognormal distribution, 11 
Logarithmic series ` : 
(discrete distribution), 4 


Lot quality estimation, confidence intervals 


percentage defective, 133-184 
normal mean using range, 135 
norma] g using s, 136 

normal ౮ using range, 136 


Mahalanobis fractile graph, 95. 

Mathematical functions 
Square roots and reciprocals, 177- I 
cube roots, 181-183 
fourth roots, 181-183 ` 
exponentials, 181.183. -- 
factorials, 181-188 . 
prime factors of numbers, 189. 192 
logarithms, 198-215 
squares, 173-176 
higher powers, 184, 187-188 ` 
cubes, 181-185 
fourth powers, 181-183 
natural logarithms, 181-183 

` 8416, cosine, 193-195 

tangent, 193-195 


INDEX 


Mean deviation, moment constants, 143-145 
Model sampling, 220 
Moments 
raw and central, 1 
relation with cumulants, 2 
relation with factorial moments, 1. 
generating function (mgf), 2 
Sheppard's corrections for, 3 


Multiple correlation 
noncental distributions, 13 
test of significance, 76 
critical values, 84 


Negative binomial distribution, 4 
Neyman’s contagious distribucion, 8 
Newton’s interpolation formulae, 23 
Noncentral distributions 

bivariate normal, 12 

Wishart, 12 

է, 12 

F, 12 

multiple correlation, 13 

Hotelling's 7?, 18 

Mahalanobis D?, 18 


Nonparametric tests 
Kolmogorov-Smirnov, 107, 113 
Fisher-Yates, 108,113 
Wilcoxon (Mann-Whitney), 108, 114-115 
Van der Waerden, 108 
Wald-Wolfowitz, 109-116 
Sign test, 111 
Wilcoxon (matched pair). 111. 117 
rank correlation, 112, 117 


Normal distribution 
definition, 10 
ordinates and probability integr al, 54-02 
percentage points, 63 
graphical tests for normality, 95 
W tests for normality, 100-102 


Normalisation of a frequency function. 16 
Numerals (Roman, Devanagiri) 249 
Numerical integration 

quadrature formulae, 25 

Simpson’s one third 26 

three cighths rule, 26 


Hardy’s, 26 

Weddle’s, 26 

Shovelton’s, 26 

general formulae, 158 
integration coefficients, 159 
Gauss-Legendre, 160, 161 
Gauss-Laguerre, 160, 162 
Gauss-Hermite, 160, 163 


Order statistics 
expected values, 93-94 
fractile means and variances of N(0, 1), 97 
upper percentage points of the maximum 
observation, 98 
upper percentage points of extreme 
Studentised deviate, 99 


Orthogonal polynomials 
definition, 164 
applications, 165-167 
tables, 168-171 


Outlier’s, tests for, 103-104 


Pascal distribution, 9 
Periodic table of elements, 240 
Perpetual calendar, 251 
Poisson distribution 
definition, 4 
cumulative terms, 43-48 
confidence intervals for Poisson mean, 50 


Polya-Aeppli distribution, 9 
Prime faetors of numbers, 189.192 . 
Probability plotting, 105-106 


` Proof correction guide, 247 


Protein content of foodstuffs, 245 


Quadratic equation, solution of, 27 
Quadrature (see numerical integration) 
Quartic equation, solution of, 28 


Random permutations, 
methods of obtaining, 922 
tables, 995-234 
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Random numbers, 
choosing of, see Sampling (random) 
tables, 225-234 


Random sum distributions, 5-7 


Range 
moments constants, 113-145 
percentage points, 146 
studentized range, 149 
studentized range, percentage points, 
150-151 
distribution of the average range 147-148 


Rank correlation coefficient, 112, 117 
Rectangular distribution, 10, 220 
Roman numerals, 249 


Sample survey estimates, 
simple sampling, 19 
stratified sampling, 19 
use of supplementary variables, 19 
two phase sampling, 20 
pps sampling, 20 
two stage sampling, 20 


Sampling (random) 
from a list, 218 
pps sampling, 219 
cluster sampling, 220 


model sampling, 220 


Sign teat, 111 
Sin-t+/p transformation, 17, 80 
Sines (cosines), 193-195 
Sheppard’s corrections, 3 
Squares of numbers, 173-176 
Square roots and reciprocals, 177-180 
Solution of equations 
eubie, 27 
quadratic, 27 
quartic, 28 


Standard errors. 15 


Student's distribution (see t-distribution) 


: Summation formulae 


Euler-Maclaurin, 26 
Gregoryi, 27 
sum of powers of numbers, 196 


I-distribution 
definition, 11 
applications, 05-00 
percentage points (fractiles), 67 
critical values, 67 


Yan h-j r transformation, 17, 92 


| Tangents, 193-195 


‘Thomas distribution, 6 


Tolerance intervals 
definition, 137 
factors for computing (using ৭), 138 
factors for computing (using range). 
140-142 


Transformations 
Sin714/5, 17, 89 
tan h r, 17, 92 
intraclass correlation, 17, 91 
Az for Poisson, 17 
variance stabilisation, 16 


Truncated normal distribution, 10 


Van der Waerden test, 108 


Wald-Wolfowitz test, 109, 116 


` Wilcoxon (Mann-Whitney) test, 109, 114-115 


Wilcoxon (matched pair) test, 111, 117 


W test for normality, 100-109, 


NOTES 


NOTES 


NOTES 


NOTES 


